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In this paper, a combined analytical and numerical framework is presented to reduce or
eliminate biaxial bending and torsion-in ionic polymer-metal composite (IPMC) actuators.
The problem is formulated based on the coupled Nernst-Planck-Poisson model for ion
transport and electric field distribution, together with the Euler-Bernoulli beam theory for
mechanical response. The main innovation of this study is the integrated design of a two-
dimensional symmetric electric field distribution V(xy) and modified electrochemical-
mechanical boundary conditions that simultaneously suppress transverse and torsional
gradients. In addition, field- and time-dependent mechanical moduli E and G are introduced
to represent viscoelastic effects and electro-mechanical softening more realistically. This
comprehensive coupling allows the model to maintain both mathematical and physical
symmetry, leading to a uniform ion distribution and balanced bending-torsion response—
an advancement beyond previous electro-chemo-mechanical models that considered
symmetry only partially or in a single direction. Numerical results, using realistic
dimensions and a 5 V applied voltage, show that the proposed symmetric field design can
reduce transverse bending by up to 87.5% and torsional strain energy by up-to 88%. These
findings demonstrate that optimized electric field design, appropriate boundary conditions,
and field-dependent viscoelastic modeling can substantially enhance IPMC actuator
performance and minimize undesired biaxial deformation.

© 2025 The Author(s). Mechanics of Advanced Composite Structures published by Semnan University Press.

This is an open access article under the CC-BY 4.0 license: (https://creativecommons.org/licenses/by/4.0/)

1. Introduction

Ionic ' Polymer-Metal Composites (IPMCs)

high flexibility, low-voltage actuation, and small-
scale operability [1, 2]. A key challenge in their
development is the accurate prediction of

have attracted great interest in soft robotics, electromechanical  behavior.  Conventional

biomedical engineering, and MEMS due to their

models at small scales often lack precision,
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motivating the use of Timoshenko beam theory
with scale effects for more accurate bending and
vibration analysis [3].

Multiphysics modeling of smart materials has
gained increasing attention because of their
wide applications in adaptive and intelligent
systems [4]. Numerous studies on functionally
graded and magneto-electro-elastic nanobeams
have demonstrated that nonlocal parameters
and applied electric or magnetic fields strongly
affect deformation and dynamic responses [5, 6].
Further research confirmed that these effects
are essential for improving the mechanical and
electromagnetic performance of smart materials
[7,8].

Inspired by these developments,  electro-
chemo-mechanical modeling of IPMCs has
become a major research focus. Under low
voltages, these. materials exhibit significant
bending and twisting due to ion migration and
electromechanical anisotropy. Analytical
modeling using the Nernst-Planck equation has
shown that maximum stress and displacement
occur near the electrodes, which is crucial for
precise actuator design [9]. Incorporating ion
transport dynamics improves the voltage-
deformation  prediction, = showing  good
agreement with experiments [10]. Studies have
also investigated resistive electrodes [11], ionic
liquids [12], and composite electrodes [13],
confirming that appropriate electrode and
material design enhances performance and
control.

Advanced models; including electro-chemo-
mechanical coupling, accurately capture bending
deformation under applied voltage [14], while
incorporating ' conductive additives such as
SWCNTs and PEDOT: PSS improves durability
and actuation efficiency [15]. Experiments on
metallic composites revealed that increasing
voltage raises displacement and von Mises
stress, with time-dependent softening observed
at higher voltages [16, 17].

Beyond bending, recent studies emphasize
twisting as a key motion for biomimetic
actuation [18]. Tubular IPMC structures
modeled using Poisson-Nernst-Planck
equations  successfully  predict - torsional
dynamics by linking shear 'strain and anion
concentration [19]." | Dual-mode actuators
combining bending and twisting have achieved
high angular velocities and power density,
highlighting IPMC’s potential for untethered soft
robotics [20, 21].

Progress in fabrication, including patterned
and Kkirigami-inspired electrodes, has enabled
complex bending-twisting responses and high-
sensitivity motion detection for wearable and
biomedical applications [22, 23]. Additionally,
IPMC-driven metasurfaces have demonstrated

voltage-controlled  electromagnetic  tuning,
offering an energy-efficient means for response
modulation [24]. To Dbetter understand
mechanical behavior at small scales,
Timoshenko beam theory has been combined
with Eringen’s nonlocal elasticity to capture
torsional deformations accurately [25]. Further
studies on flexoelectric and piezoelectric
microbeams using size-dependent 'continuum
theories and numerical approaches such as the
Laplace transform and GDQ methods have
highlighted the importance of coupling and scale
effects [26, 27].

These findings highlight the importance of
integrating electromechanical coupling and scale
effects for accurate prediction of small-scale
actuator responses.

