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Abstract

For a locally compact group G, let L§°(G) be the Banach space of all essentially bounded measurable functions on
G vanishing at infinity. Here, we deal with a derivation problem for the Banach algebra L&°(G)* equipped with
a multiplication of Arens type. We first show that the Singer-Wermer conjecture for Lg°(G)* is valid only in the
case where G is abelian. Also, we characterize various cohomological properties for L°(G)* according to algebraic
and topological properties of G; in particular, we obtain diverse properties of G in terms of these notions based on
derivations of L§°(G)*.
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1 Introduction and Preliminaries

Throughout this paper, G denotes a locally compact group with a fixed left Haar measure A\g. The group algebra
L'(G) is defined as in [11] consisting of all measurable functions on G equipped with the convolution product x and the
norm ||.|l;. Also, let L>°(G) denote the Lebesgue space as defined in [I1] consisting of all locally essentially bounded
measurable functions on G equipped with the essential supremum norm ||.||oo. Then L*(G) is the dual of L'(G) for
the pairing

(f.6) = /G £(5) 6(s) dra(s).

for all $ € L' (G) and f € L°°(G). We denote by L3 (G) the subspace of L>(G) consisting of all elements f € L*°(G)
that vanish at infinity; i.e., for each & > 0, there is a compact subset K of G for which ||f xe\k |l < &, Where xa\x
denotes characteristic function of G\ K on G. For every n € L°(G)* and g € L§°(G), we denote by ng the function
in L*°(G) defined by

(ng,6) = (n, 5 5+ 9)
for all ¢ € L*(G), where ¢(s) = ¢(s~!) and A denotes the modular function of G. The space L (G) is left introverted
in L>*(G); i.e., for each n € L§°(G)* and g € L (G), we have ng € L§°(G). This lets us to endow L (G)* with the
first Arens product o defined by

(mon,g) = (m,ng)
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for all m,n € LF(G)* and g € LP(G). Then LP(G)* with this product is a Banach algebra which is in relevance to
the group algebra L'(G) of G. For each ¢ € L'(G), let ¢ also denote the functional in L (G)* defined by

(6.9) = /G 6(5) 9(s) dra(s)

for all ¢ € LF(G). Note that this duality defines a linear isometric embedding of L!'(G) into L§°(G)*, and that
LY(G) = L°(GQ)* if and only if G is discrete [16]. Moreover, observe that ¢ o1 = ¢ * 1 for all ¢,7 € L'(G), and that
LY(G) is a closed ideal in L3°(G)*; see Lau and Pym [13] for details.

Let us recall that an element u € L (G)* is called a mixed identity if pou =uo ¢ = ¢ for all ¢ € L'(G). Denote
by Ao(G) the nonempty set of all mixed identities u with norm one in L (G)*, and recall from Ghahramani, Lau and
Losert [5] that u € Ag(G) if and only if it is a weak*-cluster point of an approximate identity in L'(G) bounded by
one; or equivalently, it is a right identity of L5°(G)* with norm one. Moreover, L5°(G)* has an identity if and only if
G is discrete.

The Banach algebra L5°(G)* has been introduced and studied extensively by Lau and Pym [I3]. On the other
hand, various concepts of amenability have been described for Banach algebras related to locally compact groups; see
for example [6]-[8], [16] and [22].

For a Banach algebra A, a Banach A-bimodule is a Banach space X which is algebraically A-bimodule for which
there is a constant C such that for each a € A and z € X, |la-z| < C|a| ||z|| and ||z -a| < C|la|| ||z||; in particular, A
is a Banach A-bimodule. By a derivation D : A — X, we shall mean a linear map satisfying D(ab) = D(a)-b+a- D(b)
for all a,b € A. Moreover, a derivation D is called inner if there is x € X such that D = ad,, where the derivation
ad; : A — X is defined by ad,;(a) =a-z —xz - a for all a € A.

