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Abstract

The extended fractional Korteweg–de Vries (K-dV) equation is examined in this paper through the Jacobi elliptic
method. This approach is a powerful technique capable of generating multiple forms of solutions, making it highly
useful for representing various types of wave behaviors. The graphical interpretations clearly illustrate the dynamics
of the obtained solutions. To the best of our knowledge, this work is the first to provide exact analytical solutions for
the fractional K-dV equation, and the findings hold significant theoretical and practical value in areas such as optical
signal transmission, plasma wave dynamics, and ocean wave propagation.
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1 Introduction

As a generalization of the integer derivative, the fractional derivative was first mentioned in a communication
between Leibniz and L’Hospital in 1695. Fractional derivatives were found to depict phenomena with memory, which
enriched their physical importance and attracted a lot of attention from mathematical physicists. There are many types
of fractional derivatives, such as the Caputo type, the Riemann–Liouville type, the Grünwald type, and the Marchaud
type. Many important and significant problems in engineering, experimental sciences, and social sciences are expressed
in the form of mathematical models. These models usually lead to the determination of a function and should apply
to equations that include derivatives of this unknown function. In the 18th century, the partial differential equation
began with the work of mathematicians such as Euler, Lagrange, De Albert and Laplace with an analytical study of
physical models. The theory of equations, which includes ordinary differential equations and differential equations with
partial derivatives, is a branch of mathematical analysis that has a close relationship with physics. Physical concepts
such as the movement of a vibrating string, gravity, fluid flow, heat conduction, electricity and magnetism have all
led to the emergence of different differential equations. The answers of these equations correctly answer the effects
of these physical phenomena. Many physical phenomena cannot be expressed with ordinary derivative models, and
the observations and results obtained in these models are closer to modeling with fractional derivatives. In addition
to this concept of ordinary derivative which is interpreted with speed in mechanical physics, it also takes on another
aspect in fractional derivatives. This aspect can be expressed by increasing or decreasing the moving acceleration. In

∗Corresponding author
Email addresses: sharif@gonbad.ac.ir (Ahmad Sharif), a.ataie1403@gmail.com (Aynaz Ataie), r-farokhzad@gonbad.ac.ir

(Razeieh Farokhzad Rostami)

Received: September 2024 Accepted: November 2024

http://dx.doi.org/10.22075/ijnaa.2024.35417.5276


2 Sharif, Ataie, Farokhzad Rostami

recent years, many new methods have been presented to find exact solutions of differential equations with nonlinear
partial derivatives, and one of the best methods is the modified Sardar sub-equation method [4, 9]. The modified
Sardar sub-equation method is an efficient and effective solution method for calculating exact wave solutions and one
of the most direct and effective algebraic methods for finding exact solutions of differential equations with nonlinear
partial derivatives [7, 12, 13, 14, 15]. The difference between this method and other old methods is to avoid complex
and tedious calculations and more accurate and explicit conclusions to determine the isolated wave solutions with high
accuracy. In recent years, this method is useful and useful for determining the exact solutions (soliton, alternating
and exponential solutions) of the Schrödinger equation, Eckhaus equation and various differential equations with other
non-linear partial derivatives that are widely used in various fields of science and engineering. , has been successfully
used [1, 2, 3, 5, 6, 8, 10, 16]. The present paper applied the modified Sardar sub-equation method to derive traveling
wave solutions for the extended fractional Korteweg-de Vries(K-dV) equation
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This importance has caused many researchers to conduct many researches and studies in order to find different
and effective methods, which has led to the discovery of widely used methods. From [11], we have(
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Now with solving (1-3) – (1-5) we have
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In the following, we present the method in question in the second part, and in the third part, we describe the
application of the method along with the graphical analysis of the behavior of the answers. And in the final part, we
present the results of the discussion.

2 Modified Jacobi elliptic function method

The main idea of the Jacobi function approach is expressed as the following steps 13.

At first we consider the nonlinear PDE

L(ψ,ψx, ψt, ψxx, . . .) = 0. (2.1)

Using the transformations ψ = φ(ξ) and ξ = σx − lt, we reduce the nonlinear partial differential equation to the
following ordinary differential equation:

L(φ, σφ′,−lφ′, . . .) = 0, (2.2)
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where the values of σ and l will be found later.

Step (2-1): assume that Eq. (2.2) has the following solution:
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z (ξ) satisfy the following status:

z (ξ) =
√
a+ bz2 (ξ) + cz4 (ξ), (2.4)

here g0, gj , fj , a, b, c (j = 1, 2, ..., N) are constants that need to be evaluated.

Step (2-2): the positive integerMcan be considered by balancing between the non-linear terms and highest order
derivatives in Eq. (2.2). Consequently by Substituting with the proposed solution (2.4) with Eq. (2.3) into Eq. (2.2),
one can get a polynomial of z (ξ).

Step (2-3): Equating all coefficients of zjof the resulted polynomial in step (2-2) to be zero gives a system of
algebraic equations that can be handled by the aid of software program like mathematica or maple to identifying the
unknown parameters such as g0, gj , fj (j = 1, 2, ..., N).

