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Abstract

Online algorithms process data sequentially, updating their parameters as new data points arrive to minimize predic-
tion errors. However, traditional online algorithms are not inherently designed to handle interval data, which poses
a significant challenge in many real-world applications. In this paper, we propose a novel online binary classification
algorithm specifically tailored for interval data. We introduce a new loss function that extends the online passive-
aggressive (PA) framework, enabling it to effectively handle both ordinal and interval data. The proposed loss function
is computationally efficient and provides a robust solution for online learning in the presence of interval data. We
provide theoretical guarantees for the algorithm, including cumulative squared loss bounds and relative loss bounds,
which demonstrate its effectiveness. Empirical evaluations on multiple datasets show that our method achieves com-
petitive performance compared to existing online algorithms while uniquely addressing the challenges posed by interval
data.
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Passive-Aggressive Algorithms
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1 Introduction

Online learning [19, 22| 23] is a class of efficient and effective algorithms designed for solving large-scale problems.
Unlike traditional batch learning methods [34], which require all training samples to be available at once, online
learning algorithms process data sequentially, updating their prediction models incrementally as new data arrives. The
sequential nature of online learning provides several key advantages, including computational efficiency, scalability, and
adaptability to dynamic data distributions. These properties make online learning particularly well-suited for large-
scale and real-time applications, where data streams continuously and the model must adapt to evolving patterns.
Despite these advantages, most existing online learning algorithms are designed under the assumption that input
data is precise, represented as single points in a high-dimensional space (i.e., = € R%). However, in many real-world
scenarios, data is inherently imprecise or uncertain, and it is more appropriate to represent inputs as intervals. Interval
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data captures the uncertainty or variability in measurements, which is common in applications such as sensor networks,
financial forecasting, and medical diagnostics. Formally, interval data can be defined as:

Cﬁé [ZC—Al,CB—FAQ], (11)

where A; € R? for i € {1,2} are non-negative vectors representing the bounds of uncertainty or imprecision. While
several batch learning methods have been proposed to handle interval data [2, [4], [T, 31l [36], these approaches are not
directly applicable to the online learning setting. The sequential and incremental nature of online learning requires
specialized algorithms that can update models efficiently without revisiting past data.

In this paper, we address this critical gap by proposing a novel online binary classification algorithm specifically
designed to handle interval data. Our approach extends the well-established online passive-aggressive (PA) framework
[I1] to accommodate the interval nature of input data. By introducing a new loss function that accounts for the
uncertainty in interval data, our algorithm provides a robust and computationally efficient solution for online learning in
the presence of imprecise inputs. The core idea of our method is illustrated in Figure[l| where the hyperplane obtained
until step ¢ is updated in step t + 1 based on the arrival of new interval data . This update aims to minimize the
classification error by satisfying the most constraints imposed by the interval data. We provide theoretical guarantees
for the proposed algorithm, including cumulative squared loss bounds and relative loss bounds, which demonstrate its
effectiveness in minimizing prediction errors over time.
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Figure 1: The idea of online updating of hyperplane based on a new interval data arriving &.

2 Related Works

Batch kernel methods, such as Support Vector Machines (SVMs), have been extensively utilized in machine learning
due to their robustness and effectiveness in handling complex datasets [10, [33, [B5]. However, in real-world scenarios,
training data often contains inherent uncertainties and measurement errors, making it challenging to determine exact
values for variables. In such cases, interval-based representations are employed to model incomplete or imprecise
information, where intervals are treated as disjunctive sets [2I]. To address the challenges posed by imprecise and
uncertain data, various machine learning strategies have been proposed. These strategies aim to extend traditional
learning algorithms to handle interval data effectively [6, O] [I7]. Specifically, several algorithms have been developed
to process interval data, which is a specialized form of uncertain data [IL [36] 14} [13].

Recently, an “Interval Support Vector Machine” (ISVM) tailored for interval data was introduced [2]. This method
was designed for batch classification tasks, but it is not directly applicable to online learning scenarios. Nevertheless,
integrating batch kernel methods with online learning algorithms has garnered significant attention, especially in the
context of large-scale problems where scalability and real-time adaptation are critical. These integrated approaches,
known as “Online Kernel Learning” (OKL), have demonstrated remarkable effectiveness [44].

