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Abstract

In this study, we use certain mathematical tools to analyze the solutions of a system of fractional ¢-differential equation
D7 p](t) = wi(t, p(t), “Dy7 [p](t), 17 [p](t), i = 1 whenever t € [0,t], and i = 2 whenever t € [to, 1], for j = 1,2,
such as fixed point theorem of Krasnoselskii and Banach contraction principle, under simultaneous Dirichlet boundary
conditions. Here, we use standard definitions of the Liouville-Caputo fractional type g—derivative and Riemann-
Liouville g—integral. Some illustrative examples with numerical results are discussed, too.
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1 Introduction: Problem’s formulation

Mathematical subjects in the analysis of the problems of today’s world are really welcomed by researchers. Among
others, the study of new mathematical models have been a growing filed of study due to its importance and applications
in diverse discipline of science and engineering. In this respect, using factional or non-integer derivatives provides more
insight for the description of natural phenomena in the language of mathematical modeling [16] [I7]. Many interesting
real-life models with fractional derivatives have been proposed and analyzed mathematically. Among others, we can
refer to the ppopulation models [I1] [I4], the blood ethanol system [I8], the viscolastic models [9], the Layla and
Mojnun’s love story [13], the HBV, HIV and SEIR infection models [I0} 20, 29], and the human liver model [25], to
name a few. For definitions of fractional derivatives and integrals and some related special functions we refer to the
recently published papers on the subject [27] 28]. In the meantime, fractional differential and g¢-differential equations
(FDE, F¢DE) are significant, see [T}, B, 4} [15] 211, [30, [31].

The following FDE investigated by Ahmad et al. in 2014 as
{ DJ(°Dy + Nu(t) = pf(t,u(t)) + kIgg(t, u(t)), 0<B,v<1,

1.1
o u(0) — 51(t(1—7)un(0))‘t:0 =o1u(m), au(l)+ B2Dyu(l) = oau(ne), (L.1)

*Corresponding author
Email addresses: mesamei@basu.ac.ir (Mohammad Esmael Samei), izadiQuk.ac.ir (Mohammad Izadi), mohammed.kaabar@wsu.edu
(Mohammed K. A. Kaabar)

Recetved: June 2024  Accepted: February 2025


http://dx.doi.org/10.22075/ijnaa.2025.34514.5154

2 Samei, Izadi, Kaabar

where t,q € [0,1] and “D? is the fractional Liouville-Caputo g-derivative. Moreover, the symbol I5(.) stands for
the Riemann-Liouville integral for £ € (0,1) and the functions f and g are two continuous functions. Finally, the
parameters A, p, k are real numbers. Similarly, we have ay, 8¢,00 € R and 7y € (0,1) for £ = 1,2 ([5]). Furthermore,
Abdeljawad et al., considered (with proof) a novel discrete g—fractional version of the well-known Grénwall inequality:
GCYf)(t) =T (¢, f(t)) and f(a) = v in a way that o € (0,1], a € T, = {¢" : n € Z}, t belongs to T, = [0,00), =
{g7%a : £ =0,1,2,...}. Here, the notation 7C¢ shows the Liouville-Caputo fractional difference of order o and a
Lipschitz condition for the function T'(¢, z) holds for all ¢ and = [I]. Later in 2017, Zhou et al. provided the existence
criteria for the solutions of p-Laplacian Langevin FDE

Df, ¢,[(Dg + Nz (t)] = f(t,2(t), Dy x(1)),
DL $,[(Dge + Na(t)] = g(t,2(t), D (1)) (1.2)

under anti-periodic boundary conditions x(0) = —z(1), (D, 2(0) = —¢D§, x(1), in the whole domain 0 < ¢ < 1. Here,
bp(s) = |s[P~2s, with p € (1,2]. Also, we have 0 < o, <1, 0< A\, 1 <a+ 3 <2, and g € (0,1) [31]. For more
instance, see [7, 22, 23], [24].

In this work, some basic and fundamental results related to g-calculus are recalled in Sec. 2l Motivated by these
achievements, in Sec. [3] we examine the positive solutions of F¢gDE in two consecutive segments

f k@), D [k (), I [K](1) ¢ € [0,10),
Dy [k](t) = (1.3)
g (t,k(t), “Dg2[k)(t), T [K](1)) , ¢ € [to, 1],

under simultaneous Dirichlet boundary conditions
k(0) = hy (to, k(to), D2 [k](to), TD*[K](t0)) , k(1) = ha (to, k(to), “Dy* [k (to), I [K](t0)) , (1.4)

where Ig and “D7 stand for the Riemann-Liouville g—integral and the Liouville-Caputo fractional g—derivative of
order B and 1 < o < 2 respectively, t € J = [0,1], to € J = (0,1), 0 < ay < 1 with £ = 1,2,3,4, B, > 0 with
¢ =1,2,3,4, and the functions f,g,h; and hy map J x R? to R with f(to,-,",-) = g(to,-,+, ). Finally in Sec. [4] we
consider two illustrated examples associated to the obtained results for the above model problems are provided in
detail.

