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Abstract

This paper presents the results of approximating coupled fixed point of kannan interpolative contraction mappings. Let
X be a complete metric space and T : X x X — X be a coupled mapping. We proved the existence and uniqueness of
a fixed point theory using coupled interpolative Kannan contractions. We also proved the stability of the interpolative
Kannan contraction to validate the well-posedness of the conditions. Our results extend some results in the literature.
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1 Introduction

In the realm of mathematical analysis and its applications, fixed point theory has grown in popularity in recent
years. It is well known that the challenge of solving a nonlinear equation is closely related to the approximation of fixed
points of a matching constructive type operator. Consequently, there is theoretical and practical interest in approx-
imating fixed points of numerous contractive type operators. In this paper, we established results of approximating
coupled fixed point of kannan interpolative contraction mappings.

In the study of the existence and approximation of the solutions of various nonlinear problems, including opti-
mization problems, variation inequality problems, inclusion problems, equilibrium problems, and nonlinear functional
equations, fixed point theory provides valuable tools for nonlinear analysis. Aniki et al. [I], obtained coupled fixed
points theorem for mappings satisfying a contractive condition of integral type in cauchy Spaces. Bhasker and Lak-
shmikantham [3], presented fixed point theorems results in partially ordered metric spaces and applications. Bota
et al. [4], introduced fixed points and coupled fixed points in b-metric spaces via graphical contractions. Guo and
Lakshmikantham [5], established Coupled fixed points of nonlinear operators with applications. Hammad and Zayed
[6], built systems of new generalized contractions by employing two control functions and coupled fixed-point theorems
with applications. Kannan [7], introduced Some results on fixed points. Karapinar [§], Revisited the Kannan type
contractions via interpolation. Karapinar [9], constructed approach to Interpolative Kannan-Meir-Keeler type contrac-
tion. Liu et al. [10], deduced common coupled fixed point theorem for Geraghty-type contraction in partially ordered
metric spaces. Olatinwo and Tijani [I1], extended coupled fixed point concept in higher dimension and applications.
Opoitsev [12], constructed heterogeneous and combined concave operators. Rauf and Oyekanmi [I3], published some
results of coupled iterative fixed point approximation.
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2 Preliminaries

Definition 2.1 (Coupled Fixed Point). [I] Let X be a nonempty set. A pair (z,y) € X x X is called a coupled
fixed point of the mapping f : X x X — X if it is a solution of the system.

F(z,y) =z and f(x,y) =y.

Definition 2.2 (Coupled Generalized Interpolative Kannan Contraction). [8] A self mapping T : X x X —
X is called a coupled generalized interpolative Kannan contraction if there exist A € (0,1), v € (0,1) for which

a(T(@,y), T(u,0)) < Amax [d(z, T, ) d(u, T(u,0))' 7, (@, T(@,)' " d(w, Tu,0)7] (2.1)
for all z,y,u,v € X with z # T(z,y) and u # T (u,v).
Definition 2.3 (Coupled Fixed Point Iterative Procedure). [§] Let (X, d) be a metric space and 7' : X x X —
X a mapping. For (zo,y0) € X x X, the sequence {(zn,yn)},—q C X x X defined iteratively by
Tn+1 :T(xruyn)y Yn+1 :T(ynvxn)> n=20,1,2,--- (22)
is said to be a coupled fixed point iterative procedure.
Definition 2.4. [9] Let (X, d) be a complete metric space. Suppose that
fizx(T) ={(z",y*) € X x X|T'(z*,y*) =", T(z*,y*) =vy"} (2.3)

is the set of coupled fixed point of T. Let [(zy, yn)]flo:o C X x X be the sequence generated by an iterative procedure
involving T defined by

Tn+1 = f(T7 (x’ruyn))a Yn+1 = f(Ta (yn7xn))7 n = 07 17 2a e (24)

where (z9,y0) € X € X is the initial approximation and f is some function. Suppose [(zy,, yn)]rey C X X X converges
to a coupled fixed point (z*,y*) of T. Let [(un,v,)],—, be a sequences in X x X and set

€ = d(UnH,f(T, (un,vn))), 5, = d(VnH,f(T, (vn,un))) (n=0,1,2,---).