The study of the range of derivations on Banach algebras was initiated by Singer and Wermer [25], since 1955.
Having shown that the range of a continuous derivation on a commutative Banach algebra is contained within the
radical of algebra, they conjectured that continuity could be ignored. More than thirty years later, Thomas [26] has
proved it. So far, there have been several generalizations of Singer-Wermer conjecture presented to non-commutative
Banach algebras. Conditions have been investigated under which every derivation on a Banach algebra maps into the
radical.

Our aim in this paper is to study derivations on Li°(G)* and some related notions. In the second section, we focus
on derivations of Ly (G)* into Banach A-bimodules and show that the Singer-Wermer conjucture is valid only on the
case where G is abelian. In other sections, we deal with cohomological properties of L°(G)*. These investigations give
us several characterazations of algebraic and topological properties of G in term of amenability properties of L (G)*
such as abelianity, amenability, discreteness and finiteness.

2 Derivations on L$°(G)*

Mehdipour and Saeedi [19] have proved that the zero map is the only weak*-weak*-continuous derivation on L§°(G)*
when G is an ablian locally compact group. Our first result is in fact a more general result for all locally compact
groups.

First let us recall that the measure algebra M (G) of G is the Banach algebra of all complex Radon measures on G
endowed with convolution product * and total variation norm as defined in [I1].

Theorem 2.1. Let G be a locally compact group. Then the following statements are equivalent.

*

(a) Every weak*-weak*-continuous derivation on L{°(G)* is zero.

(b) Every derivation from L (G)* into L'(G) is zero.
(c) G is abelian.

Proof . (a)=-(b). This follows from Corollary 2 of [19]. (b)=(c). If G is not abelian, then ad, is a non-zero weak*-
weak*-continuous derivation on L$°(G)* for some ¢ € LY(G) \ Z(L'(G)), where Z(L'(G)) is the center of L'(G);
indeed if ad, = 0 for each ¢ € L'(G), then gom = mo ¢ for all m € L3°(G)* and so, ¢ x 1) = ¢ x ¢ for all v € L' (G).
It follows that ¢ € Z(LY(G)).

(c)=(a). If G is abelian, then L'(G) is commutative and so D|11(g) = 0 for all derivations D : L& (G)* — LY(G);
this is because that D|p1(q) = ad,,, for some € M(G). Moreover, for each n € L§°(G)*, we have

D(n) = liCI!n eq * D(n) = hén[D(ea on)— D(eq)on] =0,
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where (e,) is a bounded approximate identity of L'(G). O

In the case where G is arbitrary, we have the following result for derivations on L (G)*.

Proposition 2.2. Let G be a locally compact group. Then every weak*-weak*-continuous derivation on Li°(G)* is
inner.

Proof . Suppose that D : LF(G)* — L§°(G)* is a weak*-weak*-continuous derivation. On the one hand, since
LY(G) x LY(G) = L*(G) and
D(¢ ) = D(¢) ot + ¢o D(¥) € L'(G)

for each ¢, € L'(G). Hence, the range of the derivation Dl (@) containing in L'(G). So, there exists a measure
p € M(G) such that D|p1 () = ad, by [14, Corollary 1.2].

On the other hand, the restriction map defines a continuous epimorphism 7 : L (G)* — M (G), and so there exists
an element m € L (G)* such that 7(m) = u. Now, note that the M (G)-bimodule L}(G) is even an L3°(G)*-bimodule
by the actions

pon=¢x7(n), no¢=r(n)x*g,
for all n € L3°(G)* and, ¢ € L'(G). Hence,
D(¢)=¢om—mo¢ (¢€LY(Q)).
So, the result will follow when G is discrete; otherwise,
M(G)" = LY(G)" ® Ma(G)" & M,(G)*

and so, for each f € M(G)*, we have f = f, + fq4 + fs, where f, € L*(G)*, fq € M4(G)* and f, € M(G)*. Now, let
k € L&(G)*. Then there exists a net (¢;) € L'(G) such that ¢; — k with respect to the weak*-topology in L!(G)**.
It follows that

li£n<¢i, fy= li?<¢ia fa + fa+ fs)
= hzn1<¢ia fa>
— (k, fa)
=(k, f).

Therefore, ¢; — k with respect to the weak*-topology in M (G)**.

