N
A

Ground state solutions for two classes of fractional
Hamiltonian systems

Mohsen Timoumi

Dpt of Mathematics, Faculty of Sciences of Monastir, 5000 Monastir, Tunisia

(Communicated by Javad Damirchi)

Abstract
In this paper, we are concerned with the following periodic fractional Hamiltonian system

{th(aJﬁmxw+L@m@)sz4amw)teR
u e H*(R).

Using variational methods and a version of the concentration compactness principle, we study the existence of ground
state solutions for this system under two different classes of superquadratic conditions weaker than the ones known in
the literature. To the best of our knowledge, there has been no work focused in this case.

Keywords: Fractional Hamiltonian systems, ground state orbits, periodic potentials, variational methods,

concentration compactness principle.
2020 MSC: Primary 34C37; Secondary 58E05, TOH05

1 Introduction

In this paper, we are concerned with a class of periodic superquadratic fractional Hamiltonian systems of the
following form

(FHS)

{tD&(QJﬁmxw+L@m@)szqameteR
u e H*(R),

where _ Dy and (D¢ are left and right Liouville-Weyl fractional derivatives of order % < a < 1 on the whole axis
respectively, L € C(R,RN") is a symmetric matrix valued function, W € C*(R x R¥ R) and VW (¢, z) = I (t, ) is
the gradient of W (¢, x) with respect to the second variable. Our basic assumption is periodicity of L(t) and W (¢, z) in
t. As usual, we say that a solution u of (FHS) is a ground state solution if u is nontrivial and minimizes the energy
functional of (FHS) among all possible nontrivial solutions.

Fractional differential equations have been receiving great interest recently. It is mainly due to the extensive
application of fractional differential equations in many engineering and scientific disciplines such as physics, chemistry,
biology, economics, control theory, signal and image processing, biophysics, blood flow phenomena, aerodynamics,
fitting of experimental data, and so on, see [ 10} T4l 21} 23]. Therefore, the theory of fractional differential equations
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is an area intensively developed the last decades [I, [I0]. Recently, also equations including both left and right
fractional derivatives are discussed. Apart from their possible applications, equations with left and right derivatives
are an interesting and new field in fractional differential equations theory. Some classical tools have been used to study
nonlinear fractional differential equations in the literature. These classical techniques include the topological degree
theory [Bl, [I1], the comparison method [I7, [43] and some fixed point theorems [4 [42].

During the last four decades, the critical point theory has developed into a wonderful tool for investigating the
existence criteria for the solutions of differential equations with variational structures, for example see [19,24] and the
references cited therein. On 2013, Torres [34] used the genus properties in critical point theory to prove that system
(FHS) possesses a nontrivial solution provided L is positive definite satisfying a coercive condition and W satisfies
some suitable conditions among them the so-called Ambrosetti-Rabinowitz superquadratic condition (AR). There
exists a constant p > 2 such that

0 < uW(t,z) < VW (t,z) -z, ¥(t,z) € R x (RN \ {0}).

)

Here, ” - denotes the standard inner product in RY and the associated norm is denoted by |.|. Since then, based on
critical point theory and variational methods, many mathematicians are interested in the existence and multiplicity
of solutions to system (FHS), see [2,3,7,20,30-36,38-41] and the references cited therein. Most of these results were
obtained under condition (AR). The (AR) condition is quite natural and important not only to ensure that the energy
functional f has a mountain pass geometry, but also to guarantee that the Palais-Smale sequence of f is bounded.
However, the (AR) condition is so strong that many functions cannot be involved. For this reason, in recent years,
some authors tried to weaken (AR) condition, we refer the readers to [30]-[33]. However, there are many nonnegative
superquadratic functions which are not raised in the papers indicated above. In the present paper, motivated by
the above papers, we focus on the existence of ground state solutions of (FHS) under some kind of superquadratic
conditions weaker than the above mentioned conditions. The remaining of this paper is organized as follows. Section
2 is devoted to some preliminary results. In Sections 3,4, we are interested to the existence of ground state solutions
for two different classes of superquadratic potentials. Section 5 is reserved for concrete examples.

