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Abstract

This work deals with a class of fractional Schrédinger-Maxwell systems related to the distributional Riesz fractional
gradient. First, we introduce the latter operator and investigate its appropriate functional framework. Then, we pose
the given problem in that space. Applying variational methods combined with the Symmetric Mountain Pass critical
point theorem, we obtain infinitely many nontrivial solutions for the system in Bessel potential space.
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1 Introduction

This paper is concerned with a class of fractional Schrodinger-Maxwell systems of the following form

1.1
—DY".DV¢ = u? in R3, (11)

{—DV.DVU +V(z)u+ ¢u= f(z,u) inR3
where v € (0,1), f:R?® x R — R is a continuous function and D7.D? is the distributional Riesz fractional derivative
that will be defined below, and we will show its consistency with the fractional Laplacian. This work is motivated
by the large interest in the literature around nonlinear systems driven by fractional operators of elliptic type due
to the fundamental role of such systems in analyzing of numerous complex phenomena, such as electrical circuits,
diffusion, phase transitions, finance, and quantum mechanics. For more related results, we refer the interested reader
to 7,8, 12, 211 22].

Another important reason for studying is that in fractional cases the classical analysis is not available and
elliptic PDEs cannot be treated pointwisely. Caffarelli and Silvestre in their celebrated work [I3] introduced the
reduction method to overcome these difficulties. Since then and with the aid of [I7], there have been many excel-
lent works that considered the existence of infinitely many solutions, nontrivial solutions, concentration of solutions,
and ground state solutions to different classes of nonlinear fractional Schrodinger systems and nonlinear fractional

*Corresponding author
Email addresses: h.boutebba@univ-skikda.dz (Hamza Boutebba), h.lakhal@univ-skikda.dz (Hakim Lakhal),
k.slimani@euniv-skikda.dz (Kamel Slimani)

Received: October 2024  Accepted: November 2024


http://dx.doi.org/10.22075/ijnaa.2024.35589.5293

2 Boutebba, Lakhal, Slimani

Schrédinger-Poisson systems using different methods including variational tools and critical point theory, see for in-
stance [2] [10] [TT], 15} [I8], 19} 20, 28] B1] and the references therein. Among them, we pay special attention in our recent
work [11] where we studied the following system

{(-A)m +V(2)u+ K(z)¢u = Mf(z,u) in RS, 12)

(—A)¢p = K (2)u? in R3,

where v, 8 € (0,1), 26 + 4y > 3, A € R;. By using the Fountain Theorem we get the existence of infinitely many
solutions for any A > 0. When 8 =+ and K(z) =1 in and under different assumptions on f, Kim and Bae [20]
showed the existence of infinitely many solutions. If 8 = v and K(z) =1 in (1.2), Jin and Yang [32] obtained three
existence and multiplicity results of solutions under similar assumptions of this work. On the other hand, many authors
have paid attention to the problems involving fractional (p,q)-Laplacian operator which is a natural generalization
of fractional Laplace operator. The interest in nonlocal problems driven by fractional (p, ¢)-Laplacian is founded in
their popularity in several fields of mathematical physics and biology, such as plasma physics, biophysics and strongly
anisotropic materials. Interested readers can consult the nice works of Razani et al [5l 24] [26] for more details.

In recent years, great attention has been given to the search for a good concept of fractional derivatives operators.
This considerable interest led many researchers to develop a variety of suitable definitions of fractional derivatives, see
for instance [I]. In particular, an increasing number of authors have focused their attention on problems involving the
so-called distributional Riesz fractional gradient in their works, see e.g. [6l [9, 19, 23] 28, 29]. Shieh and Spector in
their pioneered research [28] have studied a new class of fractional PDEs related to the distributional Riesz fractional
gradient, and they defined a functional space suitable to study fractional problems in which the latter operator is
present. This space is introduced consistently with the well-known fractional Sobolev and Bessel potential spaces.

Furthermore, it is worth mentioning that the fundamental aspect of the distributional Riesz fractional gradient is,
that the former (up to a constant) enjoys a unique combination of desirable translational and rotational invariance, and
homogeneity properties of order v as proved in [30] on fractional gradient analysis. This characterization establishes
both from a mathematical and physical perspective the distributional Riesz fractional gradient, in some sense as the
natural definition for a fractional differential object, and makes this object very interesting and deserves more attention
in the literature. Another important aspect of such operator is that we have the convergence to its classical as the
fractionality parameter when v — 1 (see [4[6]), and this led not only fueling further developments in analysis but led
also to new application areas and improving the existing ones.

