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This study presents a new index for measuring income inequality
based on the ratio of the median income of low-income to high-
income groups. Given the common challenges in income data,
including the presence of outliers and asymmetric distributions,
conventional mean-based indices often do not provide
appropriate estimates. In contrast, the proposed index, by
utilizing the median—a measure robust to outliers—mitigates
this challenge. By precisely defining the new index and
introducing the related “inequality curve,” the present study
examines the basic features of a valid inequality measure and
provides a consistent estimator for it. The performance of the
index has been evaluated through simulation studies and
application to Iranian household income data. The findings
indicate that the proposed index is not only a valid measure for
measuring inequality, but also provides a more expressive and
practical understanding of the Lorenz curve through the related
curve.
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1. Introduction

Inequality indices are frequently constructed by comparing the mean or total income
of low-income groups with the total income of the entire population (Kleiber and
Kotz, 2003). Lorenz (1905) defined the Lorenz curve as the ratio of the total income
earned by individuals below a given threshold to the total income of the entire
population. Bonferroni (1930) introduced a measure based on the ratio of the mean
income of those below a threshold to the overall mean. Zenga (2007) proposed a
curve that compares the mean income of those below a point to that of those above
it, thereby capturing the income gap between the two groups. However, when
working with income data, which often exhibit outliers and skewed distributions,
reliance on a mean-based concentration index can be misleading. To address this
issue, researchers advocate using the median, as it provides a more robust measure
less affected by extreme values. Gastwirth (2014) suggested replacing the mean with
the median to modify the Gini index, though this adjustment may yield a measure
that no longer lies within the conventional normalized range of [0,1]. Building on
Zenga’s (2007) framework and the advantages of the median, this study introduces
a novel inequality index by comparing the median income of the lower segment of
society with that of the upper segment. The paper defines the proposed index and its
associated curve, establishes its axiomatic properties, provides a consistent
estimator, and evaluates its performance relative to the Gini coefficient using both
simulated data and real-world household data from Iran.

2. Methodology
2.1 The Proposed Inequality Index

Let X be a non-negative random variable with cumulative distribution function F,
. Its quantile function is defined as:

Qx (p)=inf{x; K, (x)=p}, 0<p<l.
Here, the median income of those below the quantile Q, (p) needs to be compared

with the median income of those above the quantile Q, (p) .This point of view has

led the author to the definition of the new index based on the ratio of the two
quantiles:

P

Q)
1 p,’
Qx (E"'E)

In addition, I, (p) is a ratio between the lower and the upper partial medians, the

I (p) = 0<p<l.

meaning of 1, (p) is very simple. Furthermore, when all income values are equal,

the value of the inequality index should be zero. Therefore, the point value of the
index should be defined as follows:
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This index takes the value of zero in the case of complete equality and the value of
one in the case of complete inequality. By averaging M, (p), the new synthetic

M, (p)=1- 0<p<l.

inequality index M is obtained. The new index is linked to the new inequality curve
which is obtained by plotting the points (p, M, (p)) . It follows that:

M = M, (p)db.

2.2 Axioms of Inequality Indices

This study has proven that the proposed index adheres to the key axioms of a valid
inequality measure: the normalization axiom (the index value lies between zero and
one), the scale invariance axiom (multiplying all incomes by a constant does not
change the index), sensitivity to uniform transfers (adding the same positive constant
to all incomes reduces the inequality index), and the Pigou-Dalton transfer principle
(transferring income from a richer to a poorer individual reduces the index value).
2.3 Stochastic order

Inequality curves are fundamental to analyzing income inequality. An important
consequence of income inequality curves relates to stochastic orders based on these
curves. Stochastic orders based on inequality curves enable the comparison of
statistical distributions in terms of income inequality. Comparison based on income
inequality curves explains the role of distribution parameters in income inequality in
society. In this study, we examine stochastic orders based on the new inequality
curve and demonstrate that this curve, like other inequality curves, can be used in
the context of stochastic orders of income distribution.

2.4 Sampling estimator of the new index

Consider a random sample X,,...,X  of size n drawn from a cumulative

distribution function F. The corresponding order statistics from this sample are
denotedas X ,,, <...< X, <...<X . . We can define the new index as follows:

&

M =1— Z Xk:n ’

e

where, for every real | X | is the largest integer that not exceeding X, and [ X | is

the smallest integer that not less than X.
This study proves the consistency of the proposed estimator—that is, its convergence
in probability to the true population parameter as the sample size increases—and
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discusses its asymptotic distribution, thereby addressing the normality requirement
for inference. Since both consistency and asymptotic normality are key features of a
reliable estimator, establishing these properties in this research confirms the index's
suitability for empirical application.

2.5 Simulation study

A Monte Carlo simulation with 10,000 repetitions and various sample sizes was
conducted to compare the performance of the new index with the Gini coefficient.
The Generalized Beta distribution of the second kind (GB2), a flexible distribution
for income modeling, was fitted to real Iranian household data from 2015. The
simulation results showed that for different sample sizes, the new index had lower
bias and mean squared error than the Gini coefficient. Moreover, the sampling
distribution of the new index showed less skewness and kurtosis than that of the Gini
estimator, and its bootstrap confidence intervals performed better.

3. Discussion and Conclusion

In this study, a new income inequality index and its corresponding curve were
defined based on the ratio of the medians of low-income groups to high-income
groups in society. This index, with its ease of understanding and intuitive
interpretation, adheres to the axioms governing inequality indices, including
normalization, the Pigou-Dalton transfer principle, scale invariance, and sensitivity
to income transfers. In addition to providing a suitable estimator for this index, the
concept of stochastic orders based on the new inequality curve was also defined. In
the simulation study, by fitting an appropriate income distribution to real income
data, the desirable performance of this measure compared to the conventional Gini
index was demonstrated. Finally, by applying Iranian household income data from
the Statistical Center of Iran and using the Gini coefficient, the new index, and their
corresponding curves, income inequality was examined separately for urban and
rural areas over the period 2005 to 2015. Overall, it can be said that during the period
under review, the relative intensity of inequality in the country first decreased and
then increased. Furthermore, income inequality in urban areas was lower than in
rural areas, and the distribution of cash subsidies reduced income inequality during
the years 2009 to 2011. It is worth noting that the new index, like the Gini coefficient,
reflected these events. Moreover, the analysis of income data shows that the new
index effectively reflects income inequality between low-income and high-income
individuals in society. It also has a simple geometric interpretation and provides valid
statistical analyses. The curve corresponding to this new index, in addition to its
intuitive geometric interpretation, offers greater flexibility and clarity in representing
inequality compared to the well-known Lorenz inequality curve.
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