2 Preliminaries

In this Section, for the reader’s convenience, first we will recall some facts about the fractional calculus on the
whole real axis. On the other hand, we will give some preliminaries lemmas for using in the sequel.

2.1 Liouville-Weyl fractional calculus

The Liouville-Weyl fractional integrals of order 0 < az < 1 on the whole axis R are defined as (see [13,14,23])

o Iut) = / (t — 2)°Lu(z)dz (2.1)

I(a) Jo
and ) -
JEu(t) = F(a)/t (x — ) tu(x)ds. (2.2)

The Liouville-Weyl fractional derivatives of order 0 < a < 1 on the whole axis R are defined as the left-inverse
operators of the corresponding Liouville-Weyl fractional integrals (see [13,14,23])

CwDfult) = (e} ) (1) (2.3)
and i
tDyu(t) = —g(tféo_au)(t)- (2.4)

The definitions of (2.3) and (2.4) may be written in an alternative form as follows

Dou(t) = —— ; /0 Tult) —ult-a) (2.5)

Il -« xotl

and

(D u(t) = r(1 1_ a) /OOO wlt) ;:ﬁ +o) dzx. (2.6)
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We establish the Fourier transform properties of the fractional integral and fractional differential operators. Recall
that the Fourier transform @ of u is defined by

Let u be defined on R. Then the Fourier transform of the Liouville-Weyl integrals and differential operators satisfies
(see [13) [14])

o —

“eIfu(s) = (is) =), (2.7)
A%u(s) = (—is)~*a(s), (2.8)
—weDifu(s) = (is)*i(s), (2.9)
Deu(s) = (—is)a(s). (2.10)

Next, we present some properties for Liouville-Weyl fractional integrals and derivatives on the real axis, which
were proved in [I3]. Denote by LP(R,RY) (2 < p < 00), the Banach spaces of functions on R with values in R under
the norms

el = ( / ()P dt)?,

and L>°(R,RY) the Banach space of essentially bounded functions from R into RY equipped with the norm

llul|, = esssup {|u(t)| /t € R}.

2.2 Fractional derivative spaces

In order to establish the variational structure which enables us to reduce the existence of solutions of (FHS) to
find critical points of the corresponding functional, it is necessary to construct the appropriate functional spaces.

For o > 0, define the semi-norm
|U|[gac = [|—oo D' ul[ 12

and the norm .
2 2 1
ull e = (s + 2 )3,

and let
e = 7030(& RN)I\~|H1300 ’

where C§°(R,RY) denotes the space of infinitely differentiable functions from R into RY with vanishing property
at infinity. Now, we can define the fractional Sobolev space H*(R,RY) in terms of the Fourier transform. Choose
0 < a < 1, define the semi-norm
= sl @l
and the norm )
2 2,1

[ull = (lullze + luly)?,

and let

HY(R,RY) = Co (R, RV =

Moreover, we note that a function v € L2(R, RY) belongs to I¢_ if and only if

o0

|s|* @ € L*(R,RY).

Especially, we have
lulra = llls|® @l 12 -

Therefore, 1. and H*(R,R") are equivalent with equivalent semi-norms and norms. Analogous to I%_, we
introduce I . Define the semi-norm

|u Ie = leDeoull 2
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and the norm
e = (lul2 + Jul2, ),
and let
13 = Cr@®RM) %,

Then 1%, and I% are equivalent with equivalent semi-norms and norms. Let C(R,RY) denote the space of
continuous functions from R into R"Y. Then we obtain the following Sobolev lemma.

Lemma 2.1. 20, Theorem 2.1]. If a > %, then H*(R,RY) C C(R,R"), and there exists a constant C = C,, such
that
lull oo = sup [u(t)] < Ca [lull, . Yo € H*(R,RY).
teR

Remark 2.2. From Lemma 2.1, we know that if v € H*(R,RY) with 1 < a < 1, then u € LP(R,R") for all
p € [2, 0], because

—2 2
/R (&) dt < P2 ] 2

Denote by y the self-adjoint extension of the operator ;DY oo, D§* + L with the domain D(x) C L?*(R). Throughout
this paper, we consider the following two conditions

(L) L € C(R,RN") is T—periodic (T > 0) and L(t) is an N x N symmetric matrix,
(x) sup (o—(thoo,ong + L(t))N] — oo, 0[) <0 < inf (a(thoo,Ong + L(#))n)o, oo[).