2 Essential preliminaries

Throughout the context, we shall apply the notations of time scales calculus [§]. Let us assume that t5 € R and
g € I. Next, we define the time scale Ty, = {0} U {t : t =t,¢", Vn € N}. However, for simplicity we sometimes drop
the subscript tp and denote Ty, by T if there is no confusion about to. For a given s € R, let us define the symbol

n)

[s]lg = (1—¢%)/(1—¢q) [15]. The next aim is to define the notation (y — z)g for the g-factorial function. It is given by

n—1

(y_z)én) = H(y_zqk)a neNO = {O}UNa Y,z GR, (21)
k=0

and with (y — 2){”) =1, see ([2]). One can also show that (y — 2)\) = y° | %’ o €R, s# 0. It should be
stressed that for z = 0, we have obviously y(?) = y”. The next symbol is used for the ¢-Gamma function. It has the
following definition T'y(y) = (1 — ¢)*¥(1 — )V, (y € R\{--- ,—2,~1,0}) [I5]. To proceed, let us o and v be two

positive numbers. Let a function y : T — R is given. We define the g-derivative of y in the form
Dy[yl(t) = (), v(0) = L=, vee T\ {0}, (2.2)

and for t = 0 we have D,[y](0) = lim¢_,o Dy[y](t) [2]. One can also define the higher-order g-derivative of y recursivly
through the relation D} [y](t) = Dy[D7'[y]](t) for all n > 1. Here, for n = 0 we get DY [y](t) = y(t) [2].

I,[y)(6) = / Y€ dgt = (11— 0) S a*u(te"), (2.3)
k=0



A certain coupled system of ¢-FDEs on two consecutive intervals under Dirichlet conditions ... 3

for 0 < t < b and under condition that the involved series is absolutely convergent, see [2]. From this we can conclude
the next identity for s in [0, b] as

b o0
/ Y(€) dgé = L [5)(0) — L,[u)(s) = (1 — 0) S ¢* [bw(ba®) — sy(sa")]

k=0

based upon the existence of the series. Suppose that y € C([0,b]). For n = 0, the integral operator I is defined as
I9[y](t) = y(t) and for for n > 1 we have I?'[y](t) = I, [I7 " [y]](t), see [2]. If the function y be continuous at t = 0 one
can assert that D,[L,[y]](t) = y(t) and I,[D,[y]](t) = y(t) — y(0) [2]. For the function y, the next is the definition of
fractional Riemann-Liouville type ¢-integral in the form

0 = [ -0 VA 1860 = v, (2.4)

where o > 0 and for all t € [0,1] [0, 12]. Similarly for this function, the concept of Liouville-Caputo fractional
g-derivative is given next as

D30 = 1717 (D)) (0 = [ (- oo R ae (25)

where o > 0 and for all t € [0,1] [12,[19]. For o,v > 0, we can prove that I7[I7[y]](t) = I3+ [y](t), and “DJ L7 [y]](t) =
y(t), see [12].

Lemma 2.1 ([I7]). Lety € AC™[t1,t2]. Thenforn—1 < o <n, n € None has I7[“DJ [y]](t) = y(t)+> 1= o ei(t—t)?
Co,C1y---5Cn—1 € R.

Lemma 2.2 ([17]). Let suppose that o € (0,1). Then for each y € AC|0, 1] we have I7[D?[y]](t) = y(t) for a.e.

t € [0,1]. Here, we have D7[y](t) = & fot(t -6 F(yl(f)g) d¢.

Theorem 2.3 ([26] Banach contraction principle). Let assume that the space X’ is a Banach space and let A :
X — X be a contraction map. Then, there exists an x € X’ such that Az = x.

Theorem 2.4 ([26] Krasnoselskii’s fixed point theorem). Consider a nonempty subset S of a Banach space X
such that be a closed and convex and two maps A and B of S into X’ such that A[k] + B[] € S for k,l € S. Let
suppose that B is a contraction map and let A is also compact and continuous map. Then, there exists a k € S such
that k = A[k| + B[k].

3 Main and basic results

The main aim of this section is to investigate the existence of the solutions for the FgDE (1.3)-(1.4) by consid-
ering the fixed point theorems. We consider the set X = C'(J,R) endowed with the norm [|k[|. = sup, 7 |k(t)| +

SUp, 7 |k’ (t)].

Lemma 3.1. Assume that we have v € L'(J,R). Assume further that the F¢DE “DJ[k](t) = v(t) under the conditions
k(0) = hy (to, k(to), D2 k] (to), T2 [K](to)) , k(1) = ha (to, k(to), “D*[x](t0), Z5 (k] (to)) , (3.1)

is given. Then, the unique solution is obtained as

k(t) = IT[](t) + ha (to, k(to), “Dg? [k] (t0), Z,° [K](to))

q

3.2
+t[ha (to, k(to), “Dg* [k](to), Z;* [k](t0)) — Z7[)(1) — ha (to, k(to), “Dg* [k](to), Z5* [k](t0) ) ] 2

Proof . We assume that k() satisfies in the equation “Df [k](t) = v(t). Lemma [2.2|implies that k(t) = Z7 [v](t) + co +
c1t, where cg, c; € R. Considering the boundary conditions, we conclude that

Co = hl (to, k‘(to), CD:;S [k](to),If3 [k‘](f,o)) s (33)
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. c1 = hy (to, k(to), “Dy* [k (to), Z4* [K] (to)) — I [v](1) — ha (to, k(to), “Dg3[k](to), 0% [K](to)) - (3.4)
Clearly Eq. satisfies on the boundary conditions
k(0) = R (to, k(to), “Dg2[K](t0), I [k](to)) k(1) = ha (to, k(to), “Dg* [k](to), 17 [K](t0)) - (3.5)
On the other hand, Lemmas [2.1] and [2.2] imply that
“DI[k)(t) =I; K" (t) = Z)° [Z,°F]] (t) =27 [*D2~7[v]] (t) = v(2). (3.6)