Several variants of online kernel learning algorithms exist, including the Perceptron, Voted Perceptron [18, B2],
Online Stochastic Gradient Descent (OGD) [23], Passive-Aggressive (PA) [I1], and Truncated OGD [24]. The Passive-
Aggressive (PA) framework has been enhanced with a fuzzy adaptation, enabling more effective modeling of uncertainty
in online classification tasks [37]. This adaptation plays a key role in improving the robustness of the algorithm,
particularly in scenarios where the input data is noisy or unreliable. Recent advancements also indicate promising
methodologies in active learning, particularly the development of a new algorithm tailored for trapezoidal data streams,
which, similar to interval data, requires robust query strategies and can significantly improve classification performance
[26]. Asynchronous parallel methods in fuzzy stochastic gradient descent can further optimize high-dimensional and
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incomplete data representations, establishing a promising approach for enhancing overall model performance [30].
Moreover, several studies have addressed multi-label classification in online learning settings, prominently featuring
advancements in the passive-aggressive framework. A newly proposed algorithm effectively learns label correlations
while performing multi-label classification online [26, [41]. Furthermore, learning label correlations dynamically is
crucial for adapting multi-label classifiers efficiently as highlighted in [42]. This synergy of learning correlations and
adapting to new data instances also extends to a specialized approach that maintains computational efficiency through
budget adherence [40].

Despite their advantages, these algorithms face a critical limitation known as the “curse of kernelization.” This
phenomenon refers to the unbounded growth of the model size as the training data size increases, leading to significant
challenges in computational complexity, memory usage, and training time. The primary challenges associated with
these methods include scalability, overfitting, support vector (SV) maintenance in memory, SV size reduction, sparsity,
and the reduction of both test and training time. Additionally, achieving an optimal convergence rate (whether fixed or
variable) remains a critical concern. To mitigate these challenges, several well-known algorithms have been developed,
focusing primarily on reducing the number of support vectors. Three main strategies are employed to achieve this:
removal, projection, and merging. Notable algorithms that utilize these strategies include Budget Perceptron [12],
Budget Online Kernel Gradient Descent (BOGD) [43], Random Budget Perceptron (RBP) [5], Space Implicit Online
Learning with Kernel (SILK) [8], Forgetron [I5], and Budget PA Simple (BPA-Simple) [39]. These algorithms primarily
rely on the removal strategy. Other approaches, such as Projectron, Projectron++ [28 29], BPA-S, BPA-P, BPA-NN
[39], and BSGD-R, BSGD-P, BSGD-M [38], employ projection and merging strategies. Collectively, these algorithms
are referred to as “Budget Online Kernel Learning.”

Additionally, the exploration of random scaling in stochastic gradient descent has yielded insights into maintain-
ing low computational overhead while processing massive data streams, which can be highly beneficial for interval
data applications [25]. To address these issues, various online algorithms have been proposed, focusing on both the
traditional removal strategy and more innovative methods. Recent findings on adversarial sparse online learning lend
further insight into enhancing the robustness of algorithms in uncertain environments [7].

It is important to note that none of the aforementioned online algorithms are capable of handling interval data
directly. However, our proposed method, which extends these approaches, will be compared with these algorithms.
In our proposed method, we have not incorporated strategies for reducing the number of support vectors, as this lies
beyond the scope of the current study. Nevertheless, such strategies can be integrated into our method in future work.
Furthermore, our proposed approach can be adapted to address interval data in other online learning algorithms,
paving the way for more robust and scalable solutions in the future.

3 Proposed Method

In this section, we discuss the problem of online binary classification learning for interval data and provide a detailed
analysis. Online binary classification occurs in a sequence of rounds, with one iteration for each incoming data. The
algorithm observes the new input data in each round and predicts its label, which is either +1 or —1. We denote the
input for the algorithm in round ¢ by &;, which we consider as interval data, defined as follows.

