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Abstract

In this paper, results of w-order reversing partial contraction mapping generated by approximation results of non-
homogeneous Cauchy problem were presented. We investigated the concepts of C’, strong and respectively C°-solution.
We established that Z : D(Z) C X — X is the infinitesimal generator of a Cp-semigroup of contraction, £ € X and
f € L%*(a,b; X). Furthermore, we deduced that the unique C°-solution is strong and that the class is absolutely
continuous on [a, b].
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1 Introduction

Suppose Z : D(Z) C X — X is the infinitesimal generator of a Cp-semigroup {J(t);¢ > 0}, then for each a > 0
and £, € D(Z), the function u : [a, +00) — X, defined by u(t) = J(t —a)& for each ¢ > 0, is the unique solution of the

homogeneous Cauchy problem
u' = Zu
1.1
o2t ()

From this reason, it is quite natural to consider that, for each £ € X, that function v’ = Zu + f, u(a) = £ is a
solution for (1.1)), in a generalized sense. We then consider the non-homogeneous problem

u=Zu+f
{ u(a) = €, (1-2)

where Z is the infinitesimal generator of a Cy-semigroup, £ € X, and f € L'(a,b; X). Assume that X is a Banach
space, X, C X is a finite set, H is Hilbert space, w — ORCP, the w-order reversing partial contraction mapping, M,,
be a matrix, £(X) be a bounded linear operator on X, P, a partial transformation semigroup, p(Z) a resolvent set,
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o(Z) a spectrum of Z. This paper consist of results of approximation results of non-homogeneous Cauchy problem of
semigroup of linear operators. In [I] and [2], Akinyele et al. established differentiable and analytical conclusions on w-
order preserving partial contraction mapping in semigroup of linear operator. They also made a description of w-order
reversing partial contraction mapping as a compact semigroup of linear operator. An operator calculus for infinitesimal
semigroup generators was showed by Balakrishnan [3]. Banach [4] introduced and first proposed the idea of Banach
spaces. The nonlinear Schrédinger evolution equation was established by Brezis and Gallouet [5]. A resolvent method
to the stability operator semigroup was generated by Chill and Tomilov [6]. Davies [7] discovered the spectrum of linear
operators. For equations of linear evolution, Engel and Nagel presented the one-parameter semigroup in their paper
[8]. Omosowon et al. [9] produced some analytical results of semigroup of linear operator with dynamic boundary
conditions, as well as introducing dual properties of w-order reversing partial contraction mapping in semigroup of
linear operator in [I0]. In their study, Omosowon et al. [II] derived the outcomes of a semigroup of linear equations
that produced a wave equation. Rauf and Akinyele [12] created w-order preserving partial contraction mapping and
acquired its qualities. Also in [I3], Rauf et al. established some results of stability and spectra properties on semigroup
of linear operator. Vrabie [14] demonstrated a few applications of the Cy-semigroup’s findings. Yosida [I5] derived
several conclusions on the differentiability and representation of a linear operator one-parameter semigroup.

2 Preliminaries

Definition 2.1. (Cy-Semigroup)[I4] A Cp-semigroup is a strongly continuous one parameter semigroup of bounded
linear operators on a Banach space.

Definition 2.2. (w-ORCP,)[12] A transformation o € P, (partial transformation semigroup) is called w-order
preserving partial contraction mapping if for all z,y € D(a) : z < y == azr > ay and at least one of its
transformation must satisfy ay = y such that T'(t + s) = T'(t)T(s) whenever ¢, s > 0 and otherwise for T'(0) = I.

Definition 2.3. (classical or C’-solution)[I4] The function u : [a,b] — X is called classical, or C’-solution of the
problem (1.2)), if u is continuous on [a, b], continuously differentiable on (a,b] , u(t) € D(Z) for each t € (a,b] and it
satisfied u(t) = Zu(t) + f(t) for each ¢ € [a,b] and u(a) = &.

Definition 2.4. (Absolutely Continuous)[14] The function u : [a,b] — X is called absolutely continuous, or strong
solution, of the problem ([I.2), if u is absolutely continuous on [a,b], v’ € L'(a,b; X), u(t) € D(Z), that is for ¢ € (a, ),
and it satisfies u/(t) = Zu(t) + f(¢t) almost everywhere for t € (a,b) and u(a) = &.