Now, our proof is complete. O

Corollary 3.2. A given function k € X is called a solution of F¢gDE (1.3))-(1.4) iff
k(t) = I3 f (t,k(t), “Dg [K](£), T [KI(2)) + ha (to, k(to), “Dy=[K](to), Z,° [K](t0))

; {hz (0, k(). D5 1000, T3 W10)) — [ S5 (5, (6). D5 (), 25 H19) s

‘/t Ut g (s, k(s), ‘D52 K] (), T2 [KI(5)) dgs — b (to, k(to), ‘D [K](t0), T K] (0)) | £, (3.7)

whenever 0 <t < o, and
1O = [ OSER (0 DH  B0) s
N /t: (=1 g (s, K(s), D2 [k (). T2 [K](5)) dys
+ I (to, K(to), D[R] (t0), Z3"* k] (t0)) + [h (to k(to), “Dg[k](to), Zy"* k] (t0))
- / Ul (s, k(s), “Dg K] (s), 25 [k () dgs
_ /t: U=a 0 g (5, k(s), “DE k) (), T2 [KI(5)) dys

~ Iy (to, Klto), “D22 k) (t0), ZE5 K] (o) ] : (3.8)
whenever tg <t < 1.

Theorem 3.3. Let suppose that there exist ¢ € (0,0 — 1) and Ly, Ly € L/*(J,(0,00)) and Lz, Ly € C(J,(0,00)) s.t

3
| (£ Ky, ko k) — f (6, KRG, KS) | < La(6) > ki — K],
1=1

3
|9 (t, ki, ko, ks) — g (6, K5, K, k) | < La(t) Y [ki — K,
=1

3
|l (&, 1, by ks) — R (£ K K kS) | < La(t) Y ki — K,
=1
3
|l (&, kr, beay ks) — ho (£ K, K, k) | < La(t) Y [k — K, (3.9)
1=1

for all ¢t € J and kg, kj, with £ =1,2,3. Then FgDE (L.3)-(1.4) has a unique solution if

3 Lallyem 1 1 3| L2ll1/om 1 1
M= =5 [1 tre—an T Fq(1+ﬁ1)} + 1.0 [1 t ey T Fq(1+62)}

1 1 1 1
+3Lall |1+ rtay + w2l 1+ ek + o)

Il L1 ll1/em2 1 1 | L2llem2 1 1
T oD {1 Trean T rquwl)} T oD {1 t e T rq<1+@2>} <1,

(3.10)
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1-¢ 1—¢ Yp _
where n; = (%) My = (Uigﬁl) ,and ||L|, = (fol |L(s)|P ds) , for each L € LP(J,R).
Proof . Define the operator 7 on X by
TIKI(t) = Z9 f (¢, k (1), “Dg* [K] (), 3 [K](£)) + ha (to, k(to), “Dg* [K](to), Z3" [K)(t0))

- [m (to, k(to), °Dy* [k (to), Z5*[K] (t0)) — /0 0 “‘#j?if;’”f (s, k(s), “D2[K](s), Z2 [k (s)) dys

b ey @D
—/ Gl (s, k(s), “Dg2k(s), T2 k(s)) dgs — ha (to, k(to), “Dy*[k] (o), Z5* [K] (o)) | £,
to

for 0 <t <tp, and

T = [ SSEGF (50(5). D R1(5) T K1) s

! —gs)(@—V cyo
b [ (s k(6), D) T () dys
to

+ I (to0, k(o). D K] (10), T K)(10)) + [ (b0, k(o) D[] (10), T3 [K)(10))

— [ S k). D ). T ) s

_/t (1_12:():;71)9 (87 k(s)v CD;“ [k](‘s)vzqﬁl [k]<5>) qu - (tO’ k(t0)>0D§3 [k](t())vzqﬁs [k](to)) t,

(3.11)

(3.12)

for tg <t < 1. Clearly, F¢DE (1.3)-(1.4) admits a solution iff the relation 7[k] = k has a fixed point. Let k,I € X.

We then for 0 < ¢ <ty have
[ TIRI(8) = T = |Zg f (¢, k1), Dyt [E](t), I [K](£)) + (o, k(to), “Dge[k](to), T, [k](to))

+ [ (b ktto), D) 00) T3 Rl 0)) = [ SR (s (o), D ). T () s

- /t (e (s, k(s), D [K](5), T2 [K](s)) dgs
—ha (to, k(to), “Dg? [K](to), T [k)(to))] ¢ = T3 f (£, 18), “Dg* (1), T U(#))
— ha (to, U(to), “DE*[1](t0), T[] (t0)) — [ha (fo, 1(te), “D2* 1] (to), T2 [1](t0))

to o—1
- [ OS5 D ). T ) s

— [ <“#j§*”g(az<>CD@ﬂ]w>zﬁﬂ]<))d:s—hlao1<o»693ﬂuuoxzfﬂuuo»]ﬂ

< Ig[f (6 k), DG K1), I k) (1) — f (£.1(2), “Dg [ (8), 27 [1(D)) |
+2|hy (to,k(to),”D?Q’[k](to) IﬁS[k](to)) h1 (to, (to), “Dg*[l)(to), Zg (1] (t0)) |

+ |ha (to, k(to), “Dy* [K](to), Z4 [K] (o)) — ha (to, L(to), “Dy* [1](te), I [1)(to)) |
b [ USG5 ), D ). P HI() — s, 10), D5 ) T 1G9) s