The primary innovation of this research lies
in designing a two-dimensional symmetric
electric field distribution, V(x,y), such that by
imposing  specific  boundary  conditions,
transverse field gradients are eliminated, and
the ion distribution becomes symmetric. This
suppresses both bending and twisting moments,
improving actuator stability and ' precision.
Furthermore, the proposed model incorporates
the dependency of Young’s and shear moduli on
electric field intensity and time, enabling a more
accurate representation of the viscoelastic
behavior under stimulation.

From a practical standpoint, the proposed
approach can be directly applied to: (1)
designing precise and predictable actuators in
soft robotics, where minimizing transverse
bending enhances motion accuracy; (2)
developing biomedical actuators such as micro-
pumps and artificial muscles that require
controlled uniaxial motion; and (3) improving
MEMS/NEMS systems through the suppression
of undesired deformations and enhancement of
electromechanical stability.

Finally, future work may extend the present
model using nonclassical theories, such as the
strain  gradient theory or size-dependent
continuum approaches, to further capture
microscale effects and improve predictive
accuracy.

2. IPMC Analysis

In the Euler-Bernoulli beam theory, the
rotation of the cross-sections is considered
negligible in comparison to the displacement.
Moreover, the angular deformation due to shear
is assumed to be insignificant compared to the
bending deformation.

This theory applies to beams where the
length is significantly greater than the depth (at
least 10 times), and the displacements are small
relative to the depth.
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When the transverse displacement of the
beam's centerline is denoted by w, the
displacement components of any point on the
cross-section—assuming that the sections
remain flat and perpendicular to the
centerline—are given as shown in Figure 1,
according to [28]:
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\
I

\

Deformed beam

Original beam

Fig 1. Bending in the beam [28]

B ow(x,t)
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where u, v, and w are the displacement
components along the x, y, and z-axes,
respectively. The corresponding strain and
stress components associated with this
displacement field are presented in Equation (2)
[28]:

ou d*w
& == —Z—
o ox dx? (2)
Eyy = €5 = Exy T &y, = €5 = 0

where € 'is the strain, z is the distance from the
neutral axis, and w(x) is the vertical
displacement of the beam. Assuming a linear
stress-strain relationship and using Young’s
modulus E, the stress is given by Equation (3):

g d*w
—
dx? (3)

Oyy =0z = 0xy =0y, =05, =0

Oy =E-e=—

The strain energy of the system (m) can be
expressed as Equation (4) [28]:

1
m=- f f (o*xxexx + 0,8, + 0,,€,
v
+ 0y €y, + 0,8, + 0,E,,) @
1 (! d*w ?
=—| EI\—=| dx
2, dx?

where o is the stress tensor, and I is the second
moment of area of the beam's cross-section with
respect to the y-axis, given by Equation (5) [28]:

I=1,= ffzsz (5)

A

Here, z denotes the distance of each area
element from the y-axis. These equations form
the basis of the classical Euler-Bernoulli beam
theory and serve as a starting point for
investigating biaxial bending and torsion in
[PMCs. To more accurately analyze the
mechanical behavior of the beam, calculating the
bending strain energy based on the stress and
strain from Euler-Bernoulli theory is essential.

In ' the analysis of Ionic Polymer-Metal
Composite (IPMC) actuators, when the material
undergoes bending in two orthogonal planes
(typically the xz and yz planes), the bending
strain energy must account for both bending
components. In this case, the bending curvature
along the x-axis is defined by the vertical
displacement w(x), and the transverse bending
is described by the lateral displacement v(y).
Specifically, the following curvatures are defined
[29]:

Longitudinal bending of the beam in the xz-
plane, which represents curvature along the

2
beam's length, is described by x, = ‘;TVZV Here,
w(x) represents the vertical displacement along
the x-direction. The resistance of the beam to
this bending deformation is defined by the
flexural rigidity El,, where E is the Young's
modulus and I, is the second moment of area
about the horizontal axis.

On the other hand, transverse bending in the
yz-plane is referred to as lateral bending, and its
% where v(y) is the
displacement in the lateral (y) direction. The
stiffness associated with this bending is
represented by EI,, where L, is the second
moment of area about the vertical axis.

Given the -beam’s 'length-to-width ratio
L/b=10, as shown in Figure 2, and to improve
accuracy, the lateral displacement function v is
considered as a function of y, and second
derivatives with respect to y are included in the
analysis.
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|

[

e, —

Fig 2. Force Induced by Applied Voltage

curvature is given b k, =

— X

Considering the influence of both curvature
components on strain energy, the general form
of the total bending strain energy in the case of
biaxial bending is expressed by Equation (6):
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This relation serves as the basis for energy
analysis in cases where the material is subjected
to simultaneous bending in two principal
directions.