Definition: A sample interval value is represented by &, and is defined as &, € [@!, z}'], where @}, z}' € R" and
(@})i < (&4)i < (x)s-

Geometrically, this interval sample forms a hypercube or hyper-rectangle in the input space. Assume &; corresponds
to a unique label y; € {+1,—1}. In round ¢, we express the input pair with its corresponding label as (&, y;) and refer
to it as an “interval value training sample”. In online binary classification problems, the traditional Passive-Aggressive
algorithm [I1] is extended to deal with the interval data. The proposed algorithm utilizes the newly arrived interval
input pair to enhance its prediction rule. We restrict our discussion to binary classification based on a weight vector
w € R™, taking the form sign(w.x). The algorithm maintains the weight vector in its internal memory and updates
it in each round. The goal is to learn the weight vector w; based on the arrival of new interval input data, where w;y
denotes the weight vector in round t. We initially consider the weight vector w as zero, i.e., w; = (0,---,0)7. In
round ¢, the updated weight vector w;, is the solution of the following optimization problem:

wi 1 = argmin |jw — w||* subject to Iy, (w; (&4,y:)) =0, w R (3.1)
w

where ||.|| denotes the 2-norm, and Iy, is a loss function for round ¢, defined as:

lMtémax{O,l—yt<w,wé > 11—y <w,xy >} (3.2)
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where < .,. > represents the inner-product of two vectors. This modified loss function is based on the hinge loss
function for binary classification and is essential for determining the maximum relative deviation in the neighborhood
of sample &;, where

Ty € [wy — Ar, e + Ag] € [wi,:cﬂ

and A1, As are non-negative vectors with the same dimension as @;. The weight vector w; is updated based on this
loss function. If the loss function value, las,, equals zero, the weights remain unchanged: w = wy. If l5, > 0, the
weights require updating. Now assume the loss function is positive, i.e., [, > 0. In this case, the Lagrange function
of the problem is formulated as follows:

1 N
L(w,n) = 5 [lw —w|* +nla, (w; (@1, 1) (3-3)

According to the KKT conditions and by setting the partial derivatives of L with respect to the elements of w to
zero, it can be written as:

OL(w,
(W, 1) _ L - (3.4)
ow
where
b if ly, =1 -y <w,xl >
k _
Ty =

xy i gy, =1—y <w,x}f >
By substituting w in equation (3.3)), we obtain:
1
L(n) = —5772”53?”2 (1 =y < wy,zf >)

Taking the derivative of the expression with respect to n and setting it to zero gives:

dL(n)
on

11—y < wt,ccf >
[EHE

=0= —n|zf|P+ (1 -y <ws,xf >)=0 = n=

Since 7 is a variable step-size with respect to time ¢, we denote it as 7;. The optimization problem (3.1)) has the
following solution:

I,
IS

k
Wiyl = Wy + Yy Xy  Where 17y =

In the proposed method, the variable step-size 7; is computed at time step ¢ as follows. Based on the defined loss

l
function in equation (3.2), if {pr, = 1 — yr < wy, azff >, we use 1y = ﬁ and otherwise if Iy, = 1 — y < wy, ) >,
t
l
we use 7 = # The pseudo-code for the above algorithm is summarized in Algorithm
Ly

The proposed method is extended to a nonlinear prediction model. The decision function for the nonlinear problem
is defined as follows:

ge(z¢) = sign( < w, d(z;) > ) = sign(fi(z)) (3.5)

where fi(z;) = (w, ¢(x;)), and ¢(-) is an explicit nonlinear feature map function that transforms data from the input
space to the feature space. Given that the dimensions of the feature space can be very high or even infinite, explicit
feature maps are impractical. Kernel methods address this limitation by performing computations directly in the
input space, utilizing the implicit feature map. This technique is commonly referred to as the "kernel trick” (i.e.,
k(z,2') = (¢(x), ¢(x'))). Consequently, the loss function in equation is modified as follows:

I, émax{(), I -y <w, ¢(mi) > 11—y <w, ¢(m?) >}
=max{0,1 — ytft(wfg), -y fe(zy)}

and the Lagrangian problem, as described in Equation (3.3), can be reformulated as follows:

(3.6)