1 -1
+/t Ot g (5. k(). “Dg k(). Z22 [K)(5)) — g (s,1(5), “Dg[1)(5), TE2[1)(5)) | dgs

S ZTLA(t) (|k(t) = 1)| + |“Dg[K](t) — “Dg [1)(s)| + |Z5 [K](8) — Z5 [1(t)])
+2L3(to) (|k(to) — U(to)| + [“DI* [K](to) — “DI2[l](to)| + |Z2% K] (to) — 7 [1](t0)])
+ La(to) (|k(to) — U(to)| + |“Dg[K] (to) — “Da*[l](to)| + [Z0*[K](to) — ZP*[1](to)])

" (1ogs)e
+ [0S 1) (k(s) — 16
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+HDg [K)(s) — Dy [(()] + 125" [k)(s) — I [U(5)]) dgs

+ / U022 Lo () ([K(s) — Us)| + D52 [K)(s) — “Dg2[1)(s)] + |Z" [K](s) — T{2[1)(s)]) s

STTLy(t) ([k(t) = L(t)| + T, K (s) — ' (w)| + T [k(s) — 1(s)])
+2Ls(to) ([k(to) — 1(to)| + Ty~ |k (to) — I'(to)| + Z° |k(to) — L(to)])
+ La(to) (k(to) — U(to)| + Ty~ |k (t0) — U'(to)| + T, k(to) — (t0)])

to

+ / (1= g5) 7D B (1h(s) = 1) + Ty~ K (5) = U ()] + T k() — U(s)])
1 s

o [ = (ko) 1)+ [ o e a
Y5 )Pt K =1w)]

Jr/o (s —u)™ (%) du) ds

< ZgLa(1) (1 + ey t rq(11+ﬁ1)> 1k = Ul + 2L5(to) (1 + ey T rq(11+/33)> [k =1l

+ La(to) (1+ ra + e ) Ik = -

gt ! ]
+/0 T, (o) Li(s) (1 T ey T Fq(1+ﬂl)> Ik — 1]|«ds

1
(1—s)7~" 1 1
+/to T, (o) LQ(S) <1+ T,(2—az) + Fq(1+ﬂ2)> ||k_lH*d5

t 1-k t
k1] o1\ Y1k v
< nrq(al‘) (1+ e T Fq(f%)) [/O ((t—5)""1) ds} UO (Li(s)) 7" ds]

+ [21Lsl (1 + by + mm ) + 124l (14 ma + ) | I = Ul

r rto 1-¢ to £
[k—1]|« o—1\Y/1-¢ 1/
+ 5 0) (1 + oy t Fq<11+ﬁ1)) /0 (1=s)7"") ds} {/0 (L1(s)) " ds}

- 1 1—¢ 1 ¢
k=1 o—1\Y1-¢ 1/
n Hrq(gll) (1 + Fq(;_az) + rq<11+ﬁ2)) / (1=s)7"") ds} [/to (La(s)) " ds]

to

14

1Lzl

R )'174}1@ (14 e + ot )[1;@}1—‘
Ty(o) Ty(2—a1) Pq(1+B1) ) |o—¢ Ty(o) Fy(2—a2) Ly (1+p2) o—t

IN

1 1 1 1
20l (1 + sy + ) + el (1 ey + o) — O

and

(TR () — (T[l] 1) =|Zg 1 (8, k(D). “Dg [k](2), 7 [K](2)) + he (to, k(to), “Dg* [k (to), T7[K] (t0))

S (a 1) cyan 1
[ OS (5. k(). D ). T ) s
! (A—gs)* " qs8)7~ b cy(az) Bo
Ao CLOR - B CORA GO

— I (to, k(to), Cpas[k](to),ffs[k](to)) = I (810, D), I (1))

(=}

o (t.1(00). "D [ (00). T 00) + [ USSR (1060, D5 (). T (9) s

b [ U (5,1(5). DG T ) s+ (t 1 (t0), D5 ) 25 1 1) \

IL1]l10m2 1 1 lL1ll1em 1 1
< [ T,(0—1) (1 + T,(2—a1) + Fq(1+ﬂ1)> + Ty (o) (1 + Ty(2—a1) + Fq(1+61)>

I L2l1/,m 1 1 1 1
R (1 tTrean T Fq(1+ﬁz)> + 1L (1 trean T Fq(1+ﬂ3))

(3.13)
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1L (14 oy + o ) 1 e (3.14)

1-¢ 1—¢
where 77 = (%) and 7y = (Ui;ﬁ) . Similarly, for tg <t <1 we get

=T ‘/ot (e F (5, k(s), “D ) (), I3 ) (5)) s
+ /t t U0 g (s, k(s), “Dg2 K] (s), TE2[k](5) dgs
+ Iy (to, (to), “D* [K] (o), I [K](t0)) + [he (fo, k(to), “D4[k](to), T2 k] (o))
B /oto ol (5.k(3). “D [)(). 7 [H](5)) dys
B /t: ot (s, k(s). “Dg2 K] (5). Zy2 K] (5)) dos
~hn (t, k(t0). Dy k)t Z ) 1) ¢~ [ g (), D), T () s

0

_ / S50 (5,1s), D2 [1(5), T2 [(5)) dys
— ha (to, U(to), “Dg*[)(t0), I [l (t0)) — [ha(to, L(to), “D** 1] (to), T[] (to0))