Step (2-4): General solutions for Eq. (2.4) can be determined as follows:

If a = 1, b = −1−m2, c = m2the general solution of (2.4) issn (ξ,m).

If a = 1−m2, b = 2m2 − 1, c = −m2the general solution of (2-4) iscn (ξ,m).

If a = 1−m2, b = 2m2 − 1, c = −m2the general solution of (2-4) iscn (ξ,m).
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By substituting with the determined parameters g0, gj , fj (j = 1, 2, ..., N) , cwith the general solutions of Eq. (2.4)
into the solution (2.3), one can get various exact travelling wave solutions for the differential equations.

3 Mathematical Analysis

The main goal is to introduce equation (1.1) using the agreement derivatives as follows[16]
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Inserting equation (3.7) into (3.6) and equating all coefficients of zj to be zero gives a system of algebraic equations
that can be handled by the aid of software program like maple to identifying the unknown parameters as following
cases:

Family 3-1: If we consider a = 1, b = −1−m2, c = m2and substituting in algebraic equation we obtain following
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Family 3-2: If we consider a = 1 −m2, b = 2m2 − 1, c = −m2and substituting in algebraic equation we obtain
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Fig.1 Graphical RevolutionPlot3D representations related to solution φ1 - case 3-1-1.
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Fig.2 Graphical RevolutionPlot3D representations related to solution φ1 - case 3-2-1 and 3-3-1 respectively.
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4 Conclusion

In this work, employing the definitions of fractional derivatives, we aimed to derive new analytical solutions for the
KdV equation through the extended Sardar–Sub equation method. This approach enabled us to obtain a new class
of solutions supported by graphical analysis. One of the notable strengths of this method is its broad applicability, as
it can be effectively utilized for a wide variety of equations and can generate multiple types of solutions.



A novel investigation of multiple solution 7

References

[1] A.T. Ali, New generalized Jacobi elliptic function rational expansion method, J. Comput. Appl. Math. 235 (2011),
no. 14, 4117–4127.

[2] A. Bekir and A. Boz, Exact solutions for nonlinear evolution equations using exp-function method, Phys. Lett. A.
372 (2008), no. 10, 1619–1625.

[3] J.h. He and X.H. Wu, Exp-function method for nonlinear wave equations, Chaos Solitons Fractals 30 (2006), no.
3, 700–708.

[4] M. Iqbal, A.R. Seadawy, and D. Lu, Construction of solitary wave solutions to the nonlinear modified Kortewege–
de Vries dynamical equation in unmagnetized plasma via mathematical methods, Mod. Phys. Lett. B. 33 (2018),
no. 2, 1850183.

[5] W.X. Ma, T. Huang, and Y. Zhang, A multiple exp-function method for nonlinear differential equations and its
application, Phys. Scr. 82 (2010), 065003.

[6] M. Mehdipoor and A. Neirameh, New soliton solutions to the (3+1)-dimensional Jimbo–Miwa equation, Optik.
126 (2015), no. 23, 4718–4722.

[7] W.X. Ma and J.H. Lee, A transformed rational function method and exact solutions to the 3+1 dimensional
Jimbo-Miwa equation, Chaos Solitons Fractals 42 (2009), no. 3, 1356–1363.

[8] S.T. Mohyud and M.A. Noor, Homotopy perturbation method for solving partial differential equations, Z. Natur-
forsch. 64a (2009), no. 4, 157–170.

[9] S.T. Mohyud, A. Yildirim, and S. Sariaydin, Numerical soliton solutions of the improved Boussinesq equation,
Int. J. Numer. Meth. Heat Fluid Flow 21 (2011), no. 7, 822–827.

[10] A. Neirameh, Binary simplest equation method to the generalized Sinh–Gordon equation, Optik. 126 (2015), no.
23, 4763–4770.

[11] A. Neirameh and M. Eslami, New travelling wave solutions for plasma model of extended K–dV equation, Afr.
Mate. 30 (2019), 335–344.

[12] A. Neirameh and M. Eslami, New solitary wave solutions for fractional Jaulent–Miodek hierarchy equation, Mod.
Phys. Lett. B. 36 (2022), no. 7, 2150612.

[13] H. Rezazadeh, New solitons solutions of the complex Ginzburg-Landau equation with Kerr law nonlinearity, Optik
167 (2018), 218–227.

[14] H. Rezazadeh, M. Inc, and D. Baleanu, New solitary wave solutions for variants of (3+1)-dimensional Wazwaz-
Benjamin-Bona-Mahony equations, Front. Phys. 8 (2020), 332.

[15] N. Taghizadeh and A. Neirameh, New complex solutions for some special nonlinear partial differential systems,
Comput. Math. Appl. 62 (2011), no. 4, 2037–2044.

[16] M. Wazwaz, The tanh-function method: Solitons and periodic solutions for the Dodd-Bullough-Mikhailov and the
Tzitzeica–Dodd–Bullough equations, Chaos Solitons Fractals 25 (2005), no. 1, 55–63.


	Introduction
	Modified Jacobi elliptic function method
	 Mathematical Analysis
	Conclusion