Then, the coupled fixed point iterative procedure is said to be T'—stable, or stable with respect to T if and only if
lim €, = lim 0, =0 implies lim U, = z* and lim V,, = y".
n—oo n—oo n—oo n—oo

Lemma 2.5. [I1] If 6 is a real number such that 0 < § < 1, and [b,]52, is a sequence of positive numbers such

lim b,, = 0, then to any sequence of positive number [a,];2, satisfying
n—oo

Gnt1 < da, + by, (n2071a2a) (25)
we have lim a, = 0.
n—oo

Lemma 2.6. [2] If ¢/ : R* — R™ is a subadditive comparison function and [e,]2°, is a sequence of positive number
such that lim e, = 0, then to any sequence of positive number [U,];2, satisfying
n—roo

Un+1 < Zékwk(Un) + €n, n:07172a"' (26)
k=0

where §; € [0,1], k=0,1,2,---,m,0< E O0r <1, we have lim U, = 0.
n—oo
k=0

Lemma 2.7. [2] If {x,}, > 0 is a sequence of non negative real numbers satisfying
Tnt1 < P1in + Boxn-1,n 2 1, (2.7)
where 81, 82 € (0,1) are such that 8; + 82 < 1, then:
(a) {@n}n>0 is convergent;
(b) There exist L > 0 and 6 € [0,1] such that
z, < L-0", foralln > 1. (2.8)

(c) If 51 + B2 < 1, then z, — 0 as — oo.
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3 Main Results

This section presents the results established by approximating coupled fixed point of kannan interpolative contrac-
tion mappings.
Theorem 3.1. Let (X, d) be a complete metric space and T : X x X — X be a coupled interpolative Kannan type
contraction, a self-map such that there exist A € (0,1), v € (0,1) so that

A(T(2,y),T(u,v)) < Xd(x, T(x,9))) (d(u, T(u,v)))" 7 (3.1)
for all ,y,u,v € X with © # T(z,y); v # T(u,v). Then, T has a unique fixed point in X x X
Proof . Let zg, yo € X and construct the sequence [x,] by @11 = T(2n, yn) for all positive integer n. Taking © = x,,,
Y =Yn,
d(xn-i-h xn) :d(T(xna yn)a T(xn—la yn—l))

<)\d(xn,T Ty Yn) )AY . d(xn_l,T(xn_l,yn_l))177

1—v (32)
f)\d<x a:n+1) (:z:n 1,a:n)
1—y
d(anrlyxn é)\d(l'naxn+1) (xn 1,1’n)
This implies
1—y
A(Tns1, 20) 7 < /\d<xn,1,xn) (3.3)
Similarly,
d(.’L'»,“ anrl) = d(T(xnfla ynfl)a T(mna yn)>
v 1—r
(-Tn 1, xn—lvyn—l)) : d(xan(xnvyn)> (34)

~
d(xnyxn-&-l (xn 1, wn—lvyn—l))
From (3.3)) and (3.4)), we obtain
d(In,$n+1) < /\d(zn—lyT(In—layn—l))~

Therefore,
AT, Tnt1) < Md(xp—1,2,) foral n>1.

Next, we show that the sequence is a Cauchy for m,n € N with m > n. That is,
d(’l}n,l'm) § d<xn’$n+1) + d(xn+17xn+2) + d(xn+2>xn+3> + -+ d(xm—la xm)
< Nd (0, T(wo, o) ) + A" (w0, T(wo,40) ) + -+ + "0, T, 0))
< [)\n + )\n-i-l + )\n+2 + .4+ )\m—l] d(iEo,T(l‘o,yo))
)\n
< 1— )\d<I07T(z0ay0))

A(Tp, Tm) < )\d(xo, T(xo, y0)>.

Hence, the sequence is a Cauchy sequence. Since X is complete, then X, converges to a limit [, therefore exist a
limit such that the sequence converges to the limit say, for a given (I,v) € X x X.

