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Abstract

In this paper we study the influence of the “normal family” concept on the meromorphic functions &;(z) and & (z) and
the behavior of two nonlinear differential polynomials with a shared polynomial of a specific degree. Our investigation
leads to uniqueness results for P(&;(2))L™(&1(2)) and P(€2(2)) L™ (€2(z)) under these circumstances. In addition, the
results generalize and extend the findings of Cao and Zhang.
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1 Introduction / Background Information

Meromorphic functions are mathematical functions defined as holomorphic functions outside a set of isolated
singularities. We assume that the reader is well-versed in Nevanlinna value distribution theory and its fundamental
symbols and results relating to meromorphic functions. Recall the standard notation in the theory of meromorphic
functions. Suppose that &1(z) and &2(z) are two non-constant meromorphic functions and a € C|J{oo}, a is a small
meromorphic function, and T'(r) = max{T'(r,&1),T(r,&2)} in the usual Nevanlinna theory sense. Moreover, we denote
the function S(r) as o(T'(r)) as r — oco. To denote the counting function (reduced counting function) of those a—

points of f whose multiplicities are not less than p, we use the notation N(r,a : §;(z)| > p)(N(r,a;81(2)] > p)), and

N(rya:&(2)] <p)(N(r,a;&1(2)] < p)) to denote the counting function (reduced counting function) of those a— points
of & (z) whose multiplicities are not greater than p, where p € N and a € CU {o0}.

Consider two non-constant meromorphic functions &;(z) and £»(z), along with a small function a(z) relative to
&1(2) and &(2). If €1(2) — a(z) and &(z) — a(z) have the same zeros with the same multiplicities, then we say that
&1(z) and & (z) share a(z).

When a function £ maps a point zg to itself, we call zy a fixed point of . Alternatively, if £(zg9) — z0 = 0, 2¢ is

considered a zero of the function £(z) — 2.

A meromorphic function A in the complex plane C is considered a normal function if there is a positive real number

M that satisfies the condition h#(z) < M for all z € C, where h# () is the spherical derivative of h defined as %
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Let a family of meromorphic functions in a domain D C C be denoted as F*. If every sequence { f,} C F* contains
a subsequence spherically and uniformly convergent on the compact subsets of D, we say that F* is normal in D (see

[13]).
The proof of a well-known theorem from the value distribution theory, initially proposed by Hayman [5], was nearly
simultaneously demonstrated by various authors.

Theorem 1.1. Let £ be a transcendental meromorphic function, and n > 1 a positive integer. Then £"¢’ = 1 has
infinitely many solutions.

To investigate the uniqueness result corresponding to Theorem both Fang and Hua [6] and Yang and Hua [I5]
obtained the following results.

Theorem 1.2. Let £;(z) and £3(z) be two non-constant entire (meromorphic) functions, and let n € N with n >
6(n > 11). If &(2)"€1(2) and &2(2)"E5(2) share 1 CM, then either & (z) = ¢1 exp(cz) and £2(z) = co exp(—cz), where

¢, c1,c € C\ {0} satisfy 4 (clcénﬂ)) 2 =—1or&(z) =t&(z), t € C\ {0} such that "1 = 1.
Over the years, there has been an increase in research efforts in these areas, establishing them as fields within the

realm of uniqueness theory. The results obtained by Fang and Qui’s examination of the issue of the uniqueness of
entire or meromorphic functions with fixed points were quite noteworthy.

Xu et al. [T4] and Li [I7] considered the k" derivative instead of the first derivative in Theorem and proved
the following results:

Theorem 1.3. Let £(2) be a transcendental meromorphic function and let k,n € N with n > 2. Then £"(2)¢) (2)
takes every finite non-zero value infinitely many times or has infinitely many fixed points.

Recently, the following results were proved by Cao and Zhang [3].

Theorem 1.4. Let & (2) and £2(z) be two non-constant meromorphic functions with zeros whose multiplicities are
of multiplicity at least k, k € N. Let n € N such that n > max {2k — 1,k + £ +4}. If {{L(z)dk)(z) and f;‘(z)fék)(z)
share 1 CM, and &;(z) and &3(z) share oo IM, then one of the following two conclusions holds:

() ()67 (2) = 4 ()" (2);

i) &1(2) = c1exp(az?) and &(z) = cp exp(—az?), where a, c1,co € C such that 4 (cico (1) g2k — 1,
(i) &i(2) p(az?) p

Theorem 1.5. Let £;(z) and £3(z) be two non-constant meromorphic functions whose zeros are of multiplicity at
least K+ 1, k € N with 1 <k <5. Let n € N such that n > 10. If £}(2) §k)(z) and &7 (z) ék)(z) share 1 CM, fgk)(z)
and fék)(z) share 0 CM, and &;(z) and &»(z) share oo IM, then one of the following two conclusions holds:

(i) &(2)

(ii) &1(2) = c1exp(az) &2(2) = e exp(—az), where a, ¢y, ¢z € C such that (—1)* (0102)(n+1) a®t = 1.

t&(2), t € C\ {0} such that ¢+ = 1;

The following questions are unavoidable in relation to the Theorem

a). Question 1. Can the lower bound of n in the Theorem be further reduced?

b). Question 2. Can the condition “Let &;(z) and £2(%) be two non-constant meromorphic functions with zeros
whose multiplicities are not less than £ 4+ 1, £k € N” in Theorem be additionally weakened?

¢). Question 3. For k > 6, does the conclusion of Theorem hold?

2 Main Results and Some Definitions

Throughout this paper, we always use F = L™(£1(2)), G = L™(&(z)) and P(z) to represent a non-constant
polynomial of degree n € N which is of the form:

dz.

P(2) = anz" +an 12"+ darz+ag = a,(z — cl)dlan(z —c)® (2 — csl)dsl,
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where a;(i = 0,1,--- ,n—1), a, # 0 and ¢;(j = 1,2,---,s1) are distinct finite complex numbers; di,ds,--- ,ds, €

NU{0}, n € N such that 21: d; = n. Let d = max{dy,d2---,ds,} and ¢ be the corresponding zero of P(z) of
i=1

multiplicity d. We set an arbitrary non-zero polynomial P;(z) by

S1

Pl(z) = Qan H (Z_Ci)di :bmgzmz +bm2712m271 +"'+b07
i=1, d;#d

where a,, = by, and m; = n — d. Obviously P(z) = (2 — ¢)4P1(z). We also use P2(z1) as an arbitrary nonzero
polynomial defined by:

51
d; m ma—1
Pa(z1) = an H (z14+c—c)" =em, 2™ + em,—12" 7 4+ - + e,
i=1, d;#d

where z; = z — ¢ and deg(Ps) = ms > 0. Obviously

P(2) = 28Py(21). (2.1)

Suppose I'1 = mg+my4 and 'y = mg+ 2my, where ms3 is the number of simple zeros of P (z) and my is the number
of multiple zeros of Pa(z). We define k* € N as

o — k zf Pa(z) = e;28 #£0, (2.2)
k+1  if Pa(z) #Zeizt 0
for i € {0,1,2,--- ,;ma}. Again, we use p(z) to denote a non-zero polynomial defined by
p(2) = dn(z — 21)" (2 = 22)"2(2 — 23)"% - (2 — 2)"", (2.3)

where d,, € C|J{0}, z; € C, i =1,2,--- ,t are distinct complex numbers and I1,l3,--- ,l; € N |J {0}. Here we see
t

that either > I; <n+m—1lorl; <n—1foralli=1,2,...,t. We will now recall the definition of weighted sharing,
i=1
which was mentioned in [9].