Definition 2.5. (C° or mild solution)[I4] The function u : [a,b] — X, defined by
¢
u(t) =J({t—a) + / J(t —s)f(s)ds (2.1)
is called C° or mild solution of problem (1.2)).

Example 2.6. For every 2 x 2 matrix in [M,,(R™)]. Suppose that
2 0
7= (5 3)
and let J(t) = e'Z, where A is any vector, then we have
2t
e'? = (eAt gt) .
e e

Example 2.7. For every 3 x 3 matrix in [M,,(C)], we have
for each A > 0 such that A € p(Z), where p(Z) is a resolvent set on X. Suppose that we have

2 21
Z=12 2 2
A 2 2

and let J(t) = e'%>, then we have
th)\ 62t)\ I

tZx — | g2tA  g2tA S2tA
AN o2t 26N
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Example 2.8. Let X = Cy,(NU {0}) be the space of all bounded and uniformly continuous functions from N U {0}
to R, endowed with the sup-norm || - || and let {J(¢);¢ € Ry} C L(X) be defined by

[J()f1(s) = f(t+s)

For each f € X and each ¢,s € Ry, one may easily verify that {J(¢);t € R} satisfies in Examples 1 and 2.

Example 2.9. Let Z : D(Z) C X — X be the infinitesimal generator of a Cyp-semigroup {J(¢); ¢t > 0}, for which
there exists 7 € X such that J(t)n ¢ D(Z) for each ¢ > 0. Let us define f(s) = J(s)n for each s € [0, 7] and let us
observe that f is continuous. On the other hand, the problem with & = 0 has no solution. Indeed, if u is a strong
solution of the problem 7 in view that each classical solution of is a strong solution of the same problem,
but not conversely, it is then given by

u(t) = /0 J(t— 8)J(s)nds = t.J()n

for each ¢ € [0, T, function which clearly is not almost everywhere differentiable on [0, T].

Example 2.10. Let H be a real Hilbert space, whose inner product is denoted by (-,-) and let Z : D(Z) C H - H
where Z € w — ORCP,, such that —Z generates a Cy-semigroup of contractions on H. Assume that Z is self-adjoint
and invertible with compact inverse Z~!. Then by positive definite properties of Hilbert space, there exists a sequence
of positive numbers py > 0, pp+1 < pg for k € N and an orthonormal basis {ex; k € N} of H such that

Z e, = prer (2.2)
for ke Nand Z € w— ORCP,. Let A\, = u,;l, and observe that e, € D(Z) and
Zep = Apeg
for k e Nand Z € w — ORCP,,. We also have that khj& Ar = +oo. Assume that o > 0 and defined Z,, : D(Za) C
H — H by
D(Z,) = {u € Hiu= iukek, i/\za\uﬂz < —|—oo}

k=1 k=1

Zou=Y Mure for uw€D(Zs) and Zo€w—ORCP,.
k=1

A simple calculation shows that Z, = Z%. We notice that D(Z%), endowed with the natural inner product
(,Ya : D(Z*) x D(Z%) — R, defined by

<u’ ’U)a = Z )‘ia<uk7 vk>
k=1

for each u,v € D(Z*), u =Yy, urek, v =y o, Vke; and Z € w — ORCP, is a real Hilbert space. In addition, with
respect to this inner product, the family {\, “ex; k € N} is an orthonormal basis in D(Z?).

3 Main Results

This section presents approximation results of non-homogeneous Cauchy problem of semigroup of linear operators
generated by w-ORCP, :

Theorem 3.1. Suppose that Z : D(Z) C H — H, (where H is Hilbert space) is a linear self-adjoint operator which
generates a Cp-semigroup of contractions for all Z € w — ORCP,. Let u € W12(0,J, H) with u(t) € D(Z) almost
everywhere for ¢ € [a,b], and Zu € L?(a,b; H). Then the function ¢ — 1(Zu(t),u(t)) is absolutely continuous on [a, b]

and
% (;(Zu(t)m(t))) — (Zu(t), u/ (1) (3.1)
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Proof . Let A > 0 and let Z, € L(H) (which is a linear space on H) be the Yosida approximation of Z. Obviously,
Z) is a self-adjoint operator. Suppose that H is reflexive, then each function u € W1P(a,b; H) is almost everywhere
differentiable on (a,b) and for each ¢ € [a, b], we have

u(t) = u(a) Jr/ u'(s)ds, (3.2)