Let {E(N\)/ — 00 < A < oo} and |x| be the spectral family and the absolute value of y, respectively, and |X\% be

the square root of |x|. Set U =1id — E(0) —£(07). Then U commutes with y, |x| and |X|%7 and x = U |x| is the polar
decomposition of x (see [9]). Let

X =D(x|?), (X4~ =£(07)X*, (X°)° = (£(0) — £(07))X?, (X°)* = (id — £(0)) X" (2.11)
By (), one has (X)? = {0}. Hence for any u € X%, we have u = u~ +u™' and
xu~ = — |x|u, xuT = |x|u, Yu e X*ND(x), (2.12)
where v~ = E(07)u € (X¥)~, ut = (id — £(0))u € (X*)T. We can define an inner product
< u,v === |x|%u,|x\%v>L2, Yu,v € X (2.13)

and the corresponding norm )
Jull =< u,u =2, Yu e X (2.14)

Remark 2.3. The fractional norm thus defined is invariant under translation, in fact by (2.5), for u € (X a)+, denote
by v(t) = u(t + T), then we have

[0]]> =< 0,0 === xv,0 > 2
= /]R [th‘oo,oonv(t) ~v(t) + L(t)v(t) -v(t)}dt
= [ [leDEu®F + 20)000) - o0)]
- /R [(F( 1 /O“ u(t+T) —ut+T —x) dx)2 + L(t)u(t +T) - u(t + T)} dt.

1—a) xotl

By the change of variables s =t + T and as L is periodic, one gets

ol = /]R [(F(ll— a) /O°° M) L) - s

_ / (|- D2u(s) + L(s)u(s) - u(s)] ds = [lul]*.
R
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Similarly, for u € (X*) and v(t) = u(t + T), by the same calculation as before, we obtain |v|| = |lul|. Hence,
for all w € X and v(t) = u(t + T'), we have |Ju| = ||v||, which means that the fractional norm is invariant under
translation.

Since X* = H(R) with equivalent norms under condition (L), X¢ is continuously embedded in L*(R) for all

2 < s < oo and compactly embedded in L*(R) for all 2 < s < co. Hence, for all 2 < s < oo, there exists a constant
ns > 0 such that

lull s < nsflull, Yu € X (2.15)

In addition, one has the decomposition X% = (X))~ @ (X%)T orthogonal with respect to both inner product
<. .>=and <.,. >r2. In view of (2.12) and (2.14), we have for all u € X*

o 2 _2
/R [—co Dfu(t)]? + L(tyu(t) - u(t)]dt = ||ut||” —||u=|"- (2.16)
Now, in order to prove our main results, the following critical point theorem will be needed.

Definition 2.4. Let X be a real Hilbert space with X = X~ @® X+ and X~ L XT. A functional f € C(X,R) is said
to be weakly sequentially lower semi-continuous if for any u, — w in X, one has f(u) < liminf, , f(u,), and [ is
said to be weakly sequentially continuous if lim,, o f'(u,)v = f'(u)v for each v € X.

Lemma 2.5. [15, [16] Let (X, |.||) be a Hilbert space with X = X~ @ X+ and X~ L X7, and let f € C'(X,R) be of
the form 1 , )
flu) = 5( lu]|" = lu||") —g(u), u=v" +ut e X~ 0 XT.
Assume that the following conditions are satisfied
(1) g € CY(X,R) is bounded from below and weakly sequentially lower semi-continuous,
(2) ¢’ is weakly sequentially continuous,

(3) there exist r > p > 0 and e € Xt with ||e|| = 1 such that
o =inf f(S)) > sup f(9A),

where
Sf={ueX*/|ul=p}, A={v+se/ve X ,s>0,|v+sel] <r}.

Then there exist a constant ¢ € [a, sup f(A)] and a sequence (uy,) C X satisfying

Fun) = e [1f (un) [ (1 + [lunll) = 0.