Definition 2.1. Let k € NU{0}U{co}. For a € CU{oo} we denote by Ej(a, f) the set of all a—points of multiplicity
m is counted m times if m < k and k + 1 times if m > k. If Ey(a,&1(2)) = Ex(a,&(2)), we say that & (z),£2(z) share
the value a with weight k.

Definition 2.2. [2] Let k be a positive integer for any constant a in the complex plane C.
We denote

1. By Ny, ( L ) the counting function of a-points of f(z) with multiplicity < k.

2. By Ng. (r ( L ) the counting function of a-points of f(z) with multiplicity > k. Similarly, the reduced counting
functions N k) ( ) and N(k (7’, m) are defined.

We always use L(€) to denote the following differential polynomial throughout this paper:

L£(&) = ar€® +ap_1£5 4 b a1 +aog, ak, ap—1...a1, ap € C (2.4)

In this article, we will investigate the relationship and connection between meromorphic functions and nonlinear
differential polynomials through normal families.

Theorem 2.3. Let {(z) be a transcendental meromorphic function such that zeros of £(z) — ¢ are of multiplicities
at least K*, where K* is defined in (2.2), and let a(z)(£ 0,00) be a small function of £(z). Also let n,m € N. If
n>T1+m+1/K*, then P(€) (L£(€))™ — a(z) has infinitely many zeros, where P(2) is defined as in ([2.1]).



4 Waghamore, Manjunath

Theorem 2.4. Let £ (z) and £>(z) be two transcendental meromorphic functions such that the zeros of & (z) — ¢ and
&2(z) — ¢ are of multiplicities at least k, where k € N. Let P(z) and p(z) be defined as in (2.1)) and ([2.3)), respectively,
and let n,T's,m € NU{0} be such that n > 4T +2m+k + 5~ + 2. If P(&)F — p(z) and P(£2)G — p(z) share (0, k)

where k = [% + 3, &1(2) and &(z) share oo IM then one of the following conclusions holds:

1. &(2)—c=t(&(z) —c¢) with t* = 1, where p = ged {n + m+my,...,n+m+ms —i,...,m+n} with e,,_; # 0.
2. P(&)L(&) = P(&)L(S2)-

Theorem 2.5. Let £(z) and £»(z) be two transcendental meromorphic functions such that the zeros of &;(z) — ¢ and
&2(z) — c are of multiplicities at least k*, where k* € N. Let P(z) and p(z) be defined as in (2.1]) and (2.3) respectively,

and let n,I's,m € NU {0} be such that n > 4Ts + 2m + k + 5~ + 3. If P(&)F — p(z) and P(&2)G — p(z) share
(0, k1) where ky = [% +3, L(&1(2)) and L(£2(2)) share (0,00) and &5, & share (c0,0) then one of the
following cases holds holds:

L. If Pa(z1) = ezt # 0, for some i € {0,1,--- ,mq}, then & — ¢ = t(&; — ¢), where t is a constant such that

td+m+i = 1 for some i € {0,1,--- ,my}.
2. If Pa(z1) # ezt # 0, for some i € {0,1,---,mq} and &, & share (c,0), then t* = 1, where p = ged{n +
my--,n+m—i-- 1}, em,—; # 0 for some i =0,1,--- ,m; — 1.

Remark 2.6. Considering an example where the condition that &;(z) and &3(z) have zeros of multiplicity not less
than k € N can not be dropped in Theorem [2:4] is helpful. In this case, it is easy to see that the condition is sharp.

Example 2.7. Let & (2) = ¢1 exp(az) and &(z) = ca exp(—az), where a, ¢1, ca € C\ {0}. Note that
L(&1(2)) = a28] (2) + a1€1(2) + apé1(z) = c1exp(az) (a2a2 +a1a + ao) )
and
L(&2(2)) = 265 (2) + a163(2) + aoa(2) = c1 exp(—az) (aza” — ara + ag)
where as(# 0) a1 ag € C are such that

m m
AT (aza® + ara+ag) " =5 (a2a® —ara+ag)”  ,m,n €N.

As & (2) and &>(z) have no zeroes, the condition which states “Let &;(z) and £2(z) be two transcendental mero-
morphic functions with zeroes whose multiplicities are not less than k& € N” is not met. Notably, both &;(z) and &3(z)
share co CM, while £(&1) and L£(&2) share 0 CM.

On the other hand, we can show that
&' (2) (a2€) (2) + €1 (2) + ao€a (2)™ = p(2) = 1™ (a20® + ara + ag) ™ [exp(az) — 1]

and
£5(2) (4285 (2) + a165(2) + aoa(2))™ = p(2) = 4™ (aza® — ara+ ap)™ [exp(—az) — 1],

where p(z) = C¥+m (a2a2 +aja + ao)m. Clearly, &7 (a7 (2) + a1€}(2) + aof1(2))m—p(2) and €2(2) (a6l (2) + a1€4(2) + agba(2)
p(z) share (0,00) but & (z) # t&2(2), where t € C\ {0} with t"*™ =1

Remark 2.8. The accuracy of the conditions outlined in Theorem for £(£1(2)) and L(&2(z)) sharing (0, 00), as
well as the sharing (¢, 0) for & (z) and &2(z) can be demonstrated with the given example.

Example 2.9. Let P(2) = 2" ((n + 3)z(n + 2)), &1(2) = % and &(z) = h (%), where h(z) = exp(z) — 1
and n € N with n > 10. Observe that & (z) and & (z) share (0o, 00) but & (2) and &2(z) do not share the value 0.

AR [(n43)h—h" 3 —(n4-2) (14 (n+2)R" T3 —(n43)p" 12 .
Note that &(z) = [ Ty ] and &(z) = ( Ty ) This shows that & (z) and
(2) do not share the value 0. Also we observe that £72(2)(&1(2) — 1) = €512(2)(&2(2) — 1), that is £ (2)((n +

£1(2) = (n+2))&) = & (2)((n+3)é2(2) — (n+2))&. Therefore &7 (2)((n+3)€1(2) — (n+2))€] and &7 (2)((n +
&(2) — (n+2))&, share (1,00), but &(2) = t€a(2), where t € C\ {0} with "3 = 1.

&
3)
3)
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Remark 2.10. The outcomes extend the scope of Theorem towards diverse directions. Specifically, in Theo-
rem the variables £€"(z) and ¢(F)(2) have been substituted with P(£(z)) and L™ (£(2)) respectively.

Remark 2.11. The authors have established the assertion in Theorem that the conclusions are valid solely for
k€ {1,2,3,4,5}. However, the outcomes obtained in Theorem are applicable for k € N, which is an enhancement
over Theorem [LH

Now, we explain some of the necessary definitions and notations used in this present paper.