So that it is absolutely continuous on [0, J], almost everywhere differentiable on (0, .J), its derivative belongs to
L?(a,b; H), and u is given by

u(t) = u(0) —|—/0 u'(s)ds. (3.3)
Then we have
g <;<Z,\U(t),u(t)>) = S{Zault), (1)) + {2 (1), u(0)) = {Zxult), o (1), (3.4)
Integrating from s to ¢, we obtain
323000 = 329} = [ (Zyuta). (). (35)

Since Z : D(Z) C H — H is a linear operator, we can assume that for each A\ > 0 we have (I —A\Z)~! € L(H) and
1= A2) gy < 1. (3.6)
Moreover, let us observe that if Z is densely defined for A > 0, AI — Z is invertible with continuous inverse and
_ 1
1A = 2) ) < Y

for all Z € w — ORCP,,. Then

lim AR(\; Z)x = x (3.7)
A—00
forx € H and Z € w— ORCP,,
Zyr = N’R(\; Z)x — A (3.8)
for each x € H, we have
)\li_)n;o Zhx = Zx (3.9)

for each z € D(Z) and Z € w — ORCP,. By Lebesque’s dominated convergence theorem, we can pass to the limit in
(13.5). Then we have

1 1 K

5 (Zu(d).ut) - 3{Zus).u(s)) = [ (Zulw). o/ )y
for each a < s <t < b. Therefore, the function ¢ — 3(Zu(t),u(t)) is absolutely continuous on [a,b] and (3.1)) holds.

Then the proof is completed.
O

Theorem 3.2. Let Z : D(Z) C H — H be infinitesimal generator of a Cy-semigroup of contractions {J(¢);¢t > 0}. If
Z € w — ORCP, and self-adjoint, then for each £ € X and f € L%(a,b; X), the unique C°-solution of is strong.
Moreover, the function ¢ — (t—a)/?u/(t) belongs to L?(a, b; H), the function ¢ — 5(Zu(t), u(t)) belongs to L' (a, b) and
for each c € (a,b), is absolutely continuous on [¢,b]. If £ € D(Z) and Z € w — ORCP,, then for each f € L?(a,b; H),
the unique C%-solution of is srong and satisfies u’ € L?(a, b; H), and the function ¢ — 1(Zu(t), u(t)) is absolutely
continuous on [a, b].

Proof . Since Z : D(Z) C H — H is the infinitesimal generator of a Cp-semigroup of contractions {J(t);t > 0},
Z € w—ORCP,, £ € H and u(t) = J(t)€ for t > 0. If Z is self-adjoint, then u € C([0,4+00); H) N C((0,+00); D(Z) N
C'((0,+00); H) and u is the unique solution of the Cauchy problem

{ Z/(S fg (3.10)
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in this space and

[Zu(®)] < \fHﬁll

for each t > 0 and Z € w — ORCP,. The function t + v/t|| Zu(t)|| belongs to L?(0,+oc) and

/ " ol zu(s)2ds < el (3.11)
o 4

and suppose

£€D(Z), then |Zu(t)|? < §< Z&,€)

for each t > 0 and .
1
t s Zu(t) € L2(0,400), and / | Zu(s)|Pds < 3 (~2¢.€).
0

Then we for each £ € X and ¢t > 0, we have J(t){ € D(Z). This means that the function

t
u(t) =J({t—a)+ / J(t —s)f(s)ds (3.12)
is almost everywhere differentiable on [a, b] and satisfies

' (t) = Zu(t) + f(t) (3.13)

almost everywhere for ¢ € [a,b]. Let us take the inner product of both sides in (3.13) by (¢ — a)u/(t). Since Z is
self-adjoint and generates a Cy-semigroup, by virtue of Theorem we obtain