On the other hand, Z;,(M(G)**) = M(G) and so, m o ¢; = u* ¢; — m o k with respect to weak*-topology in
M(G)** and so, LF(G)*. Whence,

kom —mok = weak™ —lim (¢; om —m o ¢;)
= weak™ — lim D(¢;)
7
= D(k).

That is, D = ad,,,. O

Mehdipour and Saeedi have recently studied derivations on L°(G)* for locally compact groups G [19]. They have
shown that the Singer-Wermer conjecture is true for L5 (G)* when G is abelian; here, we show that this is an “if and
only if” statement. Let us remark that the conjecture is proved for abelian semigroup RT; see [18].

Theorem 2.3. Let G be a locally compact group. Then the image of every derivation on L§°(G)* is contained in the
radical of L§°(G)* if and only if G is abelian.

Proof . Suppose that the image of every derivation on LJ°(G)* is contained in the radical of L5 (G)*. Then for each
¢ € LY(G) and n € LgF(GQ)*, we have

ady(n) € rad(L(G)*) N LY(G).
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But the right annihilator of L (G)* and its radical coincide with Cy(G)*; refer to Theorem 2.1 and Corollary 2.2
of [I5]. So,

ady(n) € rad(Lg°(G)*) N LY (G) = {0}.

It follows that L'(G) is commutative, whence G is abelian. As we have mentioned above the converse is [19}
Corollary 1]. O

Corollary 2.4. Let G be a locally compact group. Then every derivation on L§°(G)* is zero if and only if G is
discrete and abelian.

Proof . The result follows immediately from Theorem [2.3] together with the fact that ran(L$(G)*) = ker 7, where 7
is the restriction epimorphism of L (G)* into M (G); see, also [19, Theorem 6]. OJ

3 Amenability and contractibility of L3 (G)*

Let A be a Banach algebra and X be a Banach A-bimodule. Then X* is also a Banach A-bimodule with the
actions induced via {a- &, z) = (§,z-a) and ({-a,2) = ({,a-z) foralla € A, z € X and £ € X*.

According to Johnson’s definition [12], A is called amenable if every continuous derivation from A into the dual
Banach A-bimodule X* is inner for all Banach A-bimodules X. Also, A is called contractible if for every Banach
A-bimodule X, every continuous derivation D : A — X is inner.

Ghahramani and et.al. in [6] and [7] have introduced and studied the notion of approximate amenability. They
called A approximately amenable when for each Banach A-bimodule X, every continuous derivation D from A into
X* is approximately inner; that is, there exists a net (z,) C X such that D(a) = lim ad,_(a) in X for all a € A.

[

Moreover, they called A boundedly approzimately amenable if, in addition, the net (x,) can be chosen such that
the net (ad,, ) is uniformly bounded.

They showed that the following notions are equivalent.

(a) approximate contractibility,

(b) approximate amenability,

(c) weak*-approximate amenability.

Furthermore, they proved that A is amenable if and only if A is uniformly approximately amenable; i.e., every
continuous derivation from A into any dual Banach A-bimodule may be approximated uniformly on the unit ball of
A by inner derivations. It is known from the same paper that

(1) L(G) is approximately amenable if and only if G is amenable,
(2) M(G) is approximately amenable if and only if G is discrete and amenable,

(3) L*(G)** is approximately amenable if and only if G is finite;
let us recall that G is called amenable if there exists a left invariant mean on L*°(G); that is, a positive norm one
functional m in L>°(G)* for which (m, L,g) = (m, g) for all g € L>°(G) and z € G, where (L,g)(y) = g(z~'y) for all
y € G.

We commence with the following characterization of approximate amenability for L (G)*.

Theorem 3.1. Let G be a locally compact group. Then the following assertions are equivalent.
(a) LF(G)* is amenable.
(b) L (G)* is boundedly approximately amenable.
(c) L (G)* is approximately amenable.
(d) G is discrete and amenable.