Definition 2.12. Let g € Nand a € CU{o0}, N (r,a;&| > q) (N (rya; €| > q)) denotes the counting function (reduced
counting function) of those a—points of £ whose multiplicities are not less than q. N (r,a;¢| < q) (N (r,a; €| > q))
denotes the counting function (reduced counting function) of those a—points of £ whose multiplicities are not smaller
than gq.

Definition 2.13. Let & and & share the value a IM. We denote by N, (r,a; &1, &) the reduced counting function
of the a—points of £&; whose multiplicities of the corresponding a— points of &;. Clearly,

N, (r,a;&,&) = Np(r,a;&) + Nio(r,a; &).

Definition 2.14. Let & and & be two non-constant meromorphic function such that &£ and & share 1 IM. Let
29 be 1—point of & with multiplicity ¢; and 1—points of & with multipilicity go. By Nr(r,1;&1), NB (r,1;&1)

and Ng (r,1;¢1) denote the counting function of the 1—points of & and & with ¢ > g2, ¢1 = g2 = 1 and ¢; =
g2 > 2 respectively, each point in these counting functions is counted only once. In the same way, we can define

= — (2
Nip(r,1;6), NE) (r,1;62), Ng; (r,1;&2).

3 Some Useful Lemmas

We will introduce several necessary lemmas for the following content within this segment. Assuming F' and G are
two non-trivial meromorphic functions, we introduce two supplementary functions denoted as H and V), respectively.

F// 2F/ G/l QG/
H_(F_M>_(G_G1> 31)
F’ 2F" G’ 2G’ F’ G’
V_<F—1_F>_<G—1_G>_F(F—1)_G(G—1) (3:2)

Lemma 3.1. [I0] If N (r,0; R £ 0) is the counting function of those zeros of € that are not zeros of & where a
zero of €% is counted according to its multiplicity, then

N (7.0:6W1¢ £ 0) < kN(r,005€) + N(r,0:€] < k) + kN(r,05¢] > k) + S(,).

Lemma 3.2. [I6] Let £ be a non-constant meromorphic function and P(z) = ag+a1£+- - -+ a,&" where ag, a1 -+ - ,an,
are constants and a, # 0. Then T (r, P(£)) = nT'(r,£) + O(1).

Lemma 3.3. [16] Let &;, j =1,2,3 be a meromorphic function and let & be a non constant function. Suppose that

3
> ¢ =1and
j=1
3

3
ZN(T,O;@) + ZZW(r,oo;fj) < (A+0(1)T1(r),

j=1 j=1
asr — oo, rel, A<land Ti(r) = max, T(r,&;), where I is a set of infinite linear measure. Then either {; =1 or
<j<

6351.
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Lemma 3.4. [18] Let £ be a non-constant meromorphic function and let £(€) be a differential polynomial defined as
in[24] If £(¢) #0 and g € N, then

Nq(r,0; L(§)) < kN (r,00;8) + Ny (r, 0;) + S(r, §).

Lemma 3.5. [I6] Let & be a non-constant meromorphic function and let k& € N. Suppose that & () % (. Then

N(r,0;6®) < N(r,0;€) + kN (r,0;€) + S(r,€).

Lemma 3.6. Let ¢ be a transcendental meromorphic function n,m € N. Then ¥(z) = P(§)F ¢ C, where P(z) is
defined as in 2.4

Proof . If possible, let ¥(z) € C. Then N(r,0; P(£)) = S(r,&) and N(r,00; P(€)) = S(r,€). If P1(z) is a non-constant
polynomial, by the Second fundamental theorem, we arrive at a contradiction.

Next we suppose P(z) = a,(z — ¢)™. Let e(z) = &(z) — ¢, therefore ¥(z) = a,e"(2)F1(z), where Fi(z) = L(§ —¢) .
Also, we note that

A
ez)  Te(x) v(z)

Using Lemma we see that
(n+m)T(r,e(2)) < T (r, gf(l)) AT ( ;}) +0() < N (mo; D"(s)) +S(re)
< m{Ni(r,0;¢) + kN(r,00;£(2)) } + S(r,e(2)) = S(r,e(2)),

which is impossible. Hence ¥(z) ¢ C. O

Lemma 3.7. Let £(z) be a non constant meromorphic function and let ¥(z) = P(£)F(2), where n,m,k € N are such
that n > m. Then
(n=m)T(r,&) <T(r,¥) —mN(r,00;§) = N(r,0; F) + 5(r, ).

Proof . Note that N(r,oc0; W) = N(r,00;P(£)) + N(r,oo, LE)™ )
which implies that, N(r, 00; P(§)) = N(r,00; ¥) — mN (r,00;§) —
In addition,

N(r,00;¢).

m(r, P) = m (v ) < mlr )+ () + 5(0.6) = m(r, %) + T F) = N(,0:5) + S(1,8),
m(r, V) +mN(r,00; &) + mkN (r,00;€) — N(r,0; F) + S(r,&).

Now

nT(r,§) = N(r,00; P(£)) + m(r, P(£)),

that is
(n—m)T(r,§) <T(r,¥) —mN(r,o0;€) — N(r,0; F) + S(r,&).

This completes the proof. [

Lemma 3.8. Let & (2) and & (z) be two non constant meromorphic functions such that zeros of &5 — ¢ and & — ¢ are
of multiplicities at least K* where K* is defined as in (2.2)). Let F(z) = P(&)F(2)/p(z) and G(z) = P(&2)G(2)/p(z),
where p(z)(# 0) is a polynomial and let m,n € N be such that n > m + k + 2I'y + 2. If &, & share (c0,0) and
H = 0, then one of the following three cases holds:

.G —c=té —c¢), t* =1, where p = ged{n+m~+my,--- ,n+m+mq —i,--- ,m+n} with e,,,—; # 0 for
some i € {0,1,--- ,mq}.

2. P(&)F.P(£)G = p?(z), where P(&1)F — p(z) and P(£2)G — p(z) share (0, 0).
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P(&1)F =P(&2)G.

Proof . Since ‘H = 0, by integration we get
F'(z) G'(z)
; = A 2>
(F(z) - 1) (G(z) - 1)
where A is non zero constant. This shows that (M) and (M) share (0, 00). Therefore P(&1)F —p(2)

p(2) p(2)
and P(£2)G — p(z) share (0,00). By integration, we obtain
1 _ bG(z)+a—10
F(z)—1 ~  G(z)—1 (3:3)

where a,b € C\ {0} and a # 0. We now consider the following cases.
Case 1. Let b# 0 and a # b. If b = —1, then from 1D we have F(z) = W Therefore

N(r,a+1;G) = N(r,00; F) < N(r,00;&) 4+ S(r,&).

Thus, in view of Lemma and the Second Fundamental theorem, we get

(TL - m)T(r, 52) < T(TV G) - mN(rv 003 52 - N(’f‘, 0; g)) + S(’I’, 62)7
< N(T’, 0; P1(§2)) + N(Ta 003 52) + N(Ta 0; G) + N(T, 0; 52 - C) - N(Ta O; G) + S(Ta 52)7

S W(T’, 00;52) + (Fl + IC1*> T(T7 52) + S(rv 52)7

Iy +1+ IC1*> T(r,&) + S(r, &2).

which leads to a contradiction as n > I'y + m+ 1+ . If b # —1, from (3.3) we obtain that F(z) — (1+¢) =
W So N (r,(b—a)G) = N(r,00; F') < N(r,00;&1)+S(r,&). Using Lemmaand the same arguments
as used in the case when b= —1, we get a contradiction.