Definition 2.6. Let (u,) be a bounded sequence in a Banach space. We say that (u,,) is vanishing if, for each R > 0,
y+R 9
lim sup/ |un|” dt =0
n—oo yE]R yfR
and (u,) is nonvanishing if there exist o > 0, R > 0 and (y,,) C R such that
Yn+R 9
lim inf |un|”dt > o, Vn € N.

In the vanishing case, we have the following result, which is a special case of Lion’s concentration compactness
principle.

Lemma 2.7. [I8, Lemma 21] Let (u,,) be a bounded sequence, if for any R > 0

y+R )
lim sup/ lun|” dt =0,

n—=00 yeR Jy_R

then u, — 0in L*(R) for 2 < s < 0.
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3 First class of superquadratic potentials

Let L € C(R,RY 2) be a symmetric matrix-valued function and W : R x RN — R be a continuous function,
differentiable with respect to the second variable with continuous derivative VW (t,z) = 2% (¢, z). To state the main
result of this Section, we still need the following conditions
1) W(t,z) is T—periodic in t and W (¢,z) > 0 for all (¢,z) € R x RY;

(W
(Wa) W(t,0) =0 and VW (¢, 2) = o(|x|) uniformly for ¢ € R;
(
(

2)
W3) lim|g| o0 % 400, almost everywhere t € R;
Wy) W(t,z) >0, V(t,z) € R x R, and there exists g € C(R%,R%) with lims_, g(s) = 400 such that
VW, 1 _
ALAGE) S I e s
|z An3 9(|=[)

where 7 is the Sobolev embedding constant given in (2.15).

Theorem 3.1. Assume that (L), (x) and (W7) — (W,) are satisfied. Then the fractional Hamiltonian system (FHS)
possesses a ground state solution.

Proof of Theorem 3.1. We are going to establish the corresponding variational framework to obtain the existence
of ground state solution of (FHS). For this end, define the energy functional f associated to system (FHS)

70 = 5 [ [-DFull + Lioyute) - u(v]ae ~ | e, utt)ar

defined on the Hilbert space X introduced in Section 2. By (2.16), f can be rewritten as
fwy = 2 (ot * = ) - /RW(t,u(t))dt
foru=u"+ut € X*= (Xa)_ &) (Xa)+. It is well known that f is continuously differentiable on X< and
Flu = /R [ DFu(t) o DY) + L)) - ()] it - /R VW (¢, u(t)) - o(t)dt
=< u,v > —/RVW(t,u(t)) o (t)dt

for all u,v € X“. Moreover, the nontrivial critical points of f on X* are solutions of (FHS). In the following, we will
proceed by successive lemmas.

Lemma 3.2. Assume that (L), (x), (W1) and (W) are satisfied. Then the functional
u) = /RW(t,u(t))dt, ue X
is nonnegative, weakly sequentially lower semi-continuous and ¢’ is weakly sequentially continuous.
Proof . Let u, — w in X®. Taking a subsequence if necessary, we have u,, — u almost everywhere on R. By (W5),

Fatou’s lemma, we have
g(u) < liminf g(uy),

n—00

which means that g is weakly sequentially lower semi-continuous. g/ is weakly sequentially continuous on X< is due
o [37. O

Lemma 3.3. Assume that (L), (x), (W1) and (W3) are satisfied. Then there exists a constant p > 0 such that

= inf(S}) > 0, where
si={ue (X)) |lull = p}.
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Proof . By (Ws), we have
Ve >0, Ir >0/Vt eR, |z| <r, |[VIV(t2)| <elx|,
which by the Mean Value Theorem implies

1
0<W(t,z) = / VW (t, sx) - xzds < % lz|?. (3.1)
0

Let u € (Xa)+ be such that ||ul] < 7> then by (2.15), one has ||u||;~ < 7. Hence

) = 5 Il = [ Wit u(e)

I, 2 € 2
> — — — |u(t)|” dt
> 5l = [ o)

1 2
> 5(1 —ene) [lul|”.

Take e = &, we obtain

1 2 r a\t
£ > P Vil < = we (x2)*.

o0

2 .
It suffices to take p = . and v = Z-. The proof of Lemma 3.3 is completed. O]

Lemma 3.4. Assume that (L), (x), (W1) and (W3) are satisfied. Let e € (XO‘)+ with |le|| = 1. Then there is 9 > p
such that sup f(9A) < 0 for r > rg, where

A= {w+se/w €(X¥) ,s>0,[lw+se| < 7"}.