1
L(w,n) = gllw = w|* + i, (3.7)
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Algorithm 1 Online linear binary classification for interval data
1: Initialize wo = (0,--- ,0);
2: fort=1,2,... do
3:  Receive instance x; € R";

4:  Predict 4 = sign(< wy, T >);
5. Receive correct label: y; € {—1,+1};
6:  Suffer loss: Iy, = max{0,1 —y; < 10,5731:f5 > 11—y < wyg, ¥ >}
7. if [; > 0 then
8: update:
9: if Iy, = 1 —y: < wy, xL > then
L
10: set gy = ——;
[EAlS
11: k=:<U; \\ » k is superscript of x¥
12: else }
M,
13: set = 3
T Tl
14: k=, \\ » k is superscript of x¥
15: end if
16:  end if
17: update: wyy1 = wy + ntyta:f;
18: end for
OL(w, .
Based on the KKT conditions and % = 0, we obtain:
w
w = w; + myp(xy), (3.8)
I,
N =-—s (3.9)
[o(f)]?

where
L[ =1 < w (e >
Ty =

z} if Ay, =1—y <w,d(x}) >

According to the loss function specified in equation (3.6)), if lrr, = 1—y; fi(x}), we set n; = lar, /|| ¢(xL)||>. Otherwise
if Inr, = 1 —yfe(x), we set n, = Iy, /||o(z2)||>. Considering that the initial weights are zero, the weight vector at
time ¢ can be expressed as:

t—1
wy =Y myid(a). (3.10)
=1

Given that ¢(.) is unknown and potentially high-dimensional, direct computation of the weight vector is intractable.
To address this challenge, we multiply both sides of equation (3.10) by ¢(x}) and utilize the kernel trick k (x, 2') =<
o(x), (x') >, obtaining:

t—1
fe(we) = Zniyik(t’”?awf/)a (3.11)
=1
1- tJt 1]?
m = W (3.12)

where [|¢(xz,)||? =< é(x:), d(x:) >= k(zs,x). Algorithm [2] summarizes the pseudo-code for the proposed online
nonlinear classification learning method, specifically designed to process interval input data.

4 Analysis

In this section, we obtain the relative loss bounds for the proposed algorithm. Specifically, we compare the
cumulative squared loss attained by the algorithm on the same sequence of samples with the loss attained by an
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Algorithm 2 Online nonlinear binary classification for interval data
1: fort=1,2,... do

2:  Receive instance x; € R";
3:  Predict g;(x;) according to ;
4:  Receive correct label: y, € {—1,+1};
5. Suffer loss: Iy, = max{0,1 —y; fi(x}),1 -y fe(x?)};
6: if lMt > 0 then
7: update:
8: if lZM,, =1- ytft(.’lli) then

I,
9: set m_k(wé,mi)’
10: k=, \\ » k is superscript of x¥
11: else }

M,

12: set n = W@y, ah)’
13: k= ‘u; \\ » k is superscript of x¥
14: end if
15:  end if
16:  update: fy(z;) = 3i_; nyik(f,xf), kK =V,
17: end for

arbitrary fixed classification function of the form sign(u.x), where u is an arbitrary vector in R™. For simplicity, we
introduce the following notation: 1) Iy, denotes the loss suffered by our algorithm at step ¢ and 2) [ denotes the
loss incurred by the arbitrarily fixed predictor, which is used for performance comparison. This quantity is defined as
follows:

l: = l(“‘? (mt7yt)) = max{(), 1- Y < U, Ty >} (41)

We begin this section by generalizing Lemma which serves as the foundation for deriving the loss bounds for
the algorithm. Subsequently, we apply this generalized lemma to establish the desired bounds, thereby providing a
theoretical guarantee for the algorithm’s performance.