1d

(t = @)l @)1 = (¢ = @) (Zu(t), u(®) + (¢ =~ (7 0). (1) (314
Integrating from a to b in (3.14), we get
b b b
[t = awore - ¢ - o] - 5 [zaoawe + ¢ - oue.ae

Recalling that since Z : D(Z) C H — H is the infinitesimal generator of a Cp-semigroup of contractions. Then,

we have
(Zz,r) <0,

for all x € D(Z), Z € w— ORCP,, and using

0 0) < SIFOI + S @,
we deduce . . .
[e=alwrds [ ¢-alsoPa- [ zaw.uw
but
(Zu(t), u(®)) = (W' (2) - F(2),ut)

= 2 S o)) — (0 utr), (3.15)

and therefore we have

b b
[ 1zat)utenide = - [ (zuo), uienas
1

< 316+ [ i,

DN
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and
b , b , 1 b
[ t—alwolra< [ @ - ol gi67 + [ 1ol
So, t + (Zu(t),u(t)) is in L'(a,b). For the fact that the semigroup generated by Z is of contractions, then we have

b
lu()[l < €] +/ 1f(s)llds,
a
and accordingly

b b b 2
[ e-alwores [ <ta>f<t>|2+;<||s||+ / If(t)lldt> . (3.16)

From (3.16), we deduce the first part of the conclusion. In order to prove the second, let us consider £ € D(Z),
and let us observe that in this case v’ € L?(a,b; H). Indeed taking the inner product of both sides in (1.1)) by v’ and
integrating over [a, b], we obtain

b !/ 2 1 1 b /
[ IOl = 5ezue).u0) - 5260 + [ oo (317)

From (3.17)), the fact Z is dissipative, and from
b 1 b b
[ [isopas [woPa),

b b
/ o ()|t < —(Z€,€) + / 1 £(t)|dt.

we deduce

Then it follows that u’ € L?(a, b; H). Consequently, Zu € L?(a,b; H) too, and the conclusion follows from Theorem
3.1 and this achieved the proof. [J

Theorem 3.3. Assume Z : D(Z) C X — X (where X is a Banach space) is the infinitesimal generator of a Cjp-
semigroup of type (M,w), let Z € w — ORCP,, f € L*(a,b; X) and £ € X. Then there exist a sequence (£,),—n in
D(Z) and sequence (f,)nen in C1([a, b]; X) such that

lim &, = £ strongly in X

n—oo

lim f, = f strongly in L!(a,b; X)
n—oo

lim w,(t) = u(t) uniformly on [a, b],
n—oo

where u,, is the unique classical solution of (1.2]) corresponding to &, and f,, and u is the unique C°-solution of

problem (1.2]).

Proof . Suppose that Z : D(Z) C X — X is the infinitesimal generator of a Cy-semigroup {J(¢;¢ > 0)}. Then D(Z)
is dense in X and Z is a closed operator for each £ € X there exists (&,)nen such that

Tim &, = & (3.18)

Moreover, since C!([a,b]; X) is dense in L'(a,b; X), for each f € L(a,b; X), there exists (f,)nen, such that in
C*([a, b); X)
lim f, =f. (3.19)
n—oo
Since operator Z is a infinitesimal generator of a Cp-semigroup of contractions, so that f is of class C'* on [a, b],
then for each £ € D(Z), the problem (1.2) has a unique classical solution. Then for each n € N, the Cauchy problem

{ ul, = Aup + f
un(a) =&,
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has a unique classical solution given by the variation of constants formula
t
up(t) = J(t —a)é, + / J(t —s)fn(s)ds.

But the semigroup is of type (M,w), which is bounded, and thus
1Tl Lx) < Me®*

for each t € RT. We then have
[u(t) —un @) < [|J(t —a)(€ = &) +/ [J(t —8)f(s) = fa(s)]]

< 17— a)ll oo € — Eull + / 17( = )0 llF(5) = fuls)]ds
t a
< M0 |¢ — &, + M / =) £(5) — fuls)l|ds

b
< M=o (¢ — ¢, | +/ 1£(s) = fu(s)llds).

Hence the proof is completed. [J

Conclusion

It has been demonstrated in this study that results of approximation results of non-homogeneous Cauchy problem
of semigroup of linear operators generated by partial contraction mapping with w-order reversing has been established.
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