Proof . That (d) implies (a) follows from the classical result of Johnson that L!(G) is amenable whenever G is
amenable by Theorem 2.5 of [I2]. Since, (a) implies (b) and (b) implies (c¢) trivially, to complete the proof, we need
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only to show that (c) implies (d); to that end, suppose that L5°(G)* is approximately amenable. It follows from
Lemma 2.2 in [6] that L (G)* has a left approximate identity (u.). For every u € Ag(G) we have

[uy = ull = lluy o u —ul] = 0.

This shows that for any m € Lg°(G)*,

[uom —mll < [[(u—uy) om|| + [uy om —m]|

< lw = uy |l Imll + [Juy 0 m —m| = 0.

That is, u is a left identity for L (G)*. Since L5 (G)* has always a right identity, L§°(G)* has an identity. Now,
invoke Proposition 3.1 from [16] to conclude that G is discrete. Furthermore, L'(G) = L¥(G)*, and thus L'(G) is
approximately amenable. Hence, G is also amenable. [J

In our next result, we characterize essential amenability of Lg°(G)*. First let us recall that a Banach algebra A is
called essentially amenable (resp. approximately essentially amenable) if every continuous derivation D : A — X* is
inner (resp. approximately inner) for all A-bimodules X which is neo-unital; that is,

X={a-y-b:abeAye X}

Theorem 3.2. Let GG be a locally compact group. Then the following assertions are equivalent.
(a) LF(G)* is essentially amenable.
(b) L (G)* is approximately essentially amenable.

(c) G is discrete and amenable.

Proof . That (c) implies (a) follows from Theorem [3.1] Also, (a) implies (b) trivially. Now, suppose that L§®(G)* is
essentially approximately amenable. Choose u € Ag(G), and note that the map m — uom is a continuous epimorphism
from L§°(G)* onto u o LF(G)*. Next recall from Theorem 2.11 of [13] that u o L3 (G)* is isometrically isomorphic
to the measure algebra of M(G). Thus, there exists a continuous epimorphism 7 : LP(G)* — M(G). For each
M (G)-bimodule X, let Y be the Banach space X considering as a neo-unital L (G)*-bimodule with actions

mef=7(m)-£ and Lem =¢-7(m)

for all £ € Y and m € LP(G)*. So, if D : M(G) — X* is a continuous derivation, then D o7 : LF(G)* — Y* is a
continuous derivation, and there exists a net (£,) € X* such that
D(r(m)) = (D o1)(m)
=lim (meé&y, — &, om)
= hgtn (T(m) : ga - 504 : T(m) )
for all m € L3 (G)*. Therefore, D is approximately inner. This shows that M (G) is approximately amenable, and (a)
holds by Theorem 3.1 of [6]. O

We end the section by descriptions of contractibility and essential contractibility of L5 (G)*.

Theorem 3.3. Let G be a locally compact group. Then the following assertions are equivalent.
(a) LF(G)* is contractible.
(b) L (G)* is uniformly approximately contractible.
(c) Lg°(G)* is uniformly approximately essentially contractible.
(d) LE(G)* is essentially contractible.
(e) G is finite.

Proof . Suppose that L§°(G)* is essentially contractible. Then L§°(G)* is essentially amenable, and therefore G is
discrete by Theorem m This shows that L3°(G)* is equal to L!(G), and L'(G) is contractible. It follows that G is
finite; see for example [24]. We have shown that (d) implies (e). The other implications are trivial. Note that the
implication (a) <= (e) has been proved in [I7]. O
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Theorem 3.4. Let G be a locally compact group. Then L§°(G)* is approximately essentially contractible if and only
if G is discrete and amenable.

*

Proof . Suppose that L3 (G)* is approximately essentially contractible. Then L3P (G)
amenable, and hence G is discrete and amenable by Theorem [3.2]

is approximately essentially

Now, suppose that G is discrete and amenable. Then L (G)* is approximately amenable which is equivalent to

approximate contractibility; therefore, L3°(G)* is approximately essentially contractible. O

4 Weak amenability and ideal amenability of L3°(G)*

A Banach algebra A is called weakly amenable (resp. approzimately weakly amenable) if every continuous derivation
D: A— A* is inner (resp. approximately inner).