Proof . We have
oA = {w € (X)) /|w| < r} U {w+se/w € (X% ,5=>0,|lw+ se :r}.

We have f(w) < 0 for all w € (X*) . We claim that f(w + se) — —oo as ||w + se|| — oo. Arguing indirectly,

assume that there exists a sequence (wy, + sye) C (X*) @ Re with [Jw,, + spe|| — oo such that f(wy + spe) > —M

for all n € N, where M is a constant. Set H’U”}"iii"zﬂ = v, + Tpe, then v, + Thel| = 1. Passing to a subsequence if

necessary, we may assume that 7, = 7, v, = v~ and v,;, — v~ almost everywhere on R. Hence

-M flwp +sne) 72 1, _ 2 W (t,wy, + spe)
3 S 2 :§—§||”n|| - 2 (3.2)
lws, + snell lwn, + snell R |wn + snell
If 7 =0, then it follows from (3.2) that
1, _ W (t,w, + sne 7'72L M
o< gl [ Wl M
2 R [lwn + spell 2 [wn + snell

which yields |jv,, || = 0 and so 1 = |Jv;, + Te| — 0, a contradiction. If 7 # 0, then it follows from (3.2), (W3) and

Fatou’s lemma
W (t, wy, + spe)

l|wn, + 3716”2
72 L W (t,wy, + sne)

< — — liminf 5
n=o0 Jr  [Jwy + snell

=2
< / timing V& Wn + sne) o,

R " uwn + snell”

. 201, 2
0 <limsup | T~ o, | -

a contradiction again. Hence f(w+se) — —oo as ||w + se|| = oo, and then there exists rg > p such that sup f(OA) <0
for r > rg. O
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Lemma 3.5. Assume that (L), (x), (W1) and (W}) are satisfied. Then any sequence (u,,) satisfying
flun) = >0, [|f (un)| (1 + [Jun]]) = 0 as n— oo (3.3)

is bounded in X¢.

Proof . To prove the boundedness of (u, ), arguing by contradiction, suppose that ||u,| — co. Let v, = Ty Then
llonll =1 and |lvn|l ;s < 15 ||lvnll =ns for 2 < s < oco. Observe that
1 —
e of1) = un) = 5 (wn)un = [ Wit.un)at. (3.4)
R
Since lims_,o g($) = 400, there exists R > 0 such that
g(s) >8(c+1)n%, Vs > R. (3.5)
Let - )
L, un
An{teR/l(MSQ} and B, = {t € R/ |un| > R} . (3.6)
|un| 4772
Hence, it follows from (3.6) that
t, Uy W(t, un
/ |va< X W (gt :/ v |< ! o, 2 at
A, Un A, Un,
1 , 1 (3.7
< — [vn|"dt < =.
any Ja, 4
From (W), (3.4)-(3.6), one has
W (t, uy, W (t, up,
(R\A,)NB, [[2n | (R\A,)NB,, |tn|
W (t, un
< ||vn||ix/ Mdt
(R\A,)NB, |Un |
Tt
Snit/ Wt un) ., (3.8)
(R\A,)NB, g(lunl)
S U S
8(c+ 1)nZ Jm\a,)nB,
1 1
< — 1) < = 1
< gam)le o) < g+ ol)
and -
L, un nll oo
/ M |'Un‘ dt < H’U ”L / |VW(t,un)\ dt
(R\A,,)N(R\B,,) [[unl [lunl (R\A,,)N(R\B.,,)
< HUHHLOO/ |u7’b| W(t,un)dt
[l || (R\A,)N(R\B,) g(lunl)
< loc sup i / W(t,un)dt (3.9)
unll z)<r 9(12]) J@\a)n®\ B,
< 4 W (t, u,)dt

lunll J @\ a0 @ B,

= 701(0 +o(1)) = o(1).