1=T(,v)
d(zni1,l) = d(T(:cm yn)7T(lvv)>

< )\d(xn, T(wn, yn))w : d(l,T(l, v))
d(zps1,1) = 0

lim z =1
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Similarly, for

lim y, = v.
n—oo

Hence, [ is the fixed point. Suppose there exist another fixed point ¢ = T'(¢,u). Then
d(l.q) = d(T(L,v), T(q,w))
¥ 1=y
<Ad(LT(w) - d(e.T(aw)
d(l,q) =0.
Therefore | = q. Hence, the fixed point is unique. [J

Theorem 3.2. Let F be a let (X, d) be a complete metric space and T is a coupled self mapping on X such that

A7), () < A(de, T, 9))) " (dly, T0,0)))

for all x,y € X with # # Tz and y # Ty, and where A € [0,1] and +, 8 € [0,1] such that v+ 8 < 1 if there exist
x € X such that d(z,T(z,y)) > 0, then T has a fixed point in X. Let F' be a bounded, closed and convex subset of a
Banach space X and let E : F X F' — F be weakly nonexpansive and demicompact operator. Then the set of coupled
fixed points of E is nonempty and the double iterative algorithm {(z,z,)}o2, given by x¢ in F and

Tnt1 = ANn + (L= N E(zp,2,), n>0 (3.5)
where A € (0,1), converges (strongly) to a coupled fixed point of E.

Proof . Let xg,yo € X, and let the sequence x, 1 = T(x,,yn) for all positive integer n. Taking x = z,, y =yn
d(Tp, Tnt1) = d(T(xn—la yn—l)aT(xnayn))

<M1, T a0 1) - (de T )

Since B+v<1.. B<l—-vandy<1l-p

(4 20s)) " < A (A1, T ) < A (A1, T 0 1)

Therefore 1-8 1-8
(d(mn,xn+1)> < )\<d($nflvT($nflvynfl)))

and .
d(-r'ru $n+1) < )\md(xnfh mn)

§ Ad(xn—la wn)

for all integer n > 1,

(A 20) = AT, o), T(ams,ynm)

d(l‘nfl, T(-'If‘n717 yn71)>

< )\Qd(l'n727T(xn727yn*2)>

< A”d(l"o, T'(zo, yo))
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Next, we show that {x,} is a Cauchy sequence. For all m,n € N If m <n

d(xm; 'Tn) S d(ﬂ?m, Im+1> + d($m+1a xm+2> + -+ d(xn—lv In)
< AN™d(20, T(0,Y0)) + A" d(z0, T(20,0)) + N 2d(20, T(z0,Y0))
+ -+ A (o, T(20, y0))
< A AL AmE2 gz d(a:o,T(xo,yo))
)\m
<
—1-)\m

d(BCO, T'(zo, yo))

Ifm>n
A(Xp, xm) < d(:r:n,an) + d(mn+1,xn+2) 4t d(acm,hxm)

< X'd(wo, T(z0,90)) + N d(20, T(x0, o)) + -+ - + A" 'd(z0, T(0, y0))
< [N+ AL /\”71] d<1‘o,T(l‘o,yo))

n

< 1)\ )\d(xo,T(ifo»yOD

< d(xovT(ﬂﬂo’yo))

Hence, the Cauchy sequence. Since X is complete, then x,, converges. Suppose there exists, (I,v) € X x X, then
the sequence and a limit, say (I,v) € X x X such that { = T'(/,v). Therefore

dnin,1) = d(T(e0,92). T(0,0))
< A(d(xn,T(:cn,yn)))l_7 : (d(l,T(l, v)))ﬁ

since T'(I,v) =1

d(xpi1,1) =0
e Tt =

Hence, [ is the fixed point of T'. Suppose there exist another fixed point of T. Say ¢ such that ¢ = T'(¢, ), then
a(l,q) = d(T(Lv). T(qv))

< A(d(z,T(z,u)))7 : (d(q,T(q,u)))B
d(l,q) =0

Hence, fixed point of T' is unique. [

Theorem 3.3. Let (X,d) be a complete metric space and T is a coupled self mapping i.e. TX x X — X such that

d(T(a;y),T(u,v)) <Amax {(d(:ﬂ,T(m,y)))v . (d(u,T(u, v))) ) (d(u,T(u, v)))’y . (d(w,T(x, y)))l_q
for all @, y,u,v € X with @ # T(z,y) and u # T(u,v). v € (0,1) and A € (0,1). Then T has a fixed point in X.
Proof . Let (z9,y0) € X x X and define z, 1 = T(Zn,yn) and Y1 = T (Yn, Tn), then
d(@n, Tn1) = d(T(xn—l, Yn—1), T (@n, yn))
< Ama [ (A1, TG 000)) - (e )