Theorem 4.1. Let G be a locally compact group. Then the following assertions are equivalent.
(a) LF(G)* is weakly amenable.
(b) Lg°(G)* is approximately weakly amenable.
(c) G is discrete.

Proof . Clearly, (a) implies (b). That (c) implies (a) follows from the known fact that L!(G) is always weakly
amenable; see [2].

Now, suppose that (b) holds and G is not discrete. Then M (G) admits a non-zero continuous point derivation d
at a character p of M(Q); that is, a linear functional satisfying d(u * v) = d(u)p(v) + p(u)d(v) for all u,v € M(G);
see [I]. So, po 7 is a character of L5°(G)* and d o 7 is a non-zero continuous point derivation at p o 7, where 7 is the
epimorphism of LF(G)* into M (G). Therefore, LF(G)* is not approximately weakly amenable by Proposition 2.1 of
[6. O

Let I be a closed two-sided ideal of a Banach algebra A. Then A is called approxzimately I-weakly amenable (resp.
I-weakly amenable) if every continuous derivation D : A — I* is approximately inner (resp. inner). Moreover,
A is called approzimately ideally amenable (resp. ideally amenable) if A is approximately I-weakly amenable (resp.
I-weakly amenable) for every closed two-sided ideal I of A; see [3] for details.

Proposition 4.2. Let G be a locally compact group. Then the following statments hold.
(a) L3 (GQ)* is always L' (G)-weakly amenable.
(b) If every two-sided closed ideal of L3 (G)* is weakly amenable, then L3 (G)* is ideally amenable.

Proof . These are a special case of a more general result that a Banach algebra A is I -weakly amenable if the closed
two-sided ideal I is weakly amenable; see [3], Lemma 2.1. O

Remark 4.3. Let G be a locally compact group and let I be a two-sided closed ideal I of L'(G). Since L*(G) is
a two-sided ideal of L§°(G)* with a bounded approximate identity, I is a two-sided closed ideal of L3°(G)*. Let
D : LY(G) — I* be a continuous derivation. Then D : LP(G)* — I* with

D(m) = Weak* — hm D(m & e(x) —m:- D(e(x)

[e}%

is a continuous derivation, where (e, ) is a bounded approximate identity of L!(G); this follows from [20]. Hence, the
following statements are equivalent.

(a) LP(G)* is approximately I-weakly amenable (resp. I-weakly amenable).
(b) L'(G) is approximately I-weakly amenable (resp. I-weakly amenable).

In particular, if LE°(G)* is approximately ideally amenable (resp. ideally amenable), then so is L1(G).

Corollary 4.4. Let G be an amenable locally compact group. Then the following assertions are equivalent.
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(a) LF(G)* is ideally amenable,
(b) Lg°(G)* is approximately ideally amenable,
(c¢) G is discrete.

Proof . That (b) implies (c) follows from Theoremtogether with the fact that any approximately ideally amenable
Banach algebra is approximately weakly amenable. That (c) implies (a) follows from Johnson’ result; in fact L*(G) is
amenable and coincides with L5°(G)* when G is discrete ane amenable. [

5 Connes-amenability of L5°(G)*

Recall that a Banach algebra A is called dual if it is a dual space such that multiplication in A is separately
weak*-weak*-continuous. The class of dual Banach algebras was introduced and studied by Runde in [20].

Lemma 5.1. Let G be a locally compact group. Then L (G)* is a dual Banach algebra if and only if G is discrete.

Proof . Note that, for m € LE°(G)*, the map n — mon is not weak*-weak*-continuous on L3°(G)* unless m € L'(G)
by [13], Theorem 2.11. So, LE(G)* is not a dual Banach algebra except for the case where L{°(G)* coincides L'(G);
but the later coincideness is equivalent to that G is discrete by [16]. O

Let A be a dual Banach algebra. A dual Banach A-bimodule X is called normal if for each x € X, the maps
a+— a-xand a — z - a from A into X are weak*-weak*-continuous. A dual Banach algebra A is called Connes-
amenable (resp. approzimately Connes-amenable) if for every normal, dual Banach A-bimodule X, every weak*-weak*-
continuous derivation D : A — X is inner (resp. approzimately inner).