Case 2. Let b# 0 and a =b. If b= —1, from (3.3]), we get F(2)G(z) =1,
that is, P(£1)F (2)P(&)G(2) = p%(2). If b # —1, from 1| we have ﬁ =b (%) Therefore N (r, ﬁ; G’) =
N(r,0; F). So in view of Lemma and and the Second fundamental theorem, we get

(n—=m)T(r,&) <T(r,G) — N(r,0;G) = mN(r,00; &) + 5(r, &2)
< N(r,0;P(&2)) + N(r,0;G) = N(r,0;G) + N(r,0; F) + S(r,&2)

1
< (Tut 3 ) (1060 + T80 + T 60) + 5(n.60) + S(r &),
we now suppose that there exist a set I of infinite measure such that T'(r, &) < T'(r, &) for r € I. Hence for r € I, we
get
2
(= mT(r) < (k42004 2 ) T2 + (),
which is a contradiction because N > k +m + 2I"; + Kl

Case 3:- Let b = 0. From 1' we obtain F(z) = % If a # 1, then we obtain N(r,1 —a;G) = N(r,0; F).
We can deduce a contradiction similarly as in case 2. Therefore, a =1 and so we have F(z) = G(z). This gives

d(2) (i egsi(z)) F1=€d(z <Ze eb(z > (3.4)

Let h(z) = £t. If h(z) is a constant by putting €1 = hes in (3.4)), we obtain
€2

d+mo [hd+m+m2 _

em2€2 d+mo—1 [hd+m+MQ 1 1} + .

1] + emy—165 -4 eged [h‘“‘m —1] =0,

which gives h® = 1 where u = ged{d+m+ma, - ,n+m+mo—i,--- ,d+m} with e,,, —i # 0 for some i € {0,1,--- ,mq}.
Thus €1(z) = tea(z), that is & — ¢ = (€2 — ¢). If h is not constant, then we must have P(£1)F(z) = P(&2)G(2). O



Waghamore, Manjunath

Lemma 3.9. [4] Let £ be a meromorphic function on C with finitely many poles. If £ has a bounded spherical
derivative on C, then the order of ¢ is not greater than 1.

Lemma 3.10. [I2| Zalcman’s Lemma] Let F be a family of meromorphic functions in the unit disc A and let a be a
real number satisfying the inequality —1 < o < 1. If F' is not normal at a point zg € A, then for each a, —1 < a < 1,
there exist

i) Points z, € A, 2z, — 2o,
ii) Positive numbers p,, p, — 0T,

ili) Functions f,, € F, such that p, “f,(zn + pn¢) — ¢g(¢) spherically uniformly on a compact subset of C, where g

is a non constant meromorphic function. The function g can be choosen to satisfy the normalization g#(¢) <
#(0) —

g#(0)=1, C e C.

Lemma 3.11. [7] Suppose that F(z) is meromorphic in a domian D and set f(z) = F/((z) We have

F™(z) ( )

F(z) —— " 2f () + anfn_gf”(Z) + bnfn_4 (fl<z))2 + Pr-3(f(2)),

= f"(z) +

where a, = (§)n(n —1)(n —2), b, = (l) n(n —1)(n — 2)(n — 3) and P,_3(f(2)) is a differential polynomial with
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constant coeflicients, which vanishes identically for n < 3 and has degree n — 3 when n > 3.

Lemma 3.12. Let & and & be two transcendental meromorphic function such that the zeros of & — ¢ and & — ¢
are of multiplicities at least k € N and let P(£1)F(z) — p(z) and P(£2)G(z) — p(z) share 0 CM and in addition, &;, &
share oo IM, where P(2) and p(z) are defined in (2.1)) and (2.3)) respectively. Then P(&1)F(2)P(£2)G(2) # p?(2)

Proof . Suppose that

P(61)F(2)P(&2)G(2) = p*(2). (3.5)

Since &; and & share oo IM, from (3.5), one can easily say that & and & are transcendental entire functions.

Suppose that P(z) is a non-constant polynomial. For the sake of simplicity we may assume that P1(z) = a,(z2—cpm,)™?,
where d + mo = n. Obviously, ¢ # ¢,,. By (3.5) we have N(r,¢;&1) = O(logr) and N(r, cm,;&1) = O(logr). So by
second fundamental theorem we obtain

where p1(z) =

T(r,&) < N(r,¢;61) + N(r, emy3 €N (r,00:61) + S(r, &) = S(r,€).
Therefore P(z) must be of the form a,(z — ¢)™ and so reduces to the form
e1(2) F1(2)e5 (2)G1(2) = pi(2) (3.6)

&) We now consider the following two cases.

Qn

Case 1. Let deg(pi(z)) € N. Then from (3.6) we see that N (r,0;e7) = O(logr) and N (r,0;e%) = O(logr). Let

5?(2)]:1
m . T <>

= (3.7)

Then (3.6]) reduces to

If Fi(z) = eGy, where e € C\ {0}, then Fi(z) must be a constant, which is not possible by Lemma Hence

Fi(z) £ eG1(z). Let

@) (La@)™ —pi(2)
e5(2) (Lle2(2)" — pa(2) (3.9)

Since £1(z) and €5(2) are transcendental entire functions, it follows that 7 (L£(g1(z2)))™ —p1(2) # oo and €% (L(g2(2)))™ —

p1(2) # 0o. Moreover 7 (L(g1(2)))™ — p1(z) and €7 (L(e1(2)))™ — p1(2) share 0 CM, it follows from (3.9) that

B(z) = ), (3.10)
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where § is an entire function. Let & (z) = F1(2), 12 = —e#*)G1(2) and £13 = ()| where £; is transcendental.
Thus from (3.10), we obtain &11(z) + £12(2) + &13(2) = 1. Also, by Lemma [3.2] we get

3
> ON(r,0:61;) +
j=1

N(r,00;€15) < N(r,0; Fy) + N(r,0;e BG1) +O(logr) < (A4 o(1)Ty(r),

I\Mw

asr — oo, 7 € I, A < 1, where T1(r) = maxT(r,&;). Therefore by Lemma we get either e’G = —1 or
¢ = 1. However in this case the only possibility is ¢’G = —1. Hence from (3.5), we obtain FF = M@ i.e.,
el (2) (L(e1(2)))™ = B(2) (L(g2(2)))™, where ~; is a non constant entire function. Thus it follows from (3.5) that