[ O (o, D), TS

—/t %g (s,1(s), “D2[1] (), Z[1](5)) dgs —ha (to.l(to), “De2[](to), Z%[](0))] ¢|

2||L1|1,om 1 1 2|1 L2 l1/em1 1 1
< [ e (1 T r,e—an T Fq(1+61)) + =T, (1 MR VICEC I Fq(1+62))
1 1 1 1
+2|| Ls|| (1 + e Fq(l%)) + || L4 (1 + e Fq(1+ﬂ4)>} Ik — 1], (3.15)

and

[ R 1 o k(6. D )T ) s

+ /t UCa)T 2 g (s, (s), “Dgo [k)(5). I [K)(3)) dys + ha (fo, k(to), Dg* [K)(t0), T4 K] (to))

_/oto %J‘" (s, k(s), DI [K](s), 2 [k](5)) dgs

[ (ko) DR TS s — (), D K00, T )

- / RS2 F (5,105), D 1)(5), I 1)(5) dys

- / R 2 g (5,Us), D5 (5), Ty [1(5) dys = ha (to, U(to), “Dg* W] (to) T4 1 (1))

N /Ot" U= 2D (s,1(s), D [1)(s), I [)(5)) dys

S () DT s s (00, D00 0
< [HFL;JEﬁk)Q (1 + e t Fq(llJrﬁl)) + HFLQ(HW; (1 e Fq(ll”"’))

I L1ll1/m1 1 1 I L21l1/m1 1 1
R (1 trean T Fq(1+,6’1)) R (1 Trean Fq(1+62))

s (1+ ey + oy ) + 1l (1+ ey + oo )| I = - (3.16)
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o—¥ o—0+1

1—¢ 1—¢
where 71 = (1—7@) and 79 = (174> . By utilizing relations (3.13)), (3.14)), (3.15), and (3.16) we have

ITTE] = T1lls = IT TR = Tl + I(TTRD = (TU)'|

< [3|L1|1/m1 3| Lall1/em

1 1
T0() (1 trean T Fq(1+ﬁ1)> T 1,0 (1 + e T T (1+Bz))

1 1 1 L
+ 3Ll (1 T ey T Fq(1+53)) + 20| L] (1 treant Fq(1+ﬁ4>)

L1 l1/em2 1 1
B YICESY (1 Trean * rq<1+al>)

I L2]l1/,m2
+ Totn (1 + Fq(217oc2) + Fq(11+,32)>:| Ik =1« = Asllk — 1] (3.17)

Thus T is a contraction mapping due to the fact that A; < 1. Therefore, by using the Banach contraction principle
we conclude that 7 has a unique fixed point. This fixed point is the unique solution of the model problem ([1.3)-(1.4)
by using Corollary [3:2] O

Corollary 3.4. Assume that there exist L, Lo, Lz and Ly € Rt such that

3

|f(t k1, ko k) — f (4K, kb, K5) | < La(t Z

5

|g(t7k1ak27k3)_g(t7k/17kl2ak3 <L2 Z

=1
|l (&, 1, kg ks) — R (£ K], Kb, k) | < La(t ch

\ha (t, k1, ko, k) — ho (8, k7, K, KS) | < La(t Z|k (3.18)

for all t € J and ky, k), with £ =1,2,3. Then the FgDE (L.3)-(1.4) has a unique solution whenever

3L 1 1 3L 1 1 1 1
oo +D) (1 trean T rquwl)) R sy (1 trea T rq<1+52>) +3Ls (1 trea T rq<1+ﬁ3>)

1 1 L 1 1 L 1 1
+2Ly (1 trean T Fq(1+64)) * 1,0 (1 treay T rq(1+51>) 1, (1 trea T rq(1+62>) <L

By the aid of the Krasnoselskii’s fixed-point theorem, we state our next existence result.

Theorem 3.5. Suppose that there exist Ly, Lo, 1 and pz € C(J,[0,00)) and two nondecreasing self-functions ¢ and
1y defined on RT s.t |f (¢, k1, ko, ks) — f (¢, k7, k5, k%)| and |g (¢, k1, ke, k3) — g (¢, k], kb, k5)|, are less than or equal to
Ly(t) 325 ki — kil La(t) o0, [k — kY| vespectively, and |hy (¢, ki, ko, ks)| < pa ()91 Yooy ksl and |ho (¢, k1, ko, ks)| <
1o ()11 Z?Zl |ki|, for each t € J and ke, k), with £ =1,2,3. If

_ | ULl I Z2]| 1 1 1
Ay = |:Fq(10') (1 + (2 oy T (1+/31)) ey (1 t ey T Fq(1+52))} (7+1) <1, (3.19)

then, the model problem (1.3)) admits a solution on .J.