Lemma 4.1. Let (Z1,y1),..., (&7, yr) be a sequence of samples where &; € R and y; € {+1,—1} for all t. Let n;
denote the step size defined in the algorithm. Then, using the notation defined in (4.1)), the following bound holds for

every u € R™:
T

> (2lr, = nellaf | —207) < Jlul?

t=1

Proof . Define Ay as Ay = ||wy — ul|? — ||lwiyr1 — ul|?. We prove the lemma by summing A; over t = 1,...,7T and
bounding the sum from above and below. First, note that ), /\; is a telescoping sum, which collapses as follows:

T
S o=
t=1

(lwr = ull? = llwess — ul?) = w; - wl = fwrer - ull®

T
=1

t

Since w is defined as the zero vector, and ||wry1 — u||? > 0, we obtain the following inequality:
T
> A< ul?. (4.2)
t=1

Next, we bound A; from below. According to the definition of the loss function:
Ip, = max {O, 1 — ye(wy, mi>, 1 — yi(wy, :1:7;>} ,

if Ipr, = 0, then 1, = 0, and therefore A; = 0. Thus, we focus on the rounds where /s, > 0. Using the update rule:
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Wiy = Wi + Qyxr, we can express A\; as:

At = llwy — ul]? = [|wiry — ul

= [lwe = ull* — [lw; — u + neyey ||

Jwe — ul® = (JJlwe — ul® + 20y (wy — w, zf) + 57 |2f ||?)
= =2y (w; — w, zy) — 07 ||zf]|. (4.3)

Since we assume [y, > 0, it follows that [, =1 — yt<wt, zF). Then y; (wy, z}) = 1 — 1y, Moreover, the definition
of the loss function gives I} > 1 — y;(u, zf). Then y,(w;,xf) > 1 1.

Substituting these relations into Equation (4 , we obtain:

By 20 (1= 1) = (1= lag) — i lr|1®
= (20ar, — meller || — 207) - (4.4)

Finally, summing A; over t = 1,...,T, and comparing the lower bound in Equation (4.4) with the upper bound
in Equation (4.2), the lemma is proved. We now proceed to prove a loss bound for our algorithm. [J

Having established Lemma [£.I] we can confidently proceed with the analysis of our algorithm’s performance.
The lemma provides a critical inequality that sets the groundwork for bounding the cumulative squared loss. This
bound will enable us to demonstrate that our algorithm performs competitively in comparison to a fixed, arbitrary
classification rule. The next step is to utilize this lemma to establish an upper bound on the algorithm’s loss, thereby
affording us a theoretical performance guarantee.

Theorem 4.2. Let (&1,y1),...,(Zr,yr) be a sequence of samples where &; € R™ and y; € {+1,—1} for all ¢, and
||Z:|| < L for all ¢t and for some L > 0. Then, for any vector u € R™, the cumulative squared loss of our algorithm on
this sequence of samples is bounded from above by,

2
T T
D Gr < (ullL 424 > 02
t=1 t=1
Proof . In lemma[41] we have:
T
> @, — il |? = 267) < Jlull? (4.5)
We know 7, = ” M” 5 By substituting in equation (4.5)), we have:
Tt
d I I, - I
(20nr, — — ||k — 217) M
EZ: va ||2 g2 Z B2 kHQ < g2

< IIUII2

Now, using the fact that ||z¥||> < L? for all ¢, we get:

T
Z <221Mt +

Multiplying both sides of this inequality by L? implies that:

T T
S B, <2> w1+ (luf? - L?)
t=1 t=1
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Using the Cauchy-Schwarz inequality to upper bound the right-hand side of the above inequality, and denoting:

we get:

L3 < (Ju))?- L?) + 2L Ur (4.7)

The largest value of Ly for which the inequality (4.6]) is satisfied is equal to the largest of two values for which this
inequality holds with equality. Thus, in order to obtain the upper bound on Ly, we must obtain the largest root of
the quadratic equation L2 — |lu|?* - L? — 2LyUr = 0. By solving this equation, the largest root is as follows:

Ur + /U2 + Jul]? - L?