£M(2) (L(e1(2)))™ = dae™/?p(z) and e2(2) (L(e2(2)))™ = dae™/2p(2), (3.11)

where dy = £1. This means that £}(2) (£(e1(2)))™ and €5 (2) (L(e2(2)))™ share 0 CM. Clearly in view of (3.11), we
see that F; and Gy are entire functions without zeros. Let z, be a zero of €1 (z) with multiplicity p and let z, be a zero
of e2(z) with multiplicity q. Clearly z, be a zero of e} (z) (L£(e1(2)))™ of multiplicity (n+ 1)p — k and 2z, be a zero of
eh(2) (L(g2(2)))™ with multiplicity (n4+1)g—k. Since 7(2) (L(e1(2)))™ and €5 (z) (L(e2(z)))"™ share 0 CM, we conclude
that z, = z, and p = ¢. Consequently, €1(z) and e2(z) share 0 CM. Since N(r,0;e1(2)) = O(logr) = N(r,0;e2(2)),
we can also take

e1(2) = h(z)e* ) and £9(2) = h(z)e®12(?) (3.12)

where h(z) is a non constant polynomial and a7 and ;2 are two non constant entire functions. It follows from ((3.12)
that

(=) (L(er ()™ = Pr (Bl B9y af) ) elrtmon @ (3.13)
k S\ ) )
where P, (h, N TN .,ag’;>) — pn (ZoaiPli(h,h’, N ORI .,agm)  Pu(h . RS o el
is a differential polynomial in h,h’,... A o)y, ..., aﬁ), 1=1,2,---k Pjg=agh and

e2(2) (L(e2(2)))™ = Py (h W, h® ol ,ag’y) e(ntmarz(z) (3.14)

k S\ )
where P, (h, W BB ol ag;) = pn (z aini(h,h’,...,h(i),a’m,...,ag))  Poi(h B D ol o)
is a differential polynomial in , b/, ..., h(), o/, .. aYQ), i=1,2,...,k Py =aph. Let p; = {F1,} and ps = {G14},
where F1,,(2) = Fi(z + ¢) and Gi,(2) = G1(2 + c) z € C. Clearly p; and py are two families of entire functions
defined on C. We now consider the following two subcases.

Subcase 1.1. Let us assume that one of two families, denoted as g1 and g9, specifically g, is classified as normal
on C. Then by Mary’s theorem, Fl#(w) = Fﬁ)(O) < M for some M > 0 and all w € C. Hence, by Lemma It is
deduced that the order of F; does not exceed 1. Hence from (3.8)), we obtain

peT(2)(L(e1(2)))™] = p(F1) = p(G1) = p[e5(2)(L(e2(2)))™] < 1. (3.15)
Consequently, we get

el (2)(L(e1(2))™ = dspe™ and  £5(2)(L(e2(2))™ = dape”, (3.16)

where a, b, d3, ds € C\{0}. From (3.15)) we see that a+b = 0. We claim that (n+m)a;; —az € C and (n+m)ajz—az €
C. On the contrary, suppose that(n +m)a;; —az € C and (n+m)ajz —az € C. Assume that as; = (n+m)ag; —az
and age = (n + m)aia — bz. Note that

T(r,ahy) = m(r,a1y) < m(r, (n+m)ayy) +O(1)

< m(r,ay) + 0(1) = m ((eam)/) +4+0(1) = S(r, ).

eX21

Clearly, agil) € S(awy) for i € N. Therefore P; € S(as1) and hence P% € S(ag1). Similarly, we find £ € S(aas).
Further, from (3.13)),(3.14) and (3.16), we conclude that e®2* € S(ag1) and e*22 € S(agz) which is Contradlctlon
Hence a1, age € C and therefore, both a7 and aqo are polynomials of degree 1. Finally, we take

e1(z) =dsh(2)e” and  e3(z) = dgh(z)e™** (3.17)
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ds,ds € C\ {0}. Hence from (3.17), we get

m

e(2)(L(e1(2))™ = d R (2) [ aoh(z2) + Z“J (Z Clad =i p0)( ) o(ntm)az

where h(%)(2) = h(z). Similarly, we obtain

m

e2(2)(L(ea(2)))™ = dgz-‘rnhn( aoh(z Za] (Z C] J iaj—ih(i)(z)> e~ (ntm)az
Given that €7(2)(L(g1(2)))™ and €5(2)(L(e2(z)))™share 0 CM, it can be deduced that

agh(z +Zaj <ch ip0) ) dr | aoh(z +Za] <ZCJ Jiaﬂ'ih@)(z)) (3.18)

where d7 € C\ {0}. However, the relation (3.18) is not true.

Subcase 1.2. Suppose that one of the families p; and po, say p; is normal on C. In this case by Marty’s theorem,
there exists a sequence of meromorphic functions {Fi(z+w;)} C p1, where z € {z : |2| < 1} and {w;} C Cis a
sequence such that Fl#(wj) — 00 as |w;| = oo. Thus by Lemma |3.10| there exist,

e Points z;, |2;] <1,
e Positive numbers p;, p; — 0T,

e a subsequence {Fi(w; + z; + p;¢)} of {F1(w; + z)} such that

hi(¢) = p~ PRy (wj + 2 + p;¢) = h* () (3.19)

Spherically uniformly on a compact subset of C, where h*(¢) is a non constant holomorphic function such that
h*#(¢) < h*#(0) = 1. Further, from Lemma we see that p(h*) < 1. By Hurwitz’s theorem, we can show that
h*(¢) # 0. In the proof of Zalcman’s Lemma, we see that

Py = ——, (3.20)
Ff (b))
and
Fi(b;) > Fff (wy), (3.21)
where b; = w; + z;. Let
137(Q) = 932 Ghw; + 2 + piC), (3.22)
from (3.8)),
Fl(wj +z; + ij>G1<’u)j +z; + ij) =1.
Hence from and -7 we get
hi(QOh;"(¢) = 1. (3.23)
Further, from (3.19) and (3.23)) we can deduce that
h;(¢) = h3™(Q), (3.24)

Spherically uniformly on a compact subset of C, where h;‘*(( ) is a non-constant holomorphic function in the
complex plane. By Hurwitz’s theorem, we can conclude that h;*(¢) # 0. Further, it follows from (3.19), (3.23) and

(3:24), that
R (ORE(C) = 1. (3.25)
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Thus in view of and p(h*) < 1, we can show that
p(h*) = p(h™*) <1 (3.26)
Note that h* and h** are transcendental entire functions without zeros. Thus it follows from that
h*(z) =dge” and h**(z) =dge” (3.27)
where ¢, dg,dg € C\ {0} are such that dgdg = 1. From , we obtain

Q) _ By 2400 0 ()
hi(Q) T Fi(wi+ 2+ p0)  B(C)

—=C (3.28)

Spherically uniformly on a compact subset of C. Thus it follows from ) and - that

BO)| Py 4 2) | 1+ B (w4 2) 2 | Fl(w; + 2)]
h;(0) T Fu(wj + 25) |FY(wj + 25)]  |[F1(w; + z))]
REO)| 14 |Flw; + )2 |h5(0
]*( ) _ + [Fi(w; + 2)| J*( ) =|C|. (3.29)
h3 (0) [F1(wj + ;) h; (0)
This implies that
Jj—oo
By using (3.19), (3.30), we find
15(0) = p; P Fy(w; + 27) — oo (3.31)
In addition, by virtue of (3.19) and (3.27)), we get
h;(0) — h*(0) = C. (3.32)

Thus, in view of (3.31]) and (3.32)), we arrive at a contradiction.