According to Figure 2, for a more accurate
mechanical analysis of Ionic Polymer-Metal
Composites (IPMCs), the effects of torsion in the
transverse-vertical plane (yz) should also be
considered. This torsion arises from viscous
stresses within the material, which are due to
ion and fluid motion in the polymeric structure.
Based on Newtonian viscosity assumptions, the
viscous shear stress in the yz-plane is defined by
Equation (7) [29, 30]:

dav
Tyz = '7@ (7)

where 1 is the dynamic viscosity coefficient, and
v is the velocity component in the z-direction.
Consequently, the strain energy due to viscous
stress is given by Equation (8):

Uyis = JTyz Yyz av (8)

where 7,, is the shear stress and y,, is the shear
strain, given by Equations(9) and (10):

v
Tyz = U@ 9)
av
Yyz = 5 (10)

Therefore, using Equations (9) and (10), the
viscous strain energy can be calculated as
Equation (11):

b= 3 o
vis Vn ay

o ] () ax apaa

The viscous strain energy must be computed
over the entire volume, which extends along the
x-direction. Therefore, the integral over x is also
necessary. However, if the energy is calculated
only for a specific cross-section at a given x, the
integration can be limited to two dimensions, y
and z.

In Euler-Bernoulli beam theory, the strain
energy U is defined by Equation (12) [28]:

1! d?w\*
U= —f El <—) dx (12)
o x

Now, suppose that along the beam a
distributed external moment M. (x), which is a
function of x, is applied (Figure 3). This moment
tends to alter the beam's curvature.

The amount of virtual work w,,,. done by
this moment due to curvature change is given by
Equation (13):

L dZ
SWerer = f Mo (2) 6( W) dx (13)
0 dx

(a) (b)

Fig 3. Rectangular Shaft - (a) Before and (b) After Applying
moment [31]

Now, if we want to express the equivalent
potential energy of this bending load, we use
Equation (14) [23]:

L d*w
Uetec = —Weiec = j Mo (x) 'ﬁdx (14)
0 X

The negative sign indicates that this energy
corresponds to external forces, which enter the
Lagrangian with a negative sign (unlike strain
energy, which is positive).

As a result of electrical stimulation, the
internal moment caused by ion displacement
and the formation of a potential gradient in the
IPMC is considered as an external moment in the
analysis. The corresponding strain energy is
calculated by Equation (15):

L d?w
Usige = _fo Melec(x) 'de (15)

where M, (x) is the induced electrical moment
along the beam due to ionic activation.

In the case where the beam undergoes
torsion (i.e, it bends in both the xz and yz
planes), electrical moments may act in both
planes. In this scenario, the electrical potential
energy U,;.. expands as in Equation (16):

L b 2
2w d*w
Uelec = _j;) _I-b [Megle)c(x) 'W'l_ Mzgll]e)c(:)’)
2
d?v dxd (16)
dy? xey
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As a result, the total potential energy of the
system — combining the energy due to biaxial
bending [Equation (6)], the viscous (torsional)
energy [Equation (11)], and the electrical
activation energy [Equation (16)] — is
expressed by Equation (17):

= Ubiaxial—bend + Uvis + Uelec (17)

f f [ dx2
EI (jy)
+nfff (Z—;)zdxdydz
5 e

+ M) —] dxdy

dxdy

2.1. Derivation of Governing Equations Based
on the Principle of Minimum Potential
Energy

To derive the governing equations and
boundary conditions directly from the total
potential energy function m, it is sufficient to use
the principle of minimum- potential energy. The
governing equation-for w(x) based on Equation
(17) is given-as'Equation (18):

1 g C d?w\’
21, [P (@) [ene
t w)
_J; J__ [Me‘l/‘:zc(x) (18)
d*w
._dxz dxdy

The governing equation for v(y) is expressed
using Equation (17) in the form of Equation
(19):

N

2
+nﬂf — ) dxdydz

f § [Ms;; e

dxdy

dy

The final governing equations for bending
along the x-axis are expressed as equation (20):

4 27wW)
El d*w _ d Mg, (%) (20)
* dx* dx?
For bending/torsion in the y-direction, it is
expressed as equation (21):
M O _ d*v  0%v

elec

dy? vyt "oy?

(21)

In Table 1, the boundary conditions at the
positions x = 0,L and y = ig for the variables

w(x) and v(y) for the considered beam are
provided.

Table 1. Effects of Boundary Conditions on Biaxial Bending

and Torsion
Variable Boundary Boundary Condition
Position
2
w(x x=0,L _ d*w
() M, =El——
d*w
i =EL s
d*v
v(y) _.P My =El,—
y= iz y Y dy?
d3v
W=ELGss

2.2.Electrochemical Coupling and Generation
of Bending and Torsion

The deformation behavior of ionic polymer-
metal composite (IPMC) materials under an
electric field can be described using the Nernst-
Planck equation, which governs ion transport
and is expressed as Equation (22) [32]:

- D[VC+ZFC vV (22)
/= RT

Where D is the ion diffusion coefficient
(m?/s), VC is the ion concentration gradient, z is
the ion valence (positive for cations, negative for
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anions), F is Faraday’s constant (96485 C/mol),
R is the universal gas constant (8.314 J/mol°K),
T is the absolute temperature (°K), VV is the
electric potential gradient.