Using the fact that v/a + b < \/a + /b, we conclude that:

\VUE+ lull?- L2 <\ JUZ + /| ul? - L2
= Ur + /U2 + ||u||?- L2 < Ur + Ur + ||u| L

To obtain the desired bound, we can take the square of both sides of this inequality and substitute the definitions
of Lt and Ur from equation (4.6]). O]

In this section, we derived key theoretical results that give insights into our algorithm’s effectiveness. By first
proving Lemma [£.T] we established a foundational result that allowed us to derive an upper bound on the cumulative
squared loss of the algorithm. This bound illustrates that the algorithm can achieve a loss comparable to an optimal
fixed classifier within a certain range. The theoretical analysis presented here serves as a testament to the robustness
and reliability of the proposed algorithm, underlining its potential efficacy in a wide array of practical scenarios.

5 Experimental Results

In this section, we compare the proposed binary classification algorithm with various online kernel learning algorithms.
Since our proposed method extends the Passive-Aggressive algorithm for interval data and no other online algorithm
is specifically designed for classifying interval data, we compare it with extended versions of the Passive-Aggressive
algorithm. These algorithms, while not designed for interval data, have been adapted to handle nonlinear cases and
reduce the number of support vectors. We evaluate these algorithms on standard UCI datasets and real-world datasets
of varying sizes and complexities. The algorithms selected for comparison include:

e The kernelized Perceptron without a budget [16]

e The online kernelized gradient descent without a budget, “OGD” [23]

e The random budget perceptron using a random removal strategy, “RBP” [5]

e The Forgetron, which removes the oldest support vectors (SVs) [15]

e The Projectron, which employs a projection strategy [2§]

e The Projectron++, an improved version of Projectron with a projection strategy [29)
e Budget Passive-Aggressive with a simple removal strategy, “BPA-S” [39)

e Budget Online Gradient Descent with a removal strategy, “BOGD” [43]

e Fourier Online Gradient Descent, “FoGD” [20, 27]
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e Nystrom Online Gradient Descent, “NysGD” [20] 27]

Among the above algorithms, only FoGD and NysGD combine online kernel learning methods with kernel approx-
imation techniques. Cumulative error and test error are used to measure the efficiency of the algorithms, along with
runtime. The cumulative error is defined as: Z?:l 12, which quantifies the accuracy of the learning model over a
sequence of training data points over time. Since the initial prediction of weights in the early stages often leads to
misguided predictions, the cumulative error is typically greater than the errors observed during training and testing.
For a fair comparison between the methods, the parameters are set as follows:

e The budget size for all datasets is set to 200.

e A Gaussian kernel is used for nonlinear algorithms, and hyperparameter tuning [3] is applied to achieve optimal
performance on a given dataset. This includes tuning hyperparameters such as ¢ in the Gaussian kernel and the
learning rate 7.

e The search intervals for model hyperparameters are as follows:

— 0 €[0.01, 15]

— The learning rate n € [0.01,0.2]

— The number of Random Fourier Features (RFFs) for the FoGD algorithm is RFF's € [50, 200]
— For the BPA-S algorithm, Cppas € [0.5,2]

— For the NysGD algorithm, the 20 to 50 largest magnitude eigenvalues are considered.

For the proposed method, the data is converted into interval data as follows:

xh =z —0.02 x z; (lower bound), xy = a1+ 0.03 x &y (upper bound),

where A; = 0.02 and Ay = 0.03 represent the lower and upper bounds, respectively. In contrast, the other methods
use the original data x; without any modifications. Additionally, the Hinge loss function is employed, which is a
widely used loss function in classification problems. These methods are evaluated on binary classification tasks across
a variety of datasets. The 10-fold cross-validation method is selected to evaluate the algorithms. Without loss of
generality, the data is assumed to be irregularly entered into the algorithms. We evaluate the performance of the
presented algorithm for binary classification on datasets of different sizes and applications selected from the UCI
database!] and the LIBSVM database? The general properties of these datasets are summarized in Table

Dataset Samples | Features
ionosphere 351 33
wdbc 569 30
australian 690 14
chess 3196 36
twonorm 7400 20
c0il2000 9822 85
magic 19020 10

Table 1: Description of binary classification datasets.