Case 2:- Let p1(2) = b € C\ {0}. Then (3.6) reduces to e} (z)F1(2)ey(2)G1(z) = b%. This shows that both &1(z)
and e2(z) have no zeros. But this is not possible as zeros of €1(z) and e2(z) are of multiplicities at least k(> 1). This
completes the proof. [J

Lemma 3.13. [8] Let & (z) and &»(z) be two non-constant meromorphic functions. Suppose that &;(z) and &3(2)
share (0,00), (00, 00) ék)(z) and §§k)(2) share (0,00) for k = 1,2,...,6. Then & (z) and &(z) satisfy one of the
following cases:

(i) &(2) = t€a(2), where t € C\ {0},

(ii) &1(2) = e®**? and &(2) = e®**+4, where a,b,c,d € C\ {0} such that ac # 0,
(iil) &1(2) = a/(1 —be®®)) and & (z) = a/(e~**)=t), where a,b € C\ {0} and « is a non constant entire function;
(iv) &1(2) = a(l — be®®) and &(2) = &1(2) = a(e™**~?), where a,b,c,d € C\ {0}.

Lemma 3.14. let &;(z) and & (z) be two transcendental meromorphic functions such that the zeros of £;(z) — ¢ and
&2(2z) — c are of multiplicities at least k, where k,n,m € N. Assume that £(£1(z)) and £(£2(z)) share 0 CM and that
&1(2) and &(2) share oo IM. If (&5 — )" L™(&) = (&2 — ) L™(&2) then (& —¢) =t (& — ¢), where t € C\ {0} such
that "+ = 1.

Proof . Suppose that

51(2)>n _ (ﬁ(&(z)))m

(50) =(5) 239
Since £1(z) and e3(z) share (00,0), it follows from that e1(z) and e2(z) share (0o, 00) so L(1(z)) and

L(g2(z)) share co CM. Moreover, since £(&;(z)) and £(£2(z)) share 0 CM, it follows that £(£1(z)) and L(e2(z)) share
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0 CM. We conclude that €1(z) and e3(z) also share 0 CM. Let Hy(z) = €1(2)/e2(z) and Ha(z) = L(1(2))/L(e2(2)).
Then H; # 0, oo and Hy # 0, oo. From (3.33), we see that

HIHY =1 (3.34)

Let us assume that H;(z) is an entire function that is not constant. Hy(z) is also an entire function which is not
constant. Let Fy(z) = H{(z) and G1(z) = H3*(z). Further, from (3.34) we get

Fi(2)G1(z) = 1. (3.35)

Clearly, Fy(z) = doG1, where dg € C\ {0}. Otherwise, Fi(z) € C and, therefore H;(z) is constant. Since
Fi(z) # 0, oo and G1(z) # 0, oo, there exist two non constant entire functions o and s such that Fy(z) = e*(*)
and G1(z) = e*2(*). Further from we see that ay + as € C and so o) = —ab. Note that F] = afje* and
G = ahe®2. This shows that F| and G} share 0 CM.

Thus in view of Lemma we get F1(z) = c1e%* and G1(z) = coe™% where a, c1, ca € C\ {0} with ¢jco = 1.

Since (28)" = ¢1% and (ﬁg;gg;) it follows that

e1(z) _ z cz
E;Ezg =tien® =tie , (336)

72(;) = tlenz = tlecz,

where ¢, d, t1 to € C\ {0} are such that t = ¢1, tJ* = co, ¢ =a/n and d = —a/m. Let
L'ei(z)) _ Ll(e2(2))
d = — , 3.37
R ETE) R EAE) 230
it follows from ([3.36) that
—a

d =d|—|. 3.38
0 =a(22) (3.38)

Further, by using ([3.36]), we see that

=0
ie.,
. . o i(i—1 . )
£ (2) = tre® (ffé%z) +ie§ () + o) +~-~+cﬂaz(2>>~
Consequently,
e () (k=1) k(k—1) , (k—2)
L(e1(2)) = t1e” arey (2) + (keag + ap-1)& ' (2) + — g Cart (k—1cag—1+ax—2)ey ~+- ],
(3.39)
and
k(k+1 _
L'(e1(2)) = t1e” (ak€ék+1)(z) + ((k+ Veag + ap—1)&"(2) + (( ; )CQ% + (k)car—1 + ak_2> eV 4 ) .
(3.40)
Thus from (3.37)), (3.39) and (3.40)), we obtain
(k) (k—1) (k+1)
By (2) = Ga(2z) + (k+ 1)cey kcey ey ’ (3.41)

Gy + (5§k)(z))2

where Go(z) = ZAi,ng)(z)agj)(z) and G3(z) = ZBL]‘ESZ‘)(Z)Eéj)(Z) where 0 <i <k+1,0<j <k, 0<i+j<2k—1.
A; j, Bi; € C. Let 2z, be a zero of e2(2) with multiplicity p(> k). Then the Taylor expansion of €2(2) about z, is

£2(2) = by(z — 2p)P + bpr1(z — 2p)P T+ bpia(z — 2,)PT2 4+ b, #0 (3.42)

2,59
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We now consider the following two cases:

Case 1. Suppose that p = k. Then

e (2) = kb + (k + 1)lbpan (2 — 2) + - (3.43)

and
Engrl)(z) = (k + Dlbgrr + (k + 2)bpya(z — 2) + - (3.44)

Thus, by using (3.41)), (3.43) and (3.44), we obtain

(k + 1) (k!)22

Dq(zr) =c ()26 =c(k+1) (3.45)
Therefore, we arrive at a contradiction from (3.38)) and (3.45).
Case 2:- Suppose that p > k + 1. Then
V@) =plp 1) (0 =k 2)by(z = )P 4
() =pp— 1) (= k4 Dbylz = )7 4
@) = plp 1) (0= Rby(z = 2) P
Therefore )
k -
(e; )(z)) = Kb2(2 — 2,)°270) 4. (3.46)
k-1 k+1 p—k -
sg )(z)sg + )(z) = m/@g(z _ Zp)2(2 LT (3.47)

where KK = [p(p—1)--- (p — k + 1)]>. In addition Go(z) = O ((z — 2,)2 ") and Gs(z) = O ((z = 2p)?P~"=9) where
2p—k)+2<2p—i—j <2p. Thus, it follows from (3.41)), (3.46) and (3.47) that

(k- 1)ekby —ke{(p—k)/(p—k+1D}KL  p+1
B1(2) = X =TT (3.48)

Therefore, we arrive at a contradiction between and . The non-existence of zeros in e€3(z) can be
confidently stated in each instance. Given that €1(z) and e2(z) share 0 CM, it can be concluded that neither of them
has zeros. This conclusion is problematic because the multiplicities of zeros in both functions are at least k£ € N.
Hence H; € C\ {0}. Thus it follows from that H]""™ = 1. Therefore we get &1(2) = tea(z), where t € C\ {0}
is such that t"*™ =1, ie., (£1(2) —¢) =t (&(2) —¢), t € C\ {0} with t**™ =1. O

