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Abstract
In this research work, we define a tetranacci function ¢ : R — R satisfying
(d+w)=CB4+w)+C¢24+w)+(1+w)+ ((w),

for all w € R. We apply induction technique to obtain useful results for tetranacci functions with tetranacci numbers

and also prove that lim C(CQZ:)D = § > 1, where § is one of the zeros of the equation w* —w? —w? —w —1=0.
w—r00
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1 Introduction

In 13th century, Itlaian Leonardo Pisano created Fibonacci numbers [I} [3], which were gotten by sum of two prior
values starting with zero and one. Fibonacci numbers and Fibonacci sequences and related results have been published
in [2, B 6 8 @, 10, 11]. Particularly, Han et al. [7] proved the useful results for Fibonacci function by applying
hypothesis of f— odd and f— even functions. In 19th century, Feinberg [4] innovated tribonacci numbers, which were
gotten by sum of three prior values starting with zero, zero and one. Parizi and Eshaghi Gordji [12] developed the
notation of tribonacci functions for the tribonacci numbers.

Now, we study tetranacci numbers and define tetranacci functions on real numbers. We apply induction technique

to obtain useful results for tetranacci functions with tetranacci numbers and also prove that lim C(“(’:)l) =6>1,
w—00

where ¢ is one of the zeros of the equation w* —w? —w? —w —1=0.

2 Tetranacci numbers and tetranacci functions
Definition 2.1. Tetranacci numbers are obtained by adding four preceding terms starting with g1, g2, g3, g4, where

g1, 92, g3, g4 are arbitrary non-negative integers.

Example 2.2. Let us take the values of g1 = g2 = 0 and g3 = g4 = 1. The first few terms of tetranacci numbers are
0,0,1,1,2,4,8,15,29,56,108, - - - .
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Definition 2.3. If ( : R — R is a function
(A4+w)=CB+w)+(2+w)+ {1+ w)+¢(w)

for all w € R, then ( is called a tetranacci function.

Example 2.4. Let {(w) = b¥ be a function on real numbers and b be a positive real number. Then
B = ((A+w) = (B+w) +((2+w) + (1 +w) + ((w) = (" + 5> + b+ 1).

Since b is positive, we obtain b* — b — b> — b — 1 = 0 and this equation has a solution, say, §. That is, b= § > 1.
Thus ((w) = 0¥ is a tetranacci function.

Example 2.5. Let {p,}> . {aqn} " . {rn} " and {s,}~

o be tetranacci sequences, and define ¢(w) = sy, + 7 2+
Q]! + P, where [ = w — [w],0 <1 < 1. Then

C(w +4) =8p)1al’® + qjsal + Twjsal® + Dlja
=(Pw+3 + Pluj+2 + Plj+1 + Plu)) + (Qu)+3 + iz + Qi1 + qw)!
+ (Pw)43 + Tlwl42 + Tw)+1 + r[w])IQ + (8[w]+3 + S[w]+2 + Swj41 + s[w])l3
=(Plw)+3 + Qi+l + T3l + Si3l®) + P+ + sl + T2l + spp42l?)
+ Py + Gyl + w418 + S 118%) + Do) + Ql + 71wl + 811%)
=Cw+3)+(w+2)+(w+1)+(w)

for all w € R. Hence ( is a tetranacci function.

Example 2.6. If a tetranacci function ( is differentiable on R, then

(A4+w)=CB4+w)+(2+w)+{(1+w)+¢(w),
(Ad+w)=¢B+w +{2+w) +(1+w) +{(w)

for all w € R. Thus (' is a tetranacci function.

Example 2.7. If ¢ is a tetranacci function and we define p; (w) = ((I> + * + 1 + w), where [,w € R, then

prlw+4)=CP+P+1+w+4) =CP+3+1+P+w)+CP+I1+PB+24+w)
+w+PH1+ B+ 1) (w+ P +1+13)
=p1B+w)+p12+w)+pi(l+w)+pi(w)

for all w € R. Thus p; is a tetranacci function.

Example 2.8. If ((w) = 6% is a tetranacci function and we define po(w) = (§)+°+°+% where I,w € R, then
pz(w) _ (5)l+12+l3+w _ (5)w(5)l+12+l3 _ (5)l+12+13<(w)

for all w € R. Thus py is a tetranacci function.

3 Tetranacci functions with tetranacci numbers

Theorem 3.1. Let ((w) be a tetranacci function and {¢x}, {¢1.}, {¢}/} and {¢}'} be sequences of tetranacci numbers
WlthCO:(]a 41:17 <2:27 43:45 C4:7and g{):Ci:Cé:OaCé:gi:land CH:O7<1/:17<H: Zl’)/:()aCH:l
and ¢ = 1,(" = ¢§' = ¢4 = 0,¢{' = 1. Then

Cw+ k) = Gl(w+3) + GaCw+2) + G (w +1) + (' C(w)

for all w € R, where k > 4 is an integer such that ¢x = (o + Cpq + (G, G = g + g and ¢ = (4.
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Proof . For k = 4, we obtain

Cd4+w)=C¢CB4+w)+C¢2+w)+{(1+w)+¢(w)
= B4 w) +GCR2+w) + (1 +w) + ¢¢(w).