Proof . Consider S = {k € X : ||k|| < r}, where

1
Bl ((1 + e t Fq(11+63>) T) 2wl ((1 trea T Fq(11+,84)) T)
+ ey (2o +1) [HL1|| (1 + ey Fq(lgﬁl)) + Fo}

+ry (5 +o+1) {HL2|| (1 + ey T rq(11+B2)> + GO} ST (3:20)
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Clearly the set S is an nonempty subset of the Banach space X, closed and convex. Now, we define two operators A

and B on S by
A[K)(t) = ha (to, k(to), “Dy? [K](to), Z5* [k](t0)) + [hz (to, k(to), “Dg*[K](to), I3 [K] (to))

- /0 0 wf (s,k(s),cpgl[k](3)7zfl [k](s)) dgs

Fq("')
- / U2 g (s, k(s), Dy [K)(5), T2 K](5)) dgs — b (to, k(to), D K] (to), T K] (ko)) £, (3:21)
for each 0 < ¢ <1, and B[k](t) = Z7 f) (¢, k(t), °Dg [K](t), ZD [k](t)), whenever 0 < ¢ < to, and
B = [ S (s h(s). D (). T K1) s
(3.22)

i —gs)(@D cyo
[ S (5 b(e). D). TR s,

whenever tg <t < 1. Let k,l € S. On the interval 0 < ¢t < ¢, we get

|AE](t) + BlI(#)] = |h1 (to, k(to), “De2[k](to), Z2[K](to)) + [h2 (to, k(to), “Ds*[K](to), T2 [K] (o))

/O Ugl 2 £ (5, k(s), “D (k] (5), T2 K] (5)) dgs

Tq(o)

-/ O (o, b(s), DK, K)o
~h (to, k(to), “Dy? [k](t0), T3 k] (¢0)) ] ¢ + Z7 F (1,100, DG (), T (1))
K(to) |+ D5 (K (to)] + |75 K] 1))

< 2un1 (to)tn ([k(to)| + [°Dg* [k](to) | + |Z3° [K] (t0)1) + p2(to)¥2

b0 sy(@=D
[ O () + D ) + TP R + Fo) s

+/t U092 (Lo (s) k(s) + °D52[k)(s) + Z22[K)(s)| + Go) dgs

! —gs)"7Y cTyQ
+ / U=l S (La(s)li(s) + DG 1)) + TP I](s)] + Fo) dygs
< 2|\ pl[9n ({1 + (21 = T (11-5-/33)} 1") + [|p2ll1b2 ([1 + Fq(;_%) + Fq(11+,34)} 7‘)
MRXIGaY [2”L1” (1 + ey Fq<11+51>) + 250 + | Le| (1 + e T rq(11+ﬁ2)) + GO}

(3.23)

[(A[ED)' (1) + (BI)' (1) = ‘hz (to, k(to), “Dg*[k](to), Z;* [k](to))

Ty(o)

" (—gn©
- Ty@) 9
to
177N (08, D5 ), T 1)) |
< lzllée ((1+ oty + w7 + Il (14 e + ) ™)

+ 125 [||L1H (1 + e s >) +F0]
(3.24)

B / " g (s, k(s), D2 [k](5), Z2 [K](s)) dgs

(. k(s), “Dg2 [K](s), Zy2[K](5)) dgs — ha (to, k(to), “Dy* k] (o), Z;* k] (o))

t e [”LQH (1 + Fq(2fo¢2) + rq(1+52)> +G0] .
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Similarly, on the interval ¢ty <t < 1 one gets

|A[K](t) + B[l](t)| = ‘hl (to, k(to), “Dy>[K](to), Z0° [K] (to)) + [hz (to, k(to), “D[Kk](to), 24 [K] (to))

[ (s k), D T ) s

(=)

/t g5 (s, k(s), “DE2 K] (), T [R](5)) dys — B (to, (o), D [K](t0), T¢ K] (t0) | ¢

[ 5, D 1, TS s

+
(=)

+

/ 2 (5,1(5), D (5), ZE0(5)) s
201 (to) 1 ([ (to)| + |°De>[K](to)| + |Z03[K](to)]) + pa(to)ibz (

/ A0 (1 () (s) + D5 [K1(5) + Z{ ()] + Fb) s

k(to)| + |°Dg*[K] (to)| + 77 [K] (to)])

+
(=)

1 1
[ O (a6 + D) + TR + G s

t

+

0

+ [ (L) + P ) + TP + o) dys

+/t U= (La(9)|A(s) + °Dg=[1](s) + TL2[1)(5)] + Go) dys

< 2fmllvn ((1+ oy + mam ) 7) + eelts (14 5@ + ) 7)

+ o Il (1 + gty + i) + o+ Il (14 ey + molany ) + Go| s (326)

(AT (8) + (BIDY ()] = [ha (to, k(to), D K] (ko) Z5* ] t0))
/0 B9 1 (5, k(5), D K09 T H9)) s

/t U920 g (5, k(). D2 [K)(5), T2 [KI(5)) dgs — ha (fo, k(to), “Dge (K] (to), T¢ [k] (to)

+ / RS2 f (5U(s), D3 (). I [1)(9)) s

(=)

s)(e—2) Qs 5
" / (a7 2 g (5,U(s), D2 U (5), T2 [1(5)) dys

1 1 1 !
< llpallv2 ((l treen T Fq(1+54)) r) * llmnlln ((1 pIcE Fq(1+53)) T>
(o'-‘rl) 1 1
+ = | L4 ]| (1 tre—an T Fq(1+31)) +F°}