Theorem 5.2. Let G be a locally compact group. Then the following assertions are equivalent.
(a) LF(G)* is Connes-amenable dual Banach algebra.
(b) Lg°(G)* is approximately Connes-amenable dual Banach algebra.
(c¢) G is discrete and amenable.
Proof . That (a) implies (b) is trivial. Now, suppose that L§°(G)* is an approximately Connes-amenable dual Banach

algebra. It follows that G is discrete by Lemma and so L§°(G)* = M(G) is approximately Connes-amenable.
Thus, G is amenable by Proposition 5.1 of [4].

Now, suppose that (c) holds. Then L{°(G)* = M(G) and G is amenable; therefore L5 (G)* is Connes-amenable
by Theorem 1 of [22]. O

6 Pseudo-amenability of L5°(G)*

Let A be a Banach algebra. An approzimate diagonal for A is a net (M;) in the Banach A-bimodule A®A such
that a- M; — M;-a — 0 and an(M;) — a for all a € A, where A®A denotes the projective tensor product of A with
itself and 7 denotes the bounded linear map from A®A into A specified by m(a®b) = ab for all a,b € A. The Banach
algebra A is called pseudo-amenable if it has an approximate diagonal.

Theorem 6.1. Let G be a locally compact group. Then L5°(G)* is pseudo-amenable if and only if G is discrete and
amenable.

Proof . Suppose that L§°(G)* is pseudo-amenable. It follows that LG°(G)* has an approximate identity (u,). As
in the proof of Theorem m it follows that G is discrete, and of course L'(G) = L§°(GQ)*. Therefore, L'(G) is
pseudo-amenable whence G is also amenable by Proposition 4.1 of [8]. O

The Banach algebra A is called pseudo-contractible if it has an approximate diagonal (M;) with a - M; = M, - a for
all a € A; see [§] for more details.

Theorem 6.2. Let G be a locally compact group. Then L§°(G)* is pseudo-contractible if and only if G is finite.

Proof . Pseudo-contractibility of L§°(G)* implies pseudo-amenability of L§°(G)*, and so G is discrete and amenable
by Theorem Thus, L5°(G)* has a unit, and so it is contractible by Theorem 2.4 of [§]. Hence, G is finite by
Theorem [3.3l The converse is trivial. [
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7 Biflatness and biprojectivity of L5°(G)*

A Banach algebra A is called biflat if there is a bounded A-bimodule homomorphism p: A — (AQA@A)** such that
7** o p is the canonical embedding of A into A**, where 7 : AQ A — A is defined by 7(a ® b) = ab for all a,b € A.
Theorem 7.1. Let G be a locally compact group. Then L°(G)* is biflat if and only if G is discrete and amenable.

Proof . It is known that a Banach algebra A is amenable if and only if A is biflat and has a bounded approximate
identity; see Exercise 4.3.15 of [2I]. Suppose that L°(G)* is biflat. Then L§°(G)* is weakly amenable; this is
because that any biflat Banach algebra is weakly amenable by [9]. Therefore, G is discrete by Theorem Hence,
L (G)* = LY(G) and so L'(G) is biflat which implies that L!(G) is amenable; this follows from the fact that L'(G)
has a bounded approximate identity and is biflat. Thus, G is amenable by Theorem 2.5 of [12].

Conversely, if G is discrete and amenable, then L (G)* = L'(G) and G is amenable; that is LE°(G)*is amenable
by Theorem Hence, L'(G) is biflat. O

A Banach algebra A is called biprojective if m has a bounded right inverse which is an A-bimodule homomorphism;
see [23] for detailes. Automatically, biprojective Banach algebras are biflat. This fact together withTheorem and
Theorem 5.1 of [I0] verifies the following result. Also, it has been proved in Theorem 4.5 of [4].

Theorem 7.2. Let G be a locally compact group. Then L°(G)* is biprojective if and only if G is finite.
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