Lemma 3.15. Let & and & be two transcendental meromorphic functions such that the zeros of £;(z) —c and &2(z) —c¢
are of multiplicities at least K*, where K* is defined as in and F(z) = P(&1)F(z)/p(z) and G(z) = P(&)G(2)/p(2),
where p(z)(# 0) is a polynomial and m,n € N are such that n +m(k+1) > 2k + 1. Suppose H # 0. If F(z) and G(z)
share (1, k1) except for the zeros of p(z) and &;(z) and &»(z) share (0o, 0) where 0 < k; < oo, then

N.(r,1; F,G)
n+m+(m—-2k—-1

o T+ DK 41

(T'(r, &) + T(r, &) + +5(r,61) + 5(r,&2)

Proof . Since H(z) # 0, it follows that F' # G. We observe that if oo is Picard’s exceptional value of &;(z), then
the Lemma follows immediately. Next, we suppose that co is not Picard’s exceptional & (z) value. Since & (z) and
&a(z)share (00, 0), it follows that oo is not a Picard’s exceptional value of £5(z). We claim that V # 0. Indeed, suppose
that ¥V = 0. Then, as a result of integration we obtain

1—;=A<1—é>,A€<C\{O}

it is clear that if zg is a pole of &;(2), then it is a pole of £3(z). Hence, it follows from the definition of F' and G that

F(lzo) =0= G(io)' Therefore A = 1 and hence F' = G. Since H # 0, we conclude that F(z) Z G(z). Therefore,
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we arrive at a contradiction. Hence V # 0. Let zg be a pole of & (z) with multiplicity ¢ and a pole of & (z) with
multiplicity r such that p(zg) # 0. Clearly zg is a pole of F(z) with multiplicity (n + m)q + mk and a pole of G(z)
with multiplicity (n 4+ m)r + mk. Therefore

FOFR -1 ° (2 = zo)trememit)

and
G'(2)

)]

Consequently, V(z) = o ((z — 29) ™t mr=1) "where t = max{q,r}. Since & () and &(z) share (c0,0), from
the definition of V, it is clear that zg is a zero of V with mulitiplicity of at least n + m(k + 1) — 1. Also, m(r,V) =
S(r,&) 4+ S(r,&). Thus by using the definition of V and Lemma 3.2 and we obtain

(n+m(k+1) —1)N(r,00;£1(2)) < N(r,0'V) + O(logr) + T(r, V) + S(r, &) + S(r, &)
< N(r,0; F)+ N(r,0;G) + N.(r, 1; F,G) + S(r, &1) + S(r, &)
[/C*(Fl +1)+1
]C*
+S(r,&1) + S(r, &)

IN

]avfn+ﬂn@»+%Nmuwn+annRG>

Thus, the Lemma, follows. [J

Lemma 3.16. [I] Let & (2) and &(2) be two non-constant meromorphic functions sharing (1, k1), where 2 < k; < co.
Then

N(r, L&) = N(r,1:6&) = N(r, L;&(2)| = 2) + 2N(r, L& (2)] = 3) + -+ + k1N (r, 1;61(2))

+ (b + DN L 136(2) + BN S T 1,6(2) < N 16(2) - N(r, 1:6(2)).

Lemma 3.17. Let & and & be two transcendental meromorphlc functions such that the zeros of {1 (z) —c and &3 (z) —
are of multiplicities at least K*, where K* is defined as in Let n, m € N, suppose L(&1(2)), L(&2(%)) share
(0,00) also we assume that £(z) and & (z) share (oo,0). If sﬁl(z)Pg(sl(z))Em(sl(z)) = ed(2)Pa(e2(2)) L™ (e2(2)),

where €1(z) = &1(2) — ¢ and e2(2) = &2(2) — ¢, then one of the following cases holds:

1. If Pa(z1) = e;2t # 0 for some i € {0,1,2,--- ,m1} and L(g1(2)), L(e2(2)) share (0,00) then & — ¢ = t(&2 — ¢),
where ¢ € C \ {0} such that t¥+™+i = 1, for some i € {0,1,2,--- ,m; }.

2. If Pa(21) # e;28 # 0 for some i € {0,1,2,--- ,m1} and L(g1(2)), L(e2(2)) share (0,00) and &;(2), &(z) share
(¢,0), then & (2) — ¢ = (& — ¢) for a constant ¢ such that ¢t* = 1, where p =ged(n+m,--- ,n+m —i,---,1)
em,—i # 0, for some i =0,1,2,...,m; — 1

Proof . Suppose

e1(2)Pa(e1(2) L™ (e1(2)) = £5(2)Pa(e2(2)) L™ (e2(2)), (3.49)

(3.50)

We now consider the following two cases.
Case 1. Suppose Pa(z1) = e;24 # 0 for some i € {0,1,2,--- ,m;}. Then, the results follow from the Lemma

Case 2. Suppose Py(z1) # e;zi # 0. For the sake of simplicity we assume that Pa(21) = e, 27" + e, 127" 1 +
~+ ez + €, €my, o # 0. Since £1(2) and £5(2) share (o00,0), from (3.49), we see that £1(z) and e5(z) share
(00,00). Now we prove that e1(z) and e2(z) share (0,00). Note that P2(0) # 0. Let z12 be a zero of £;(z) of
multiplicity m12(> k + 1). Since €1(z) and e3(z) share (0,0), z12 is a zero of e2(z) of multiplicity gi12(> &k + 1).
Clearly z12 is a zero of L£(g1(2)) of multiplicity L(e2(z)) r12 — k and a zero of multiplicity g2 — k. Since L(eg1(z))
and L(e2(z)) share (0,00), we have 115 = g12. Therefore £1(z) and e3(z) share (0,00). Since e1(z) and e3(z) share

_ Pa(e1(z1))

(0,00) and (00, 00), it follows that 1(z) = €7*)ey(z), where v(z) is an entire function. Let Hj(z) = Potea(er)y and
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H;(z) = % Since L£™(e1) and L™ (g2) share (0,00), we have Hj(z) # 0,00. Also from (3.49) we see that

H; (%) # 0 and

Hi (2)H3(2) = 1. (3.51)

Now, we consider the following two subcases.

Subcase 2.1. Suppose Hi(z) = b € C\ {0}. Let b = 1. Then from , we have ef(2)L™(e1(2)) =
e4(2)L™ (e2(2)). Then, the results follow from Lemma Let b # 1. Then we have

Z eici(z) = b Z e; 5(2) (3.52)
i=0 i=0

Since e1(z) = €7®ey(2), from (3.52), we have

em, €5t (2) (em”(’z) - b) + -+ eie2(2) (eV(Z) - b) =eg(b—1) (3.53)

Note that €2(2z) # d € C. Then from (3.53) we see that £2(z) has no zero. But this is impossible because zeros of
e9(z) are of multiplicities at least k + 1.

Subcase 2.2. Suppose H{ is non constant.