Motivated by all the reasons just described, the aim of this paper is to prove the existence of infinitely many
nontrivial solutions in Bessel potential space for (|1.1)).
In what follows, let 1 < p < oo, and 0 < v < 1. Following [28], consider u € L? (RN) such that I; _ xu is well defined,

ou
we recall that the Riesz fractional partial derivatives —— of order =y can be characterized in distributionally by

(9£Ej
Nu 9, _ 9¢
(57 #) = (Dl v, 52 = / s

where I, denotes the Riesz potential of order

U ) (=X
Lu(z) == Cny / :L’_;iTJ)V_’Ydy) with Cy = %(72
RN

Consequently, we define the distributional Riesz fractional gradient D7 by

0"u 0 )
(D’Y’u,)j = @ = 87j11_,y * U, ] = 1,...,N.

J

As it was observed in [28], the fractional Laplacian for sufficiently regular function u can be written as

u(z) — u(y)
CN,’\/P'V AN Wdy

(=A)7u
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where Cy , is a normalizing constant [I7]. Among the nice properties of the distributional Riesz fractional gradient
D7, we have an alternative representation of D7 as it was shown in [2§], can be given in terms of the classical gradient

\Y

Dlu=1_,%Vu foruc CeRY).

Moreover, D" can be written for sufficiently regular functions v by [16}, 23] 29]

T -y 1

D7u(x) :==Cny /RN [u(z) — u(y)] dy,

[z =yl |z —y[Nt
Furthermore, for u,w € C§°(RY) equation (T.3)) is to be understood in the following sense

/ DYu.D wdz — / (—AY wwds = / (—A)3u.(—A)F wda,

RN RN RN

which is particularity useful for the variational formulation of PDEs involving fractional operator. We refer to [10,
23, 28, 29, [30] for more details about this fractional operator. The following assumptions on f and V will be needed
throughout the paper:

(A7) : The nonlinearity f:R3 x R — R fulfills the Carathéodory condition.
(As) : There exist constants C; > 0 and s € R} such that

[f (@, )| < Cals| + [sI”~"), p e (26,23)

3
where 60 € (1, m) and 2% = ﬁ is the critical Sobolev exponent.

(A3) : For every z € R? and s € R, there exist p > 20 and A > 0 such that
pF(x,s) < sf(x,s) + \s?,

S

where F(z,s) = /f(;z:,t)dt.

0

(Ay) : | llim F‘(Tgff) = oo uniformly for a.e. z € R3.
s|—oo0 I8

(V): Ve C(R3R),Vy := infyegs V(x) > 0, where V; is a constant, and for every M > 0 meas {z € R®: V(2) < M} <
0.

Our main result is as follows:

Theorem 1.1. Assume that system (1.1]) satisfies the assumptions (A;)-(A4) and (V'), then (1.1)) has infinitely many
nontrivial solutions.

The rest of the paper is organized as follows. In section 2, we present some auxiliary results that will be used in
this paper. The proof of Theorem is provided in section 3. In section 4, we give a discussion about our result.

Remark 1.2. (i) In this paper, we do not impose the Ambrosetti-Rabinowitz’s 4-superlinearity condition:
Jp >4 such that 0 < pF(z,s) < sf(x,s) forall z € R3, (1.4)

which was first introduced by Ambrosetti and Rabinowitz in [3]. This condition is important to ensure that the
corresponding functional I has the Mountain Pass geometry and to guarantee that the (PS), or (C) sequence of I is
bounded.

(ii) Hypothesis (As), is weaker than the (|1.4)-condition.
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2 Preliminaries and Variational Settings

In this section, we state some preliminary results that will be needed later. In the sequel, let v € (0,1). The
fractional Sobolev space W72(RY) is defined by

2
wWY2(RN L3*(RN): / / vl =/, A dad }
( ) {ME v Jan |m—y|N+27 Yy < 00

endowed with the norm

_ Y 2, \°
lully 2@y = (/}RN /RN |:z:—y\N+2“Y dxdy + - |u|*dx

The fractional Sobolev space W7:2(RY) is simply denoted by H?(RY). Furthermore, for u € C§°(RY), we can thus
define the vector space of fractional differentiable functions S7?(RY) as the closure of C§°(RY) naturally endowed
with the norm

2 2 2
Hu”S%?(RN) = Hu||L2(RN) + ||D’YUHL2(RN)' (2.1)

According to the Theorem 1.7 in [2§], it is exactly the Bessel potential space LY'2(RY) defined for v € Ry as
L2RY) := G (LA(RY)) = {G, = f : f € L*(R™)},

where the Bessel potential G, is defined by (see [27, 28])

1 too —7r|m|2 —t ~y—N
G, (z) = / et etnt 2z L.
! (4m)2T(3) Jo
The norm of this space is [|ul|pv2@y) = [[fllz2@~y if w = G, * f. The following theorem summarize the main

properties of this space (see [2§]).