[[un]|
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Now, combining (3.3) with (3.7)-(3.9) yields

_ Hun”2 — [ (un)uy

2
[[n |

/ VW (t,up) - updt
R

1+ 0(1)

1

=2
[ |

_ L /vW(t,un).vndt
[unll Jr

1
/|VW(t,un)|\vn|dt
unll Jr

Wt n Wt, n Wt7 n
:/ VW (t,u )\Mm/ VW (t,u >||Un|dt+/ YWt w)l g
A, [l || (R\A,)NB, [l | (R\A,)N(R\B,) [l ]|

< % + o(1).

(3.10)

<

This contradiction implies that (u,) is bounded in X, O

Now, by Lemmas 2.5 and 3.2-3.4, there exist a constant ¢ > « and a sequence (u,) C X satisfying

fun) = c and [|f"(un)|| (1 + [lun]l) = 0. (3.11)

In view of Lemma 3.5, (u,,) is bounded. So, there exists a constant R > 0 such that

llunll < R, ¥n € N. (3.12)

By virtue of (W) and (Ws), for all € > 0, there exists r. €]0, Rnz[ such that

VW (t,2)| < elz|, V(t,z) e R xRN |z <r..

Let C, = max{m/t ER, re <|z| < RT]Q}. Then we have

||
VW (t,2)| < e|z|+ Ce |z, V(t,z) e R x RN, |z| < Rny. (3.13)
Since X is continuously embedded in L*(R) for s = 2, 3, there exists a constant co > 0 such that ||un||2L2 —|—||un||i3 <
Co. If
6 = lim sup sup / |u;’2dt:0
1(y,2)

n—oo yeR*

where I(y,2) is the interval of R centered at y with radius 2, then by Lemma 2.7, u;} — 0 in L*(R) for 2 < s < oo.
By (2.15) and (3.12), one has
llun|l o < NooR, Vn € N. (3.14)

Combining (3.13), (3.14) and Hélder’s inequality yields for a positive constant cs
26+ o(1) = 2/ (un) = || |* = ||uz ||* - 2/RW(t7un)dt
< Nt = ot + [ VW (t,) -
< f'(un)uyt +/]R [elunl +C. \unlﬂ |uyr | dt

2
< f/(un)u;t +e Hun”L2 HUIHLz + Ce ||unHL3 HUIHLa
<ecs + o(1).
This is a contradiction since € > 0 is arbitrary. Thus é > 0. Going to a subsequence if necessary, we can assume
the existence of (k) C Z such that
)
/ | |*dt > 2, Vn e N.
1( 2
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Let us define w,,(t) = u,(t + k,T) so that

0
/ w[*dt > =, ¥n eN. (3.15)

1(0,2) 2

Since W (¢, z) is T— periodic in ¢, we have ||w,| = ||u,| and
f(wn) = ¢ € [y,sup f(A)] and [[f(wn)| (1 + [[wn]]) — 0. (3.16)

Passing to a subsequence, we get w,, — wp in X%, w, — wp in Lj (R) for 2 < s < 0o and w,, — wy almost
everywhere on R. Since f’ is weakly sequentially continuous, one has

I (wp)v = f(wo)v, Yo € X*,
and by (3.16), f'(w,) — 0 in (XO‘)/. Then we have f’(wg) = 0. By (3.15) and the fact w,, — wp in Lj .(R), we have
o
5

/ |w|*dt > lim |w;t|* dt >
1(0,2) o0 J1(0,2)

Hence wg' # 0 and wy € M. Therefore M is not empty. Now, let
c= inf f(u).

ueM
For any critical point u € M \ {0}, assumption (W,) implies

£ = £ = 5= [ (GIW ) 0= W) >0

R

Therefore ¢ > 0. We shall prove that ¢ > 0 and there is ug € M\ {0} such that f(ug) = c. Let (u,) C M\ {0} be
such that f(u,) — c¢. Then the proof of Lemma 3.5 shows that (u,) is bounded. So, there exists a constant Ry > 0
such that ||u,|| < Ry for all n € N. By (2.15), we get

|tnll o < NooRo =R, ¥n € N. (3.17)
As in (3.13), for any € > 0 there exists C. > 0 such that
VW (t,z)| < e|z| + Cc |z]*, Vt € R, |z| < R.
So
I < [ oWt e
< /]R [€|Un|+0e |Un|2} sy | dt (3.18)

< eflunllpe Jul || 2 + Ce llunllZs [|uit]] s

2 2
< 577§ l|lunll” + 0677?% [l | ”un”LS .