[
T(UH) [”LQH (1 + pq(zl_m,) + I‘q(11+52)> + GO} ’ (3.26)
)

where Fy = sup,.7|f(£,0,0,0)| and Go = sup,7|g(t,0,0,0)|. Thus
ALK + BU. = ALK+ BUI -+ (AR + (BY | < 2l [ ((1 TR (;H,s)) ")
lzlive (14 s + ) ™) + i Ml (14 mekan + mcn ) + B
el (14 ety + ryc) + Go) + lzlhie (1 + gy + e ) 7)
+llanlivn ((1+ e + mrtea) ) + 55 100 (14 mben + o) + 5o

r(oc+1) 1 1
+ 575 [IEal (1 + ey + o) + Go]
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= 3mllvn (14 gy + oty ) ) + 2lalis (14 mogmey + o ) 7)
t ey (2o 4 2) [0 (14 ey + ot )+ )
tr (B+o+1) [IILQH (1 + remany T Fq(liﬂQ)) +Go} <r. (3.27)
Hence for each k and [ € S, A[k] + BJl] € S. For each k € S, we have
JAEIL < 3l (14 mpbasy + mosmy ) 1) + 2l (14 mpbas + moibs ) 7)
+ e 10 (14 ity + ) + Fo+ 122l (1+ rpbayy + moey ) + Go) - (3:28)

Thus, we conclude the uniformly boundedness of the operator A on S. For any k € S and t < 7 € .J, we also have

ATK)(7) — AWK =(r — 1) [h (to, klto), “D2 K] (to), T2+ K] (o)
= [ OSE (5 (). D (). T ) s

B / U072 (s, k(s), Dy K1 (), T2 K](5)) dys = B (to, K(to), “D5 K] (to) T3 [K] ()
(3.29)

which is not dependent on k£ and approaches to 0 as ¢t — 7. Indeed, the operator A is equicontinuous. Consequently, by
invoking the Arzeld-Ascoli theorem we asserted that the operator A is compact on S. We now consider two elements
k and [ belonging to S. Then, we get

|BIk](t) = BIU(1)| = |Z5 £ (t. k(2), “Dg* [k](), Zy [k)(1)) — Zg f (t,1(1), “Dg* [(1), Zg* [0(1)) |

L4l
(o) [1+ (2 an T q(1+@1)} & =1

(2771 (1 k(D). DG R0, I R (1)) = Z5 1 F (1,000),“Dg [0(0), 2 1)(9))|

[P 1 1
) [1 T rean T rq(1+51)} Ik =, (3.30)

whenever 0 <t < tg. Also, we have

IN

[(BIE])' (1) — (BII])' (1)l

IN

| BIk|(t) — " maeh qs)( (87/6(8)’67?2”[76}(8),151 [k](s)) dgs
+/ % (s, k(s), “D22[k](s), T2 [k](s)) dgs

to o1
[ ), D) )

! —gs)?Y cya
- [ (0. D ). T ) s
to

LAl 1 1 [l L2]] 1 1
<z -yl [ 1D (1 trean T rq(1+ﬁl)> T oD (1 treay T Fq(1+52)) }’
(3.31)

(B () = (B O] ==y [ (0= 91 (sb(a). D5 (). T () s

b [ ORI sk D RO T () dus
T (5 1(s), DR (3). Z9 1)) s

~/O
/ (t qS (cr 2)
to

S g (5, 1(s), “DE2 [1(5). T 1)(s)) dys

L) L) . .
<l =l [E5 (1 + e + mcan ) + o (1 meten + )| 332)
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whenever tg <t < 1. Therefore,

1814 = Bl <[ #5255 (1+ robe + roctesn) + iy (1 moe + moctesm) | (34 D) W=l < Aallk =1,

(3.33)

since Ay < 1. Indeed, operator B is contraction. In the other words, all conditions of Theorem [2.3] are fulfilled. This
indicates that there exists a k belonging to S such that A[k] + B[k] = k. So, we conclude that equation (1.3]) has a
solution, which is in J. This finishes the validation. O

4 Applications

At present, we provide two examples for illustrating our main results which their numerical results are presented
using the required algorithms. In this way, some computational results are carried out to check the feasibility of the
theoretical findings for F¢DE ([1.3])-(1.4]).

Example 4.1. As the first test example, let us pay attention to the boundary value differential ¢—fractional problem
in the form

Aol 1) [k(t) + tan~! (CD;/3[k](t)> +sin (zqﬂ[k}(t))] , 0<t<$,

‘DY [K](t) = i Vi (4.1)
D RI(®)+Z [k ()
0 <t2 + O - ﬁ) [Hk(kt()tl)l T cvc;é/“[k](t):zﬁ[k](t)] ’ 7st<l.
The prescribed boundary conditions are
_ o | k@) m(3) v 21 ()|
k(0) = G55 [ k(D) w (2) ez w (2)] | (4.2)
and

B(1) = sy sin (2) [eos (k (2)) +sin ((“DY°k) (2)) +tan™ ((77%) (2))] - (4.3)

Hereo—_%a1:%7a2:%aa3:% :%7ﬁ1 \/5752:\/5753:\/5754:\/67150:%7
f (t, ki, ko, k‘3) [t2 + t — *] (kl + tan™ (kg) + Sin(kg)) s

T
k ko+k
0 (ko s) = i |12+ o, 2 (i + ) (44)

and hy (t, ky, ko, ks) = <o (%) ha (t by, b, ) = 7hs sin(t) [cos(ky) + sin(ks) + tan~1 (ks)] . Clearly

|f(t7kl7k27k3) - f(tvkll’k/Q3 ké)‘ - k/1| + |k2 - k/2| + |k3 - k/3|)a

|g(t7kla k27k3) - g(tvkll’k/Qa ké)‘ < (|k1 - kl| + |k2 - k;| + |k3 - kéDa
|ha(t, k1, k2, k3) — ha(t, ky, kg, k)| < % ([ky — By |+ ko — kol + |k — k3]), (4.5)

and |ha(t, k1, kg,kg) ho(t, kY, kb, kS)| < 55 sin(1 )(\kl—k’l\+|k‘2—k’2|+|k3—ké|), for t € J and k, k7, ko, kb, k3, ks € R.
Hence, L1 10 , Lo = 40\0[, L3 = 1006 Ly = 100, and by using Eq. , we obtain A ~ 0.35919, 0.32314, 0.30295
for g = 0, 2, g respectively. These results show in Tables (1| such that they emphasize with underline Hence, all
conditions of Corollary [3.4] n are hold. This mdlcates that the differential g—fractional equation ) has an unique
solution under the Dirichlet boundary conditions and . here the unique solution is in .J. We also note that,
L1, Lo, L3, and L4 are maximum of functions f, g, hl, and ho, respectively.
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035