Theorem 2.1. 1. If y € (0,1), then H?(RY) = W2(RY) = L"2(RY) = §72(RY) with the norm given by (2.1)).
2. Ify>0and 2 < g <27, then L7 2(RY) is continuously embedded in L4(RY), and the embedding is locally
compact if 2 < ¢ < 27,

Remark 2.2. According to the Theorem the Bessel potential space L72(R") is topologically undistinguishable
from the well known fractional Sobolev space H”(R™Y).

The homogeneous Sobolev space D72(RY) for v € (0,1), is defined by
D2 (RY) = {u € L% (®RY): DVu e L2(1R<N)} ,
which is the completion of C§°(RY) under the norm
Yol :
[ull py2mry = ([ [D7ul"dz) .
RN
Now, we introduce our working space E as follows
E={duel™®Y): / DVl + V(@)|uP)dz < oo b,

RN

which is a Hilbert space equipped with the norm
2 2\1
lulls = [ (D7uP +V (@) uf*) b
RN

We notice that the two above definitions of D"?(R¥) and FE coincide with the usual definitions of them in terms
of the Gagliardo seminorm, and the assumption (V) implies that [lul|p = || ;,2g~). The following embedding
properties are necessary.
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Lemma 2.3. E is compactly embedded in L7 (RY) for ¢ € [2,2%), and continuously embedded in L9 (RY) for
ge[2,27].

Lemma 2.4. ([17]) For any v € (0,2), D7?(R") is continuously embedded in L% (RN), i.e there exists C, > 0 such
that

2
=
/ |U|2:d$ <C, / \D”u\gda:, ueDY? (RN) )
]RN

N

The existence of a nontrivial solution to a linear fractional PDEs with variable coefficients is established by the
following theorem.

Theorem 2.5. ([28]) Let Q C RY is an arbitrary bounded open set. Assume that h € L?(Q), such that I;_. * u is
well defined and A : RY — RVXN with coefficients bounded and measurable such that

eyl < Al)yy and A(z)y.y < ¢'[y|?
For all z,y € RN and some c,,c* > 0. Then, there exists a unique u € L72(R") such that

/A(x)DVu.DWwdx:/hwdx

RN Q

for every w € L72(RV).

From now on, we restrict the work space in dimension N = 3.

2.1 A reduced problem
For any u € E and w € D72(R%) we have from Holder inequality, Lemma [2.3] and Lemma

/ wlwdz

R3

2
L35 (R9) ol 2 (R3)

IN

[l

IN

2
Clull 1wl g2 rsy - (22)
For any u € E, the Lax-Milgram Theorem implies that there exists a unique ¢ € D?? (R?) such that

/ DY¢).DVwdz = / wwdzr Yw € D? (R?). (2.3)
R3

R3

i.e. ¢ is a weak solution of —D7.D7¢Y = u%. Moreover ¢7 is given by

u2
Pu(x) = C’Y/|J)—y(|%)_2fydy, (2.4)
R3

which is the Riesz potential (see [27]), where

3-2
. — 71.7%272711( 2 7)
=
I'(v)
Taking w = ¢7 in (2.2)) and (2.3]), we derive
2
@il prarsy < Cllullg - (2.5)

Substituting ¢ in (1.1]), it leads to the equivalent form

—DY.Du+ V(x)u+ ¢Ju = f(x,u), =R (2.6)
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whose corresponding functional I : F — R is given as follows

I(u)= 1/ (|D”*u|2 + V(x)u2>dx + i /d)Zqux - /F (z,u)dx. (2.7)
RS

2
R3 R3

Moreover, if we take w = ¢7 in (2.2]) and (2.3]) again, and by (2.5) we obtain
[ o < Nl 167l qes
R3
4
< Cllullg - (2.8)
Clearly, I is well defined in E and I € C'(E,R). Moreover, its derivative is

<TI'(u),w>= /(Dvu.D"’w + V(z)uw + pjuw — f (z,w)w)dz, w € E. (2.9)
R3

Thus, we have the following result:

Theorem 2.6. the pair (u,®) € E x D7? (R?) is a weak nontrivial solution of (1.1) if and only if u € E is a critical
point of functional I, where ¢ = ¢7.

Since we do not suppose (1.4), the verification of (PS) -condition at level ¢ € R becomes complicated, thus we
introduce the Cerami condition, which was established by Cerami [14]. Assuming that I € C1(E,R).