Nonuniform distribution of ions creates an
osmotic pressure difference between the upper
and lower layers of the IPMC, leading to
nonuniform internal stresses. These stresses
induce bending and torsional moments. The
electromechanical stress is a function of ion
concentration and electric potential, expressed
in Equation (23):

ag=f(V) (23)

where o is the bending and torsional stress; c/is
the ion concentration, V is the applied voltage.

In the steady state, the equation takes the
form of equation (24):

V-]=0 (24)

To connect the electric potential field to the
ion concentration (i.e., ion distribution), the
Poisson equation is used [32]:

zF (¢ — ¢p)
- £

vz +2 (25)
€

In equation (25), p is the charge density, V is
the electric potential, € is the permittivity or
dielectric constant of the material, and ¢, is the
initial concentration.

The coupled Nernst-Planck-Poisson
equations were solved using a two-dimensional
finite difference method (FDM) with a uniform
mesh size of Ax = Ay =/0.1 mm. A semi-implicit
Crank-Nicolson scheme was adopted to ensure
numerical stability and second-order accuracy.
Convergence was achieved when |¢™*! — ¢"| <
107¢ and |c™* — ¢ < 107°. A mesh sensitivity
analysis showed less than 2% variation in
bending moments when refining the grid to 0.05
mm, confirming numerical robustness. The
linear systems were solved using an iterative
Gauss-Seidel method with a relaxation factor of
1.2.

To eliminate or reduce biaxial bending and
torsion in IPMC using the Nernst-Planck and
Poisson equations, a multiphysics design and
analysis strategy must be adopted, which is as
follows: Biaxial bending arises from the non-
uniform distribution of electric potential in both
the x and ydirections. Torsion often occurs due
to the transverse gradient of ion velocity or
asymmetric boundary conditions. The primary
source of bending and torsion is the non-
uniform distribution of ions and electric
potential, which follows the Nernst-Planck and
Poisson equations.

The goal is to design the electric field
distribution V(x,y) in such a way that it results in
a symmetric ion distribution. As a result, the

induced bending and torsional moments, as
expressed in equation (26), will either be zero or
symmetric.

M) =0, MG ~ 0 (26)

elec

By applying a symmetric electric field, the
potential field can be designed as a symmetric
function. A proposed form for the electric
potential field is [33]:

_ X Yy
Vix,y) = Vo.cos( I ).cos( b ) 27)

Features ‘of this electric potential
distribution:

1. Symmetry about the beam center (see Fig 4):

In both x and y directions, the cosine function
peaks at the center and becomes zero at the
edges; this results in the highest potential at the
beam center and the lowest at the edges.

2. First and second derivatives are symmetric:
The second derivatives of V with respect to x
and y (used in the Nernst-Planck and Poisson

equations) have mirrored signs on either side of
L b
the symmetry axes (x = 5) and (y = ;).
This implies that the effective electric force on
the " 'ions ' is equally and symmetrically

distributed.

3. Mechanical outcome:

The ions displace symmetrically and
uniformly, leading to a symmetric ion charge
distribution. Consequently, the bending and
torsional stress distributions are symmetric, and
the net bending and torsional moments in the
beam are eliminated or significantly reduced (as
per Equation 26).

Furthermore, by imposing a-no transverse
gradient boundary condition at the beam's

lateral edges (Equation 28), one can enforce:
ov b
T ) (28)
Oyl ib

This condition of equation (28) leads to the
elimination of the viscous term and the removal
of the twist, and is expressed as equation (29).

Uvis =11 M (g_;)z dxdydz (29)

- minimized

nx

V(x,v) =V, cos( f )cos (—

b
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Fig 4. Electric Field for Reducing Transverse Bending and
Torsion

In the present model, the electrodes are
assumed to have fixed electric potentials, while
the lateral edges are treated as insulated
boundaries to prevent ion transport and electric
flux. The governing Nernst-Planck-Poisson
coupled equations are expressed as[32]:

= _p,ve, + 25 oy (30
Ji = —D;[VC; rT Ci ]
ac; B (31)
L4V =0
V. (eVV) = —FZziCi (32)
i

The corresponding boundary conditions are
defined as:

V = Vyppliea (top and bottom electrodes) (33)

av
I 0 (uncoated edges) (34)

J; - n = 0 (no-flux for all boundaries) (35)

Here, n denotes the outward normal vector
to the boundary surface. In the Neumann (no-
flux) boundary condition, J - n = Oensures that
no ionic flux crosses the boundary. These
relations confirm that no ion transport occurs
through the lateral edges and that the electric
field remains zero in-those regions, maintaining
a symmetric_distribution of potential and ion
concentration.