(dnr T@nr o)) (dln T ) ]
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Case 1if z, < Ty

d(Tn, Tny1) < )\(d(xnflvT(fnflvynfl)))l_’y : (d(wan(fn»yn)))Y

A2 2) 7 <A (A1 T )
d(@n, Tni1) < Aﬁd(mn—laT(xn—layn—l)>
d(Tpn, Tnat1) < Ad(xn_l,T(xn_l,yn_l))

< /\zd(wnfz,T(SUnfz,ynfz))

S )\3d<l'n73, T(xn737 yn73)>

d(xnv xn-i—l) S And(x07 T(l‘o, yO))
Case 2 if z,, > 11

A, 2 2) <A (A1, T 00) (T wn))

<\ l‘n_l,T(-Tn—layn—l))
< )\2d<$n72, T(l'n727 yn72))

S )\Sd(a:n_g, T(xn—l?ca yn—3))

S )\nd(an T(an yo))
Hence, both cases converges. Case 1 If m <n

d(Xm, Tn) < d(xm, Z’m-‘rl) + d(a:'fn-‘rla xm+2> + d(mm+2’ Jim+3> o d(x"l—h x”)
< \N"d(20, T(z0,90)) + N d (20, T(20,90)) + A" 2d(x0, T(20,50)) + - - - + N Yd(20, T'(x0, 40))
[)\m + )\m+1 4 >\m+2 + -+ )\nil} d(.fo,T(anyO))
A

< ﬁd(x()a T'(zo, yo))

IN

)\m
ﬁd(xo,T(xo,yo)) —0 as m,n — 0.

This indicate d(a:m, xn) can be made arbitrarily small by large m and n, hence d (mm, :I:n) is a Cauchy sequence.

Case 2 If m > n. Following the above prove

n

<
d(ll?m,xn) =71 )\d<$07T(I07y0))

we conclude the sequence is a Cauchy sequence. The sequence converges to some p* € T such that

lim z,41 = lim 2z, =p* =T(p",u)
n—oo n—oo
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A1, p7) < d(T(@n,yn). T(6" )

< Amax [ (dan, Danya))) - (06", 76" )

" (a0t 7 ) (e Tan))

Therefore d(xn11,p*) = 0 and so lim,, ., = p*. Suppose there exist another fixed point of ¢* such that ¢* =
T(q*,v)

d(p",q") = d(T(p",u), T(g" )

< Amax {(d(p*, T(p*, U))>Py

Y

(e 7o) (ata 7o) (a0, T w) ]

d(p*,q") =0

Hence

We conclude that the fixed point is unique. [J

Theorem 3.4
Let (X,d) be a complete metric space and T : X x X — X be a mapping satisfying coupled interpolative Kannan
contractive condition

1—y

d(T(x,y),T(u,v)) < A(d(T(av,y),T(u,v)))ﬂY . (d(u,T(um)))

for all x,y,u,v € X,z # u,y € (0,1) and A € (0,1). Suppose T has a coupled fixed point (z*,y*). For (zg,y0) € X x X,
let [(Zn,yn)] € X x X be the coupled fixed point iterative procedure defined by (Olatinwo, 2012). Then, the coupled
fixed point iterative procedure is stable with respect to 7.