The results of the 10-fold cross-validation include the mean and standard deviation (mean + std) of cumulative
and test errors, which are detailed in Tables and [4] Additionally, the average runtime is reported in these tables
as "runtime.” The comparative results demonstrates that the proposed algorithm achieves the best or near-best results
across all datasets. Notably, the proposed algorithm exhibits superior performance in the nonlinear case compared to
the linear case, where other comparison algorithms are also implemented in the nonlinear case. Compared to competing
methods, the proposed approach avoids employing a budget maintenance strategy, as the reduction of support vectors
is not within the scope of our current objectives. As a consequence, this results in slower runtime performance in
nonlinear scenarios. Conversely, in the linear case, where maintaining support vectors is unnecessary, the proposed

https://archive.ics.uci.edu/datasets/
https://www.csie.ntu.edu.tw/~cjlin/libsvmtools/datasets/
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method demonstrates superior runtime performance compared to alternative approaches. For the Australian, Chess,
and Coil2000 datasets, the distinction between the proposed method and other algorithms is pronounced, with the
former outperforming the latter. In specific datasets, such as Magic, while the proposed method incurs marginally
higher training errors compared to some algorithms, the cumulative error remains lower than that of all competing

algorithms.

To facilitate a deeper understanding of the algorithm implementation results, the learning curve for all algorithms
is shown in Figure [2l The horizontal axis represents the number of received training data along with the scale factor,
which divides the axis into 50 equal parts. The vertical axis represents the average cumulative error on the training
data sequences. Perceptron, RBP, Forgetron, Projectron, and Projectron++ algorithms have similar update rules but
use different strategies for maintaining the budget. As shown in Figure [2| the learning curve of these algorithms is
very close to each other in some datasets, resulting in overlapping curves at specific points.

ionosphere wdbc australian

Algorithm’s Name Test Error Cumulative Error | Runtime Test Error Cumulative Error | Runtime | Test Error | Cumulative Error | Runtime
Proposed (Linear) | 21.94% + 14.07 23.05% + 1.27 0.0062 | 21.82% =+ 8.23 34.52% +1.11 0.0092 |19.42% + 9.52 20.37% + 0.85 0.0224
Proposed (Kernel) | 19.33% =+ 6.68 23.71% + 2.82 0.1226 | 23.02% + 16.00 | 35.85% =+ 2.03 0.1542 | 17.25% + 3.89 17.95% + 1.00 1.1565
FoGD 50.13% =+ 6.68 51.82% + 2.44 0.01288 | 49.40% + 7.31 47.74% + 2.32 0.0255 |49.71% +5.84 | 50.97% + 1.20 0.1106
Perceptron 27.65% + 14.41 27.95% + 1.93 0.0230 |19.51% +16.18 | 35.52% + 1.52 0.0472 |20.43% +8.92| 20.84% + 1.21 0.2170
ogd 19.96% + 11.61 23.49% + 1.39 0.0279 |20.04% +16.19| 35.66% + 1.64 0.0596 | 16.38% =+ 3.99 18.53% + 1.16 0.6588
rbp 27.65% + 14.41 27.95% + 1.93 0.0246 | 33.05% =+ 18.68 38.92% + 2.47 0.0651 |21.74% =+ 8.20 22.62% + 1.50 0.2063
Forgetron 26.51% =+ 14.65 27.83% + 2.01 0.0239 |19.51% =+ 16.18 35.52% + 1.52 0.0611 | 18.55% =+ 5.58 22.90% + 1.21 0.1462
Projectron 27.65% + 14.41 27.95% + 1.93 0.0333 |29.36% + 19.53 | 41.52% +1.73 0.0351 |19.13% +8.53| 20.84% + 1.13 0.1757
Projectron++ 24.80% 4+ 12.52 | 28.11% =+ 1.49 0.0494 |29.36% =+ 19.53 | 41.52% +1.73 0.0364 |17.83% +6.70 | 20.76% + 1.04 0.2742