The numerical solution was implemented
using the Finite Difference Method (FDM), with
spatial discretization steps of Ax = Ay = 0.001
and a temporal step of At = 10™*s, ensuring
stable and convergent numerical results.

The expected outcome is that if the electric
field and ion concentration are symmetric in
both x and y directions, the transverse and
longitudinal  bending moments  become
symmetric, the torsional moment caused by the
transverse ion velocity gradient is eliminated,
and both the torsional -energy. U, and the
potential energy due to undesired biaxial
bending Up;aziai—pena @€ minimized.

In the present model, the primary objective is
to eliminate the transverse ionic flux and electric
field at the uncoated lateral edges to preserve
ionic symmetry along the central axis. To
achieve this, a Neumann boundary condition is
applied on the side edges, mathematically
expressed as:

av

=07 -n= 36
—=0,J;:n=0 (36)

These conditions represent the absence of
both ionic flux and electric field across the
transverse boundaries (no-flux boundary).
Physically, this assumption corresponds to
electrically insulated lateral surfaces of the
IPMC, preventing any ionic exchange with the
surrounding environment. As a result, the
potential and ion concentration distributions
remain symmetric along the ' y-direction,
effectively reducing - biaxial -bending and
torsional deformation.

The mathematical implementation of these
boundary | conditions follows the weak
formulation approach within the finite element
framework. In accordance with the procedure of
Giner et al. and Park & Paulino[18], the overall
boundary surface Sis divided into two non-
overlapping subsets:

S=S,USy,Sy NSy =V (37)

where S, corresponds to regions under Dirichlet
conditions (prescribed potential or
concentration), and Syrepresents regions under
Neumann conditions (zero flux or zero
gradient).

Specifically, for the IPMC structure considered in
this study; On the electrode regions: V =
Vappiiea(Dirichlet condition) and on the uncoated

lateral edges: Z—Z= 0 and J;-n =0 (Neumann

condition)

This boundary definition is consistent with
standard electro-chemo-mechanical coupled
modeling frameworks reported in [18].

3. Numerical Modeling

The IPMC is modeled as a rectangular beam
with length L, width b, and thickness h.
Table 2 shows the physical variables of the beam
under study:

Table 2. Physical Variables

Quantity Symbol Description
Electric Solved using Poisson’s
Potential Vixy) eq.
Ion Cxy) Solved using Nernst-
Concentration Y Planck eq.

Beam curvature in two

Displacements w(x),v(y) directions

Induced M@y Derived from potential
Moments elec’ "elec  and ion concentration

Next, a numerical example is provided for the
simultaneous reduction of biaxial bending and
torsion in an IPMC using the coupled Nernst-
Planck-Poisson model and the Euler-Bernoulli
beam model. The goal of this example is to
design a voltage pattern and geometric
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parameters such that torsion and bending are
eliminated or minimized. Table 3 shows the
geometric specifications of the beam:

Table 3. Geometric Properties of IPMC

Parameter Value Description
L 20 cm Beam length
b 2cm Beam width
h 1 mm Beam thickness
E 100 MPa  Young’s modulus
\Y 5 Volts Applied voltage
T 25°C  Ambient temperature

Step 1: Calculating Curvatures for the Baseline
Case: Assume a linear potential field expressed
by Equation (38):

Vix,y)= x.% (38)
where x is the longitudinal position along the
beam. In this case, the potential gradient causes
ion movement and generates bending and
torsional moments. This assumption represents
a uniform voltage distribution from the beam
base to its tip, which is commonly used in
practical experiments [34]. Such a distribution
creates a constant potential gradient, leading to
a uniform electric field along the x-direction.
These conditions result in predictable ion flux,
simplifying the analysis of its effect on ion
distribution and the induced moments.

This assumption allows a direct analysis of
the impact of the potential gradient on the
mechanical response—especially on the induced
bending and torsional moments—with minimal
mathematical complexity.

In this case, we obtain two components of the
induced moment, expressed in Equation (39):

dv dav
M@ = a o MO =p (39

where o and [ are experimental
electromechanical coefficients (depending on
the material properties and ionic charge
distribution), and dV/dx and dV/dy _are
expressed as in equation (40).

awv v
T 40
dx L (40)
dV_0
dy_

However, due to structural anisotropy or
imperfections, the transverse component is not
strictly zero. Using numerical solution of the
Lagrangian equation, the curvatures are
obtained as shown in Table 4:

Table 4. Curvature Values in the Baseline Case

Component Initial Value
2
Ky = dw 0.015mm™
dx?
d*v _1
Ky = d_yz 0.008 mm
U is 2.3 mm™

To obtain these values first, determine the
potential function from Equation (38), Then, use
Equation (39) to calculate the induced electrical
moments. Next, substitute into the total
potential energy expression (Equation 17) and
apply Euler-Lagrange conditions as in Equation
(41):

om

- 41
S 0 (41)
6n_0

Sv

These equations, in differential form, lead to
the beam bending equations in the presence of
induced moment, and are expressed as relations
(42) and (43).