For k = 5, we obtain

(h+w)=Cld+w)+¢B4+w)+{2+w) +{(1+w)
=CCB +w) + G¢(2 +w) + (1 +w) + ¢ ¢(w) +1¢(B3 +w)
+0¢(24+w)+00(1+w)+0¢(w) +0¢(3+w)+1¢(2+ w) + 0¢(1 + w)
+0¢(w) + 03+ w) +0¢(2+w) + 1{(1 +w) + 0¢(w)
=(C1+ G+ G+ )W +3) + (G 4o+ ¢+ (2)¢(w+2)
+ (¢ + G+ G+ (w+ 1)+ (T + G+ G+ (W)
=(5C(w +3) + GoClw +2) + G ¢(w + 1) + ¢ (w).

For k = 6, we have

C(6+w)=Ch+w)+(d+w)+{B+w)+{(2+w)
=(5C(w +3) + Gl(w +2) + (5w + 1) + ("¢ (w) + Gl(w +3) + Gi¢(w + 2)
+ (w4 1) + ¢4 ¢(w) + ¢5¢(w + 3) 4 Gol(w +2) + ¢5¢(w + 1) + ¢3¢ (w)
+ (6w +3) + (1w +2) + G ¢(w + 1) + ¢ ¢(w)
=(C5 + ¢+ G+ G)C(w+3) + (G2 + 1+ o+ C-1)¢(w+2)
+ (¢ + G+ GG (w+ 1)+ (G + G+ G+ GNC(w)
=(6¢(w +3) + GCw +2) + G ¢w + 1) + (5 (w).

For k = 7, we have

(T4+w)=C6+w)+(b+w)+C¢4+w) +C¢B+w)
=C6C(w +3) + (3¢(w +2) + (g ¢(w + 1) + (5" C(w) + 5w +3) + (20w +2)
+ G Cw +1) + G C(w) + Gl(w +3) + Gl(w +2) + G w + 1) + ¢ C(w)
+G3¢(w +3) + GoC(w +2) + (5w + 1) + 5" C(w)
=(C+ ¢+ +G)C(w+3)+ (G + G+ +)wt2)
+ (G + G5 + ¢+ G+ 1) + (6 + 6+ + )¢ (w)
=(7C(w +3) + Cal(w +2) + (7 ¢(w + 1) + ¢ ().
By induction hypothesis, assume that the outcome is true for k + 3. Then we will show that the outcome is true
for k 4+ 4. We have
Cw+k+4)=Cw+k+3)+(w+Ek+2)+(w+Ek+1)+((k+w)
=(Cop3C(w +3) + Gl(w +2) + GLsClw + 1) + G C(w) + Copallw +3)
+ G1C(w +2) + GlaCl(w +1) + Gl (W)
 Gepa Gl +8) F GuoaClw + )+ (yaCw + 1) + ¢ C(w)
+ GO +3) + GemaClw +2) + GO+ 1) + (W)
=(Cras + Chpz + G + GG +3) + (G + Geo1 + Ge2 + Ge-3)C(w + 2)
+ (Ciys + Gl + G + GG + 1) + (Ghs + Glka + Gl + G C(w)
=CopaC(w +3) + Gr1C(w +2) + Gpal(w + 1) + Ghal(w).

This completes the proof. [

Corollary 3.2. If {¢,} is a sequence of tetranacci numbers with ({ = (5 =0 and (§ = (; = 1, then

8% = 0% + (Ghg + Chog + Cho1)6” + (Cooo + Ceo1)d + Gy (3.1)

where § > 1 is a solution of the equation w?* — w?® —w? —w —1=0.
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Proof . Since ((w) = §* is a tetranacci function, by Theorem [3.1

C(w+k) = Gl(w+3) + Cp-al(w +2) + ¢C(w + 1) + '¢(w) (3.2)
8P = o 4+ (Gos + Gog + G )02 4 Gy + o) + Gy 0%

Since § is greater than one, (3.2]) implies (3.1]). O

Theorem 3.3. Let {p} be a tetranacci sequence. Then
Ploik) = GPora) + (Gor + Geoa + Gomg) Ploz) + (Gooy + Gema) Py + Ga Pl

Proir—1 = GPuora) + (Comt + Gio + Goms) Plora) + (Comt + Gom2) Py + Gom1 P -1
Prosir—2 = G Progr) + (Coo1 + o + Goo3)) Plo) + (Gt + Gio) Pro—1) + o1 P2,
Protr—3 = G Py + (Comt + Como + Gog) P + (Gom1 + Gro) Po—g) + G Pluj—3-

Proof . We know that ((w) = P[w]_gl3 + PM_QZQ + Pj—1l + P, is a tetranacci function. By Theorem we have

P_oiiperao)l + Pooyora)l® + Pogi i) 4 Piw] = ((w + k)
=Cl(w +3) + (Gomg + Goma + Gom)C(w +2) + (Gooy + Goa)C(w + 1) + Gy ((w)
=(Choz + Choo + Gr1) (Poge] + Potpra)l + Pootppragl® + Pogippral®)

+ (Gt + Grma) (P + Porppral + Pooypya)l® + Poaypiywl’)

+ G (Ploga) + Puosal—1l + Pusa—20® + Poyg)—3l®) + Gy (P) + Potg )l + Pogyw)l® + Posgiwl?)
=Ch—1 Pl + Py + (Gomg + Como + Com1) Pragw) + (Gt + Goo) Py

+ (G Proray + (Chms + Coma + Com1) Proga) + (Comt + Como) Pry + Com1 Prg—1)!