Table 2: Part I: Comparison of cumulative error, test error and runtime of binary classification datasets

chess twonorm

Algorithm’s Name Test Error Cumulative Error | Runtime | Test Error | Cumulative Error | Runtime
Proposed (Linear) | 13.24% + 7.87 13.08% =+ 7.31 0.0536 | 3.58% +1.10 3.57% +0.15 0.0946
Proposed (Kernel) | 10.75% + 5.89 11.23% + 5.56 4.6392 | 2.08% +0.71 2.27% £+ 0.08 7.9806
FoGD 37.11% £ 0.63 47.49% £+ 3.14 0.3251 |50.12% +1.72 50.12% £ 0.52 0.6994
Perceptron 18.27% +12.97| 19.05% + 13.33 1.2860 | 3.39% =+ 1.33 3.71% £ 0.20 0.7646
ogd 11.39% + 9.17 11.24% + 8.38 1.4548 2.08% +0.72 2.26% + 0.10 3.4382
rbp 26.36% £+ 12.78 | 26.29% + 13.10 1.3012 | 3.72% + 1.42 3.85% +0.26 0.7949
Forgetron 28.39% £ 17.10 | 29.17% £ 17.52 1.3282 | 3.57% £ 1.08 4.02% £ 0.17 0.6897
Projectron 21.42% £+ 16.99 | 20.16% £ 15.54 1.4048 3.34% +1.36 3.71% £+ 0.20 1.5331
Projectron++ 26.38% £+ 15.94 | 25.04% =+ 14.85 1.3495 3.45% 4+ 0.87 3.66% + 0.21 1.2582

Table 3: Part II: Comparison of cumulative error, test error and runtime of binary classification datasets

c0il2000 magic

Algorithm’s Name Test Error Cumulative Error | Runtime Test Error Cumulative Error | Runtime
Proposed (Linear) 10.65% =+ 14.12 10.72% £ 0.25 0.2282 30.40% =+ 3.26 38.28% + 0.36 0.2524
Proposed (Kernel) | 5.97% + 0.05 6.61% +0.34 25.2084 | 32.61% + 5.88 36.40% + 0.32 34.7537
FoGD 48.98% £ 1.60 48.58% + 0.49 0.8844 50.05% + 1.20 49.86% £ 0.27 1.8027
Perceptron 7.12% +1.38 10.80% 4+ 0.16 12.3949 | 34.58% + 10.56 36.48% + 0.28 16.9545
ogd 5.97% + 0.05 6.45% 4+ 0.07 13.3811 | 30.97% + 3.78 36.39% + 0.24 16.2899
rbp 6.73% £ 2.39 11.10% £ 0.33 2.2514 | 36.89% 4 11.68 38.36% + 0.45 4.7109
Forgetron 6.66% =+ 1.96 10.87% £+ 0.19 7.5202 |35.28% £ 11.07 37.49% + 0.32 6.1794
Projectron 12.33% 4+ 4.02 12.99% + 2.15 4.0715 | 32.56% + 5.05 36.77% + 1.10 6.6049
Projectron++ 12.33% =4 4.02 12.99% =+ 2.15 4.4198 32.56% + 5.05 36.77% £ 1.10 7.1136

Table 4: Part III: Comparison of cumulative error, test error and runtime of binary classification datasets
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In summary, the proposed algorithm demonstrates robust performance across various datasets, particularly ex-
celling in nonlinear scenarios. While it incurs marginally higher training errors in some cases, its cumulative error
remains consistently lower than competing methods. The learning curves in Figure [2] highlight the close performance
of budget-maintaining algorithms, while the proposed method avoids such strategies, focusing instead on accuracy.
These results underscore the effectiveness of the proposed approach for binary classification tasks, especially when
dealing with interval data. Future work could explore integrating budget maintenance techniques to further enhance
runtime efficiency without compromising accuracy.

Conclusion

This paper introduced a novel online binary classification algorithm designed to handle interval data, extending the
Passive-Aggressive (PA) framework with a new loss function. The proposed method effectively addresses the limita-
tions of traditional online learning algorithms when dealing with imprecise data represented as intervals. Theoretical
guarantees, including cumulative squared loss bounds and relative loss bounds, demonstrate the algorithm’s effective-
ness in minimizing prediction errors. Empirical evaluations on multiple datasets confirm the competitive performance
of the proposed method compared to existing online algorithms. In future work, the method can be extended to
multi-class and multi-label classification problems, and techniques for reducing the number of support vectors (SVs)
can also be investigated to enhance computational efficiency and scalability.
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