W)
£l d*w _ d*My, (42)
* dx* dx?
4 27
Elyﬂ _ TMerec (43)
dy* dy?

By applying boundary conditions and
computing the viscoelastic energy, the following
values are obtained: Longitudinal bending
curvature, Transverse bending curvature,
Transverse torsional energy (Table 4).

The curvatures represent the amount of
deformation, and the viscoelastic energy reflects
the amount of energy stored due to shear and
bending stress under electrical stimulation.

Step 2: Optimized Field Design for Reducing or
Eliminating Transverse Bending and Preventing
Torsion. To achieve this, the proposed electric
potential field is defined by Equation (44):

|4 2y\*
V(x,y)—xL(l <b>) (44)
This function creates an electric potential
field that is symmetric with respect to the width
direction y. key Characteristics of This Field: The
potential is maximized at the center of the
beam’s width (y = 0), as given in Equation (45):

(%1)2 =0 - V(x0)= x% (45)

The potential drops to zero at the edges
(y=%b/2), as shown in Equation (46):
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B -1 - s

The second derivative of the potential with
respect to y is also symmetric and equals zero at
the boundaries, ensuring no unbalanced
transverse forces, stated in Equation (47):

*v

F3e R (47

b
Y—iE

This implies that no unbalanced forces act
across the width of the beam, thus transverse
equilibrium is maintained and torsion. is
eliminated.

In addition, the important boundary
condition
il , =0 indicates that the transverse
2
displacement gradient at the edges is zero. This
means no bending occurs in the y-direction at
the edges, hence transverse bending stresses are
suppressed, and torsion is significantly reduced
or eliminated. The improved curvature values in
this optimized scenario are given in Table 5:

Wly=y

Table 5. Curvature Values in the Improved Case

Component Improved Value

d*w .
Ky = e 0.014 mm
d*v 4
Ky = d_yz 0.001 mm
U yis 2.8x107]

In this design, the potential field is maximum
at the center and zero at the edges, which causes
ions to move symmetrically. This symmetry
generates a bending moment in the longitudinal
(x) direction, but almost no moment in the
transverse (y) direction. As a result, transverse
bending in the y-direction becomes negligible,
and torsion disappears due to the absence of
transverse gradients.

The comparison between the two cases |is
summarized in Table 6:

Table 6. Comparative Analysis of the Two Cases

’ Baseline  Improved %
Quantity Case Case Reduction
Transv.erse 0.008 0.001 87.5%
Bending
Torsional 2.3x106]  2.8x107] 88%
Energy

To verify the accuracy of the proposed
symmetric-field model, a validation was
performed using the experimental and

numerical results reported in Ref. [14]. In that
reference, the bending behavior of a Nafion-
based IPMC strip with platinum electrodes was
investigated under applied voltages ranging
from 1 V to 1.5 V. The results showed that for an
applied voltage of 1 V, the dimensionless tip
deflection reached approximately w/L = 0.04,
with a maximum displacement of 0.011 L,
exhibiting less than 10% . deviation from
experimental data.

In the present study, under the same
boundary and voltage conditions, the induced
transverse moment and curvature were reduced
by approximately 87.5% and 88.9%,
respectively. These reductions are in good
agreement with the magnitude and trend of the
bending responses reported in Ref. [14].

Both models indicate that increasing voltage

enhances the ion concentration gradient near
the anode, leading to a stronger initial bending,
while the introduction of a symmetric electric
potential field significantly suppresses biaxial
bending.
The observed reduction in transverse moment
confirms that the proposed symmetric-field
model not only maintains physical consistency
with experimental data but also -effectively
minimizes biaxial deformation and torsional
energy.

Figure 7 presents a comparative plot
between the normalized tip deflection (w/L)
obtained from the present model and the
experimental data of Ref. [14]. As shown, the
deflection predicted by the proposed symmetric-
field design is about 88% lower than the
experimental case, verifying the effective
suppression of biaxial bending achieved through
the optimized electric potential and boundary
configuration.

By applying a symmetric electric field and
enforcing the zero-gradient condition on the
transverse displacement - velocity at the
boundaries, we were able to: Nearly eliminate
biaxial bending (in the y-direction), successfully
reduce torsion, and decrease the stored strain
energy due to bending and torsion—which
normally contributes to energy loss or unwanted
deviation—by up to 88%.

This means the phenomena of torsion and
biaxial bending are nearly eliminated. Figure 5
shows the comparison of bending curvatures. k,
and k, in the initial and improved states.