015 —8—q=1/10]
—6—q=1i2
=819

Figure 1: Numerical evaluations of A; for various q = %7 %7 % in Example

Table 1: Numerical evaluations of A for various ¢ = %, %, and % in Example

Ay

n 9= 4=3% aq=3§

1 0.35874 0.27282 0.10052

2 0.35915 0.29729 0.11569

3 0.35919 0.31004 0.13043

4 0.35919 0.31655 0.14462
12 0.35919 0.32312 0.23091
13 0.35919 0.32313 0.23821
14 0.35919 0.32314 0.24485
15 0.35919 0.32314 0.25087
75 0.35919 0.32314 0.30293
76 0.35919 0.32314 0.30293
7 0.35919 0.32314 0.30294
78 0.35919 0.32314 0.30294
79 0.35919 0.32314 0.30294
80 0.35919 0.32314 0.30295
81 0.35919 0.32314 0.30295
82 0.35919 0.32314 0.30295

Example 4.2. The second test example devoted to the following boundary value differential g—fractional problem

n(t+) [ |k()+°Dy/ (k)(0)+Z, > [K](1)| ] D<i<?
T2 ¢ 1 4/5 ’ — — I
DYl (t) = T | IR+ W+ T ko) 5 (4.6)
2 P . 3
[t 217 [k(®) +cos (D" [K)(0)) +sin (2] K) |, 2<t<,

subjected to the boundary conditions

B(0) = €7 [k (2) + DY (k] (2) + T,/ [K) (

(SN
SN—
|
—
,'4;
-~
N

&
=}
oL
™
—
[
~—
Il
wn
=
—~
[S1N)
~—
o~
—
|
~—
_|_
Q
>l
*q
)
=
—
[S1N)
SN—
_|_
l\\)-t
<
~
o
—
(SN

1/2 4
)} . Here, 0 = 3, an =

In(t+% o1tk 2
Pl AL ks, hs) = gt [ lthattal ] gt kr oo ks) = g (= 2)2 (b + kot k), (48)

and hl(t7 k1, ko, kg) =el (kl + ko + ]ﬂg)7 hg(t7 ki, ko, kg) = sin(t) (kl + ko + kg)l/z.
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Figure 2: Numerical evaluations of As for various q = %, %, % in Example

Clearly
AETARY, ln(t""%) / / /
|f(ta klka’k3) - f(taklka,kS) < 3t+m2+3 (|k1 - k1| + |k2 - k2| + |k3 - k3|)a
|g(t7k17k23k3) - g(tak/hk,%ké) < ﬁ (t - %)2 (|k1 - kll‘ + |k2 - k/2‘ + |k3 - ké‘) ) (49)
and |h1(t,k‘1,k‘2,k}3)| < €t(|]€1| + |k‘2| + |k3|), ‘hg(t, k]l,kg,kg)| < sin(t)(|k:1| + |k‘2‘ + |]€3|)1/27 for all t € J and ki, ko, ks,
1, ks and ki € R. Choose Ly(t) = gz In(t + £), La(t) = =g (t — 2)2, pu(t) = €', pa(t) = sin(t), ¢u(t) = t,
and 1o(t) = t72. Eq. (3.19) yields Ay &~ 0.19790, 0.21190 and 0.0.22194 for ¢ = 1,1 and 12, respectively. These

Table 2: Numerical evaluations of Ag for various ¢ = %, %, and % in Example

Ag

n q=z q=3 q= 1%

1 0.19745 0.18656  0.06811

2 0.19785  0.19924  0.081

3 0.1979  0.20557  0.0925

4 0.1979  0.20874  0.10289

5 0.1979  0.21032  0.11235
11 0.1979  0.21188  0.15468
12 0.1979  0.21189  0.1599
13 0.1979  0.2119  0.1647
14 0.1979  0.2119  0.16913
112 0.1979  0.2119  0.22193
113 0.1979  0.2119  0.22193
114 0.1979  0.2119  0.22193
115 0.1979  0.2119  0.22194
116 0.1979  0.2119  0.22194
117 0.1979  0.2119  0.22194

values show in Tables [2 such that they emphasize with underline. Consequently, all the assumptions of Theorem
hold. This implies that the given fractional g—differential equation (4.6 admits at least one solution under the given
Dirichlet boundary conditions.

5 Conclusion

In this paper, we first gave some properties of the fractional g—derivative and integral, and then using the proposed
properties we have established the existence of solutions for the single and multi-dimensional fractional neutral func-
tional ¢—differential equation with Dirichlet boundary conditions on a time scale. By numerical evaluations
we confirmed our theoretical finding for the underlying model problem. Compared to existing published outcomes in
the literature, this results of the current work are new form point of theoretical and numerical computational point of
views.
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