Similarly, we have
2 2 2
[um |7 < end llunll” + Cen llunll™ Nunll s - (3.19)

From (3.18) and (3.19), we get
2 2 2
| < 2en3 [[unll” + 2Cens [fun” flunll s

which implies
lunll s >d, VneN (3.20)

for a positive constant d. If

n—oo yeR*

0 = limsup sup / |un|2 dt =0,
1(y,2)
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then, by Lemma 2.7, u,, — 0 in L*(R) for 2 < s < oco. This is a contradiction with (3.20). Thus § > 0. Taking a
subsequence if necessary, we can assume as above the existence of (k,) C Z such that

Let us define w,(t) = u,(t + k,T) so that

)
/ lwn|*dt > =, Vn € N. (3.21)

1(0,2) 2

Since W (t, z) is T—periodic in ¢, we have ||w,,|| = ||u,|| and
f(wn) = ¢ and || f'(wn)|| (1 + [Jwnll) = 0. (3.22)

< oo and w, — wy almost

s
. . 2
0. Since w, — wp in L;,.(R),

loc
everywhere on R. Since f’ is weakly sequentially continuous, then we have f’(wy)

then (3.21) implies

Passing to a subsequence, we get w, — wo in E, w, — wp in Lj (R) for 2 <

5
/ o2 dt = Tim o2t > 2.
1(0,2) 20 J1(0,2) 2

Hence wg # 0 and ¢ = f(wg) > 0. The proof of Theorem 3.1 is completed.

4 Second class of superquadratic potentials

Let L and W be defined as in Section 3 and note that the ground state solution for (FHS) in Theorem 3.1 is in
fact a nontrivial solution u which satisfies f(u) = infaq f, where

M= {ve X*\{0}/f'(v) =0},

X = ( X O‘)7 &) (X 0‘)+ is the working space on which the energy functional f associated with (FHS) is defined. On
2005, Pankov [22] was first introduced the following set

N~ = {u € X\ (X)) /' (wu = f/(w)v, v € (X“)_} :
which is a subset of the Nehari manifold

N = {u e X\ {0} /f (w)v = 0,Vv € (Xa)‘}.

In general, M is a very small subset of N'~. By definition, if u € X*\ {0} satisfies f(u) = infp— f and f'(u) =0, it
is said a ground state solution of (FHS). Using variational methods and critical point theory, many authors study the
existence of ground state solutions which minimizes the energy on the Nehari-Pankov manifold AN/~ for Schrodinger
equation, see [6, [27]-[29] and the references therein. However, to the best of our knowledge there is no similar results on
the existence of a ground state solution for fractional Hamiltonian system (FHS). We point out that it is much more
difficult to find a solution u of (FHS) which satisfies f(u) = infy— f than one satisfying f(u) = inf f. Motivated
by the above papers, in the following, we will study the existence of ground state solution for (FHS) which minimizes
the associated energy on the Nehari-Pankov manifold N~. More precisely, we obtain the following result.

Theorem 4.1. Assume that (L), (x), (W1) — (W3) and the following condition are satisfied

1-6?

(Ws) 2

VW (t,x) -z —0VW(t,x) y+W(t0x+y) —W(tz) >0, V>0, =,y € RV,

Then the fractional Hamiltonian system (FHS) possesses a nontrivial solution satisfying f(u) = inf— f.

Proof of Theorem 4.1. To prove Theorem 4.1, we need the following several lemmas:
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Lemma 4.2. Assume that (L), (x), (W1) and (W5) are satisfied. Then for all § > 0, u € X® and w € (X)

1—6?
2

Flu) 2 f(6utw) + 3 ol + 25 f e - 67 (wyw.