Definition 2.7. The functional I satisfies the Cerami condition at level ¢ € R, denoted by (C)_-condition, if any
sequence {u,} C E satisfying

I(up) = ¢ and  ||[I'(un)||(1 + [Jun|lg) = 0 as n — oo.
has a convergence subsequence.
Choosing {e;} an orthonormal basis of E and define X; = Re;,
Ve=0b X, Z,=8%,X;, kel
Clearly, E =Y}, & Zj. To prove our result, we need the following theorem [25] under the (C)_-condition.

Theorem 2.8. (Symmetric Mountain Pass Theorem) Let E = Y}, @ Z;, be an infinite dimensional Banach space where
Y is finite dimensional, let I € C'(E,R) be even, satisfies the (C)_-condition and 1(0) = 0, if

(i) there exist constants p,§ > 0 satisfying I |, 2z = Ziﬂf” I(u) > 6;
ueZ,||u||=p

(ii) for every finite dimensional subspace E C F, there is a constant C' = C'(E) > 0 such that max  I(u) < 0,
u€l,||lul|2C

then, I has an unbounded sequence of critical points.

3 Proof of Main Result

Before the proof of theorem, the following Lemma plays an important role in obtaining the existence of weak
nontrivial solution for (|1.1)).

Lemma 3.1. Let v € (0,1). The functional I satisfies (C)_-condition on E, if (A;),(A3)-(A4) and (V') hold.

Proof . Let {u,} C E be a (C), sequence of I. This implies that

c=1I(uy) +on(1) and (I'(uy),un) = o0,(1), (3.1)
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where 0,(1) —> 0 as n — oo. Seeking a contradiction. We assume that ||u,| ; — co as n — co. Define {v,} C E such
that v, = 44—, then clearly llunllp = 1. Hence, there exists a subsequence {v,} such that v,, = v in E as n — oo.
From Lemma - we get, for 2 <p <2}

vp = v ae inR? and v, v in LP (R3) as n — oo. (3.2)

There are two possible cases. First, we consider the case v(z) = 0. From (A3) we have

(n) — AT () )

. ) ool + (5 - 3) / 5 ke + / (Fo® p ) o

c+1 >

Y
P N N N

which implies
c+1 S 1 1 A

Rk g el e
lunly ~ 2 =

Since ||uy,||p — 00 as n — 0o, then
2 p—2
[onllz2(rs) = T

which shows that v(z) # 0, then we arrive at contradiction. In the second case v(z) # 0 in R3, we set ¥ =
{z € R®: v(z) # 0}, thus meas(X) > 0. By (3.I), we obtain

c=1I(up) +o,(l) = |un||E /gzﬁ”Y u d:v—/ (x, up)dx. (3.3)

Since ||y, || — 00 as n — 0o, we assert that

1
/F(w,un)dxz §||un|\2E—c+on(1)—>oo asn — oo. (3.4)
R3

Thus, combining (2.8]) and (3.3]), we obtain

[P e +c=on(t) = 5 fually + / 6, < (3.5)
]R3

Moreover, it follows from (A4) that there exists sy > 1 such that F(z,s) > |s|*, for all |s| > s, € R3. Since
f satisfies the Carathéodory condition and by means of (As), we infer that there exists a positive number K such
that |F(x,s)] < K, for all (z,s) € R? x [~sg, 80]. Then, we can choose K, € R such that F(z,s) > Ky, for all
(z,s) € R? x R, and thus

F(J?, un) — KO
om0 (3.6)
s
It follows from (A4) that
F F
Pl un) _ oy E@in) 20 _ o (3.7)

m
n— oo ||Un||20 N0 |y, |
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for all x € X. Thus, we see that meas(X) = 0. Indeed, if meas(X) # 0, then it follows from (3.4)-(3.7) and Fatou’s
Lemma that

3 [ F(z,uy)da

— =lim inf RS
4 mooce [ F(x,uy)dz +c
R3
3
F n
>lim inf Mdm

n )3 fually

F " K
>lim inf/ Mdz — lim inf 0

e Hun”E nee % ”un”E

F(
>lim inf (=, un
n=roe ”un“E

F n K
Z/liminf Lli)dxf/h msup —— 7 dx = oo, (3.8)
5

& o HunHE n—00 Hun‘E

which is a contradiction, then v(z) = 0 a.e # € R3. Thus, {u,} is bounded in E. Up to a subsequence, we can assume
that u,, — v in F, from Lemma we conclude u,, — w in LP (Rg), for all 2 <p <27 . Clearly, we have

(I (un) = I' (u) iy — u) = 0 and [Jun, — |7 (gs) = 0 as n — 0. (3.9)

Combining the Holder inequality, Lemma and ([2.5)), we obtain

/QZ)Znun (un —u)dz| < ||¢Zn L% (R3)||U”HL%(R3) l|un — UHL%(D@)
3
< CH¢1M Rs)”u" _U||L3}r?“ (R3)
< Cllunliylun - “”L% .
Similarly, we derive that
/ G — w) do| < C ullf e —ull g

We have
/< Lt — &) (un — ) da
’ (3.10)
§/¢Znun dLIC-i-/qbV u)dz| =0 as n — oo.