Figure 6 displays the significant reduction in
viscoelastic energy U, resulting from the
optimized electric field design.

These plots clearly demonstrate the
effectiveness of the symmetric electric field in
reducing biaxial bending and torsion.
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4. Fundamental Relations of
Piezoelectric Materials

The fundamental properties of a piezoelectric
material are described through the relationship
between two mechanical variables (stress and
strain) and two electrical variables (electric field
and electric displacement).

The expressions for the direct and inverse
piezoelectric effects can be combined into a
matrix formulation. In this form, the relation
between strain and electric displacement is
expressed as a function of applied stress and
electric field, given by Equation (48)[35]:

b=t

(48)
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where: S strain vector, T stress vector, D electric
displacement vector, E electric field vector, s
compliance tensor, & dielectric tensor and d
piezoelectric coefficient matrix.

4.1.Effect of Mechanical and Electrical
Boundary Conditions

The behavior of piezoelectric materials is
strongly influenced by mechanical and electrical
boundary conditions. Depending on whether the
electrical variables' (field or displacement) or
mechanical variables (stress or strain) are
controlled or held constant at the boundaries,
the material's response can vary significantly.

First case - Short-circuit condition. In this
case, the electrodes are connected, and the
electric field is zero. By substituting E=0 into
Equation (48), the compliance tensor and
electric displacement vector are expressed as:

S =sT
D =dT

Second case - Open-circuit condition, Here,
the electric displacement is zero at the
boundaries—i.e,, no_free charge can move.
Applying the condition D=0, the stress vector
and electric field vector are obtained from
Equations (50) and (51):

T s -k?)

(49)

T (50)
kZ
Saa-r°
in which k? is the electromechanical coupling

coefficient and is expressed as relation (52).

E (51)

2
=L (52)
se
4.2. Modeling with E and G Dependency
In.-soft polymeric materials, mechanical

properties ' such as Young's modulus (E) and
shear modulus (G) are sensitive to external
stimuli. The electric field can alter molecular
structure and drive ion movement, causing the
material to become softer or stiffer.

Time also plays a role since these materials
are viscoelastic, meaning their behavior lies
between that of a solid and a fluid and evolves
over time.

In many material models—especially for
polymers—mechanical properties like E and G
may depend on external physical fields, such as
the electric field. This dependency is often
modeled exponentially, because exponential
models effectively represent nonlinear and rapid
changes, and they align well with experimental
results in many materials.
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Moreover, differential equations associated
with these models are more tractable
analytically or numerically.

To account for variable E and G in the strain
energy analysis of IPMCs, one can use the
following methods:

1. Dependency of E and G on the Electric Field

Since experimental studies [20] have shown
that the mechanical properties of soft polymeric
materials, such as Young's modulus (E) and
shear modulus (G), decrease under the influence
of electric fields and over time, this study
assumes—for simplicity and feasibility of
modeling dependent phenomena—that this
dependency is exponential and is defined as a
function of both time and electric field.

The following relations are proposed as a
simplified model, and the goal is to examine the
overall _system ' behavior wunder these
assumptions, not to present an exact empirical
model. Equations (53) to (58) describe this
model. The parameters can be modeled as
functions of the electric field intensity EfE_f:

E(E;) = Eje™"Er (53)

G(E;) = Gye s (54)

where e is the base of the natural logarithm
(approximately 2.718), these exponential
functions show that the shear modulus: G
decreases exponentially with increasing electric
field intensity. Ef y and & are constants that

must be experimentally determined, Ef =% is

the electric field intensity, derived from the
applied voltage U and thickness d.

These relations indicate that an increase in
the electric field leads to a reduction in both
Young's modulus and shear modulus, which has
been observed in many soft materials.

2. Time-Dependent Modeling
To also incorporate time dependency, a
viscoelastic model can be used:

t
E(t) =E,+E e (55)

t
G(t) =Gy + Gt (56)

where: E; and G, represent the initial changes in
stiffness, T is the time constant, indicating how
the material evolves over time.

Combining the electric field and time-
dependent models provides a more accurate
representation of IPMC mechanical properties,
as both electrical stimulation and viscoelastic
behavior influence deformation.

Methods 3 and 4 below explain how these
two models can be combined:
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3. Combined Model for Young's Modulus

Given that time and electric field affect E, it is
expressed by the equation (57).

t

E(t5y) = (o + Ere ™) e 7 (57)
where: E, initial dry modulus, E; modulus
reduction due to viscoelastic effects, Tt time
constant related to relaxation processes, y
empirical coefficient describing the effect of the
electric field.

This equation captures two key points;
Viscoelasticity: E(t) decreases over time, Electric
field effect: increasing Ef reduces the stiffness.