+ (G Pros+1) + Gz + Goo + CGom1) Py + (Ghq + o) Po—y) + (1/#1P[w]—2)l2

A (G Py + (Grmg + Como + Ch1) Plo—1) + (Gt + Gomo) Plo—2) + Cllc—1P[w]—3)ls-

This completes the proof. [

Corollary 3.4. If k > 4, then

Cotk] = CkCw+3 + (Grs + Choo + Com1)Cwl+2 + (Gt + Ch—2)Cwl+1 + Cho1Cws (3.3)
Cuotrl—1 = Gllwgre + (Coms + Coma + o)1 + (Comt + Com2)Ciuw] + Ch1Cwl -1 (3.4)
k-2 = Cillwl41 + ooz + Coma + Cm1)Clw] + (Gmt + Ch2)Cul—1 + G Cwl—25 (3.5)
Clotkl—3 = Chllw) + (Chz + Cha + Com1)Cw)—1 + (Cho1 + Coe2)Cw—2 + Coo1Cw)—3- (3.6)
Corollary 3.5.
Clera) = CiCr + (Crmg + Coma + Gr1)Go + (Gt + Coma)Gs + Cim1Ca (3.7)

Proof . Putting w =4 in (3.3) or w =5 in (3.4) or w =6 in (3.5 or w = 7 in (3.6)), we get the desired results. O

4 Quotients of tetranacci functions

Theorem 4.1. If {(w) is a tetranacci function and C(gz;r)l) is a quotient of {(w), then lim S(wtd)

Jim =0 exists.

Proof . Let us take a; = ((w), 2 = {(w+ 1), a3 = ((w+ 2) and ay = {(w + 3), which are all positive.
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Case (i) Since w’ is any real number, it may be rewritten as w’ = w + k, where k is an integer.

. C(w’—i—l) . C(w+k+1)

hm _— = hm —_—
w=oo () k—oo  ((w+ k)
_ Cropr10a + (Cog + Gy + (as + (g + (az + Gan

koo Cpaa + (G g+ o+ G)as + (Go + Gog)az + (o

Croa i C;271

Gy
. Cl/c < a4 + (7% + 1) a3 + ( c + 1) o + aq
k—o0 Cllv—l /C;/c Qg+ (Ck—3/+<k72 + 1) as + (C;;.,z 4 1) as + oy
<k—1 Ck—l Ck—l

Sag+ (3 +3+1)az+ (3 +1)az+ay
Sag+ (3+3+1)az+ (3+1)az+ay

)

!
Chs1

is a solution of the equation w* —w? —w? —w —1 = 0 for which § € (1,2). Hence lim C(CQE:)U =J4.
w—00

Case (ii) Since w is any positive real number, it may be rewritten as w = o1 + 209, where o7 is a real number and
09 1s a natural number.

Cw+1) ((og+202+1)

where § = lim C’
k—o00 k

Cw) — C(o1+209)
_ (o1 +202) + (01 + 202 — 1) + ((01 + 202 — 2) + ((01 + 202 — 3)
B C(o1 + 202)
_ 1+C(01+202—1)+C(01+2U2—2)+C(01+202—3)} <9
C(o1 + 202) 7
since Clo1 + 205 = 1) + (o1 +202 = 2) + (o + 205 = 3) < 1. Consider the sequence {M}w . Then we
C(o1 + 209) Clor+202) [, 4

have to prove that this sequence is monotonically increasing. Let us take two consecutive sequences

(o1 +2(02+1)+1) (o1 +202+1)  ((01+202 + 3)) (o1 +202 +1)
C(o1 +2(02+ 1)) Cloy +202) ((oy + 200 +2 C(o1 + 209)
C(o1 4 202 + 3)((01 + 202) — ((01 + 202 + 1){ (01 + 202 + 2)
C(o1 4202+ 2)((01 + 202)
S 3¢(o1 + 203)? S
C(o1 + 209 + 2)¢(01 + 202) —

since the numerator part is non-negative. Hence it is increasing monotonically, and so there exists the limit. That is.,
lim $gif20etD) gy SlwtD)
0o —00 ¢(o1+202) w—00 ¢(w)

)

exists. [

5 Conclusion

In this research work, we studied tetranacci numbers and defined tetranacci functions on real numbers. We applied
induction technique to obtain useful results for tetranacci functions with tetranacci numbers and also proved that the
limit of quotient of tetranacci function exists. This analysis can also be compassed for higher levels (like pentanacci,
hexanacci, heptanacci, ---) in future.
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