According to (A;) and the Holder inequality, we obtain

/ (f (0 n) — f (2, 0)) (uy — ) d

3

<Ci / (|un] + u]) |un — u| dx + C’l/ <|un|P*1 + |u|p*1> [ty — u| dx

R3 R3

-1
< Ct (Jlunll aqasy + 1l gas ) Nm = ll aqasy + C1 (lunlafas, + luladas) ) Nm = ll s
1
< C (|lunll s + 1ull ) ||un—u||Lz(R3)+c(||un||E + llully )||un—u|\Lp<Rsﬁ0
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as n — 0o. Thus

Wn—ﬂ%=U%wo—wawrwo—/UK@Mwn—w—vum@n—wmx
R3

— [ (6= 6200 (i =)+ [ (7 ) = 7 50) G = w0 =0

R3 R3

as n — oco. Therefore, {u,} converges strongly in E. [

Lemma 3.2. Suppose that (4;),(4,) and (V) are satisfied. Then, for each finite dimensional subspace E C E, we
have

I(u) = —o00, |lullgp — o0, u€E.

Proof . Arguing indirectly, suppose that there exists M > 0 for some {u,,} C F and all n € N, such that I (up) > -M

with ||uy| z = oco. Set v, = Tadrs» then llonllz = 1, up to subsequence we may suppose that v, — v in E. Since
- n nilg

dim(E) < oo, then v, = v € E in E, v,(z) — v(z) a.e. in R® and so |[v||; = 1. Set & = {z € R®: v(x) # 0}. Thus

meas(X) > 0, and we have |u,(z)| = oo for a.e. z € X. From (2.8)) we get

4 [ Fla,un) 2 un 3 + f 7, undr — AI (uy)
m R74d$c = lim dz < C, (3.11)

noe unllg noeed latal|

for z € ¥. Thus, since we have |u,(z)| — oo, by similar argument in (3.6)-(3.8]) and from (A4,), for large n we get

4F n 4F )y
lim Lug)dm > li_>m / (xiue)dx = 0. (3.12)

n=e ) a2

which is a contradiction with (3.11). O

Corollary 3.3. Under assumptions (A;)-(A4) and (V), for every finite dimensional subspace E C E, there exists a
constant C'= C(E) > 0 such that

I(u) <0 forall we E with |jul|, > C.
Lemma 3.4. For 2 <p< 21’;7 we have that

Ipi= sup  lullppgs)y =0 as k— o0
wE Zy, ||u||=1

Proof . Since the embedding from F into LP is compact, then we can prove Lemma by a similar way as Lemma
2.10 in [15]. O

By Lemma [3.4] we can choose an integer m > 1 such that
2 1 2
lulls < s ol < 2 lly € Zin (313)

Lemma 3.5. Suppose that (A1),(A4) and (V') are satisfied, there exist constants p,§ > 0 satisfying I |op, 0 z,, > 9 >
0.

Proof . From (A;) and (3.13), for u € Z,,, choosing p := ||ul|; = 3, we derive

I(u) = ;/(|D7u\ +V(x d:c—|— /dﬂ 2dx — /F z,u)

R3
Ch Cy
2 5 Jullz — HUHL2(]R3) D HU“Lp (R3)
1 2
> (el ~ i)
2r2 -1
= ———:=0>0.

2r+2
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This completes the proof.

Proof of Theorem 1.1 Let Y =Y}, and Z = Z,,. By Lemma [3.1] Lemma [3.5] and Corollary [3.3] all conditions
of Theorem are satisfied. Thus, the problem (|1.1)) has infinitely many nontrivial solutions. OJ

4 Conclusion

In this paper, through the Symmetric Mountain Pass Theorem, we obtained the existence of infinitely many
nontrivial solutions in Bessel potential space to a new class of fractional Schrodinger-Maxwell systems driven by
distributional Riesz fractional gradient. From our perspective, this paper seems to enrich the related results of
systems that involve this fractional operator and corresponding functional space. In addition, since the concept of
distributional Riesz fractional gradient is very recent, it will be useful to expand the result of the present paper to the
result that involves a singularity. This suggestion will be treated in future studies.
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