4. Combined Model for Shear Modulus

The shear modulus G is also defined in a
manner similar to Young's modulus, as given by
equation (58):

t
G(t,Ef) = (GO + Gle_?> e %r (58)
where parameters G,, G4, T, and 8 are analogous
to those in the E model.

The exponential form of time- and field-
dependent elastic moduli was introduced to
reflect the general viscoelastic trends observed
in polymers. The constants in Equations (57)
and (58) are theoretical estimates, which should
be experimentally identified in future
studies[36].

The total strain energy of the system,
considering biaxial bending and viscous effects,
is given by Equation (59):

A e 22

+E,(t, E)I, <dy ) ldxdy

(59)

2 w) d*w )
= Melec(x, t) '_dxz +Melec(y; t)

By taking the variations of the energy
functional ém = 0, using the relation (59), we
obtain the nonlinear differential equations (60)
and (61) (assuming uniform electric loading):

MW (x,t) = <E (t,E)I, dzw) (60)
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d? d?v
) _
Mell]ec(y, t) = d_yz <Ey(t' Ef)ly d_yz>
0%v
dydt

(61)

-1

Here, M) (x,t) and M) (y,t) are the
equivalent bending moments induced by the
electric stimulus.

By numerically solving this model, when the
voltage U increases, both E(t, Ef) and G(t, Ef)
decrease, resulting in greater bending. If the
voltage is applied symmetrically, twisting
decreases. Over time, the moduli decrease,
leading to delayed, softer responses, slower
bending, and reduced energy recovery.

With the combined model, the moduli
dynamically change- over time and position,
allowing for more accurate prediction and
potential’ reduction in twisting and biaxial
bending through improved electric field control.

Figures (7) and (8) show how Young's
modulus and shear modulus decrease
exponentially with increasing voltage (and
hence electric field intensity), confirming
softening of the material under electrical
excitation.

Figures (9) and (10) demonstrate time-
dependent behavior: the moduli start at higher
values and decrease over time, reflecting the
viscoelastic nature of the material.

These graphs quantitatively demonstrate the
effects of both the electric field and time on the
mechanical properties of IPMC, supporting the
proposed combined analytical model.
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Fig 7. Electric field-dependent Young's modulus
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5. Conclusion

In “this study, a combined analytical-
numerical framework was developed to reduce
or eliminate biaxial bending and twisting in
Ionic  Polymer-Metal Composite (IPMC)
actuators. The coupling of the Nernst-Planck-
Poisson electrochemical model with the Euler-
Bernoulli beam theory enabled a unified
representation of both ionic transport and
mechanical deformation.

By introducing a two-dimensional symmetric

electric potential field, Vix,y) =
Vy. cos (HL—X) .cos (%y), and enforcing appropriate
boundary conditions, such as i = 0, the

oy Y=i5

model achieved nearly complete suppression of
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transverse gradients. As a result, the symmetric
field design reduced transverse bending by
approximately 87.5% and torsional strain
energy by 88% compared to the baseline
configuration. These results clearly demonstrate
the effectiveness of field symmetry in balancing
induced ionic moments and minimizing
undesired deformations.

Furthermore, incorporating the time- and
field-dependent mechanical moduli, expressed

as E(t,E) = (Eo + Ele_g) e VEr

t

(¢, Ef) = (GO + Gle_?)e_‘SEf, provided a more
realistic description of viscoelastic softening
under electrical excitation. This allowed the
model to capture the gradual stiffness reduction
and delayed deformation response observed in
experiments, offering improved physical fidelity
and predictive capability.

Limitations and Future Work:
The present  model, while comprehensive,
remains primarily theoretical and assumes
material homogeneity and idealized boundary
conditions. Experimental calibration of the
exponential parameters (y, §, t) is still required
to achieve quantitative accuracy. Moreover, the
current framework employs classical continuum
assumptions (Euler-Bernoulli theory), which
may not fully capture size-dependent effects in
micro- or nano-scale IPMC structures.

Future research can focus on iseveral
directions:

e Incorporating nonclassical. continuum
theories, such as strain-gradient or
couple-stress  formulations, to capture
microstructural effects.

e ' Extending the model to include
nonlinear ionic diffusion and
temperature dependence, providing a
more complete Multiphysics picture.

e Conducting experimental validation
using real IPMC samples to fine-tune
model parameters and assess long-term
actuation stability.

e Applying the optimized symmetric-field
design to practical systems, such as soft
robotic actuators, biomedical pumps,
and precision MEMS devices, where
controlled uniaxial motion and high
repeatability are essential.

In summary, this work provides a physically
consistent ' 'and computationally efficient
foundation for designing next-generation IPMC
actuators. Through precise field control,
boundary optimization, and incorporation of
viscoelastic  dependencies, the proposed
approach significantly enhances the mechanical
stability and performance predictability of soft
ionic actuators.

and
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