Therefore, Hj is a non-constant entire function. Note that Hy(z) # djH; (%), where df is a non zero constant.
Since H(z) and Hj(z) both are # 0, co, then there exist two non constant entire functions a*(z) and 8*(z) such that
Hi(z) = e ) and Hj(z) = €7 (). Now from (3.51)) we see that (a*(2)) = — (8*(z))’. Therefore Hj(z) and Hj(z)
share (0,00). Now in view of Lemma [3.13| we get Hj(z) = cfe® and Hj(2) = che™, where a, ¢}, c; € C\ {0} are
such that cjc3 = 1. Therefore we have

em, €5 1 (2) (em”(z) - c’{eaz> + -+ erea(z) (67(2) - cTe‘”) =ep(cje® — 1) (3.54)

Note that ¢fe** —1 has only simple zeros. Also from (3.54)), we see that zeros of 5(z) are also the zero of c¢je®* — 1.
Since all the zeros of e5(z) are of multiplicities at least k + 1, from (3.54), we arrive at contradiction. This completes
the Lemma. [J

4 Proof of Main Theorems
Proof .[Proof of Theorem [2.3]

Assume that F = P(£(2))L™(§(z)). Now in view of Lemma [3.7]
(n—m)T(r,&) <T(r,F) —mN(r,00;&) — N(r,0; F) + S(r, &),
< N(r,0;P1(8)) + N(r,05¢ — ¢) + N(r,a;§) + (e + 0(1)) T(r, €)

(r1+) (1) + N(r,a:€) + (e + o(1)) T(r, ),

For alle > 0. Takee <n—m—1I'y — ,% Since n > m+T'; + %, one can easily say that ' — a has infinitely many
zeros. [J

Proof .[Proof of Theorem Let F(z) = % and G(z) = W Then F(z) and G(2)
share (1, k) except for the zeros of p(z) and &;(z) and &»(z) share (00, 0).

Case 1:- Let H # 0. Now from (3.1)), we observe that
N(r,00;H) <N.(r,00;&1, &) + Nu(r, 1, F,G) + N(r,0; F| > 2) + N(r,0;G| > 2)
+ No(r,0; F') 4+ No(r,0;G') + S(r, &) + S(r, &). (4.1)

where No(r,0; F”) is the reduced counting function of those zeros of F’ which are not the zeros of F(z)(F(z) — 1)
and No(r,0;G’) is defined similarly. Let zp be a simple zero of F' — 1 but p(z9) # 0. Then zj is a simple zero of
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G(z) — 1 and a zero of H(z). Therefore N(r,1; F| =1) < N(r,0;H) < N(r,o0; H) + S(r,&1) + S(r,&2). and so from
[L1) we get
N(r,,F) < N(r, L F|=1)+ N(r, 1;F| 2 2) < N(r,00;&) + N(r,0; F| > 2) + N(r, 1, G| > 2) + N. (1, 1, F, G)
+N(r, L F| 2 2) + +No(r,0; F') 4+ No(r,0;G') + S(r,&1) + S(7, &2)- (4.2)

Now in view of Lemma (13.1) we get
No(r,0;G") + Nu(r,1; F,G)+ N(r,1; F| >2) < N(r, ;F| =2) + N(r, 1; F| =2) +-- -+ N(r,1; F| = ky)
+W(EK1+1(7‘, 1;F)+ No(r,0;G') + Np(r,1; F) + N1(r,1;G) + N.(r,1; F,G)

< N(r,0;G) + N(r,00;&) — (k1 — 2)N.(r,1; F,G) — Np(r, 1;G). (4.3)

Hence, by using , and Lemma from Second Fundamental Theorem, we get
T(r,F) < N(r,0;F) + N(r,00; F) + N(r,1; F) — No(r,1; F') + S(r, &),
< 2N(r,00;&1(2)) + Na(r,0; F) + N(r,0;G > 2) + N(r,1; F > 2) + N.(r,1; F,G) + No(r, 1; F")
+8(r, &) + S(r, &2),
< 3N (r,00;€1(2)) + Na(r, 0, F) + Na(r, 0 Pr(&1)) + Na(r, 0, P1(82)) + Na(r, 0; L7 (1)) + Na(r, 0, L7 (€2))
+ Na(r,0;€2) — (k1 = 2)N. (7, 1; F, G) + S(r, &) + S(r, &2)
< (3+mk)N(r,00;&) +mN(r,0;&) + N(r,0; L™(&)) — (k1 —2)No(r, 1; F,G) + S(r,&1) + S(r, &), (4.4)

Further, in view of Lemma [3.15} we get from (4.4))
(n—m)T(r, &) <T(r, F) = mN(r,00;61) = N(r,0; F(&1)) + 5(r,&1)

< B+ (k= 1m) N(r,00;&1) + (T2 +2/K%) (T(r,&1) + T(r,&2)) +mN(r, 0; &)
— (k1 —2)N.(r,1; F,G) + S(r, &) + S(r, &)

- { (T +HK*+1) ((E—1)m +3)

- K«(n+m(k+1) -2k —1)

+ () +2/K* + m/2)} T(r) + S(r) (4.5)

we obtain a similar inequality for £;(z). Combining this inequality, we obtain,

2((T1+HE*+ 1) ((E—=1)m+ 3)
— T < 2T 4/K* T 4.

(n = myr(r) < { 2L HEZDRED | o, a4 )} 700) + 50) (1.6

ie.,
[n?K* — (202 + m(1 — k) + 1+ 2k)K* + 4)n+ B] T(r) < S(r),
where
B =2mkK* + 4mK* + 8k + 2mI1K* — 2m + AT2kK* + AT5K* — 2m2K* — 2m2kK*
-2 6K*(F1 + 1) — 2mkKC* (Fl + Fg) — 6mk — 2mIs KC*
Therefore
(n— Ki)(n— K2)T(r) <S(r), (4.7)

where K, = 2r2+m(171c)+2};2k);<*+4+¢§ and Ky = 2F2+m(17k)+2%£t2k))c*+47\/5' So that

D = (20 + m + 1 — mk + 2k)K* + 4)> — 4K*B,
which implies that
D =((2Ty +m~+ 1 — mk + 2k)K* + 4)> — 4AK*{2mkK* + 4mK* + 8k + 2mI1 K* — 2m
+ ATk KC* + 4T — 2m2K* — 2m2kK* — 2 — 6K (T + 1) — 2mkK*(Ty + T'y) — 6mk — 2mIoK*}
< A(K*T2)% 4 (9m? + 1)(K*)? + 16 + (mkK*)? + 6k(mK*)? — 14(K*)*mk + 16(K*)Ty
+ 16K* (mk + 1) + 12(K*)*mDy + 8(K*)?mkTy — 2(K*)?m — 48kK* — 24(K*)?kTy
—12(K*)Ty 4 4(kK*)% (1 4 m) — 4(K*)2k + 24(K*)? — 12(K*)?m + 24(K*)*T; — 8(K*)?mI;
< [K*(mk + 3m + 6Ty + 2) + 3]°.
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Therefore K; < k+ 2(m + 2I'5) + 3§;f7. Since n > 4Ty +2m + k + 5= + 3, 1) leads to a contradiction.
Case 2:- Let H(z) = 0. Now the theorem follows from Lemma and This completes the proof. [J

Proof .[Proof of Theorem Using Lemma and the theorem can be proved in the line of the proof of
Theorem So, we omit the details. O
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