Proof . Let [z,], [yn] C X x X, €, = d(UnH,T(un,vn)) and 0, = d(VnH,T(Umun)). Let lim e, = lim 3, = 0.
n o0

n—oo
We shall prove that lim U, = 2* and lim V,, = y*. Using the stated contractive condition, we have
n—roo n—oo

d(UnH,x*) < d(UnH,T(un,vn)) + d(T(un, vn),w*)

d(T(un, vn), T'(z*, y*)) + €,

< A(d(umT(un,vn))yY . (d(az*,T(x*,y*)))l_v + € (3.6)
— A(d(un,T(un,vnD)w . (d(m*,ac*))l_’y + e
<eén

Similarly

Adding and we have
d(un+1,x*) + d(vn+1,y*> <€, + 0, (3.8)
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by Theorm 3.1 we have [en + (5n] = 0. Hence we have

i i) )] <o

That is, lim d(un+1,x*) =0 & u,=2a"

n—oo

lim d(vn+1,y*> =0 & v,=9y"

n— oo

O

Theorem 3.4. Let (X,d) be a complete metric space and T : X x X — X a mapping satisfying a generalized
interpolative Kannan contractive condition

d(T(m,y),T(u,v)) < Amax [d(x,T(m,y),)w . d(u,T(u,v)) 7,d<x,T(m,y)>1 T d(u,T(u, v),)q

for all z,y,u,v € X, v #u, A € (0,1) and v € (0,1). Suppose T has a coupled fixed point iterative procedure defined
in Theorem 4.4. Then, the coupled fixed point iterative procedure is T —stable.

Proof . Let (z,,), (yn) C X x X, €, = d(unH,T(un,vn)) and 6, = d(vnH,T(vn,un)). Let lim ¢, = lim ¢, = 0.

n—o0 n—oo

We shall prove that lim U, = x* and lim V,, = y*. Using the stated contraction, we have
n—oo n—oo

d(un+1,x*) < d(un+1,T(un,vn)) + d(T(un,vn),x*)
= d(T(un,vn),x*) + €n

I—y

< Amax [d(un,T(un,vn))w . d(x*,T(x*,y*))liv,d(un,T(un,vn)) . d(m*,T(m*,y*))v] +en (3.9)

= Amax [d(un,T(un,vn))“Y . d(x*7ﬁ*)l—V’d(un,T(umvn))l—W . d(x*jx*)q + €n
< €n.

Similarly
d(vn+1, y*) < d(UnJrh T (vn, un)) + d(T(Um Up), y*)

= d(T(vn,un),y*> + 0n

1—y

< Amax [d(vn,T(vn,un))’Y . d(y*,T(y*,x*)) ,d(vn,T(vn,un)ydy . d(y*,T(y*,x*))w} + 0, (3.10)

= Amax {d(vn,T(vn,un)yY ) d(y*7y*)l—"Y’d(vn,T(vn,un)y—V .d(y*’y*)q + 0n

<.

Summing equations (3.9) and (3.10]), we have

d(un+17‘r*) + d(vn+17y*) < ép + On.

By Theorem 3.1
lim {en + 54 =0 which implies that

n—oo

lim d(unﬂ,x*) =0 & u,=21a"

n—oo

lim d(vnﬂ,y*) =0 & v, =y"

n— oo

Hence, the iterative scheme is stable with respect to T'. [J
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Theorem 3.5. Let (X, d) be a complete metric space and T : X x X — X a mapping satisfying a coupled relabled
(X, ~, B)—interpolative Kannan contraction

A1) T 0) <3 @), ) (0T e)

forall z,y,u,v € X, 0<A<1,0<v, B<1withO<~y+8<1.

Proof . Let {z,}, {yn} C X, €, = d(un+1,T(un,vn)) and §,, = d(vnH,T(vn,un)). Assume that lim ¢, =
n—oo
lim §, = 0. Then, we shall prove that

n— oo
lim w, =2* and lim v, =y*.
n—oo n—oo
By triangle inequality and contractive condition we have

d(unﬂw*) < d(unH,T(un,vn)) + d(T(un,vn),x*)

< d(T(unavn)71'*) + €n

(3.11)

Similarly

(3.12)

Adding equation (3.11]) and (3.12) we have
d(unJrh x*) + d(anrlv y*) < €p + On.

By Theorem 3.1,
lim [en +5n} =0 ie lime, =0 and lim 4, =0.

n— oo n—roo n—oo

Therefore the iterative scheme is T—stable. OJ

Conclusion

In this paper, results of coupled fixed point theorem of Kannan Interpolative Contraction Mappings has been
established by showing the existence and uniqueness of a fixed point theory as well as its stability.
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