Proof . By (W5), we have for all § > 0, u € X and w € (Xo‘)f
1 1
) = £0u+w) = 5 (o = o) = [ wiesutenas = 5 (four| = Jou + wl*) + [ Wb+ wya
1 _ 1 _ _
= 5 (P = flm ) = 5 (6t 1* = 62 [l |* = Jol® = 6 < w0 )

+/R (W (¢, 0u + w) — W (t,u)]dt

2
- 1 ||w||2 + 1-6 (HU+H2 B HU_HQ _ / VW (t,u) .udt) — 9{ < u,w > _/ VW (t,u) -wdt}
2 2 R &

_pn2
+/ (5wt u) = 09 W () - Wt O w) — W (L) e
R
1—6°

= 2ol + 15— 0 (wy

iy

+/ {1 20 VW (L) - w = OV W (b w) - w + W (L, Ou +w) = W(t,w) | dt
R

1— 62

2

> 2l + 257 e~ 0f ()
The proof of Lemma 4.2 is completed. O
Corollary 4.3. Assume that (L), (x), (W1) and (W) are satisfied. Then for any v € /™, one has
Flu) > f(Ou+w), ¥9 >0, we (X))

Proof . It is evident since u € N~ implies f'(u)u = f'(u)w =0. O

Corollary 4.4. Assume that (L), (x), (W1) and (W5) are satisfied. Then, for all v € X and 6§ >0

1-—6?

2
) = G ol + 25 P+ 8 g = [ Wit outyar (43)

Proof . Take w = —fu~ in Lemma 4.2, one has

2 2
flu) > f(Ou™) + % ||1FH2 + %f’(u)u + 92f'(u)u7

2 2 2
= % ||u+H2 — / W (t,0u™)dt + % ||1f||2 + %f’(u)u O f (u)u~
R

1—6?
2

2

= 5l + S5k 8w — [ Wk ut
R

which ends the proof of Corollary 4.4. O

Lemma 4.5. Assume that (L), (x), (W1), (W2) and (W5) are satisfied. Then
(i) there exists p > 0 such that

m=iuf f >y =inf {f(u)/ue (X*)", Jul = p} >0,

(#4) [|lut| zmaX{Hu*H,\/Qm}, forallue N~



Ground state solutions for fractional Hamiltonian systems 13

Proof . (i) Take w = —fu~ in Corollary 4.3, one has
flu) > f(Ou™), V0 >0, ue N™.

Let p be defined in Lemma 3.3, we have
. o+
s 1nf{f(u)/u e (X", |luf = p} > 0.

Then, we have for all u € N/~ (take 0 = Huﬂ”)

)2y =inf { () /v e (X°)F, o]l = p}.

ut

(OEN

|
(ii) For uw € N, we have
1
m < (Nt = 1) = [ wieutenar < 5 (It = ).
which implies 2m + |u~||° < [lu*|” and hence |Jut| > max {v2m,|lu~||}. The proof of Lemma 4.5 is completed. [J

Lemma 4.6. Assume that (L), (x), (W1) — (W3) and (W5) are satisfied. Then any sequence (u,,) C X satisfying

fluy) = ¢ >0, f’(un)uff -0 (4.4)
is bounded.
Proof . To prove the boundedness of (u,), arguing by contradiction, suppose that ||u,| — co. Let v, = Hu T then
[on]l = 1. By (2.15), [[vall > <72 If
s+T 9
6:limsupsup/ |v,‘f| dt =0,
n—oo seR Js—T
then by Lemma 2.7, v;" — 0 in L*(R) for s €]2, 00[. Fix R > [2(1+¢)]2. By virtue of (W) and (W5), for e = W’
there exists r €]0, Rno [ such that
Wt 2) < —— o2, Y(t,x) R x RY, [a] < r (4.5)
— 4(R772)2 b ) b —
Let
Wit
ﬁ:max{ |(|’3x)/t€R7 r < |z] SRnoo}. (4.6)
x
Then 0 < 8 < co. Hence, it follows from (4.5) and (4.6) that
1 2 3 N
Wit,x) < — |x|"+ Blz|”, V(t,x) e Rx RY, |z| < RNeo. 4.7
(t, ) 4(Rn2)2‘| Blzl”, V(¢ z) |z < Rp (4.7)
Combining (4.7) with the fact [|v;]|;« < 700, One has
1
limsup/W(t,Rv,f)dt< rllmsup/ |v+| dt+R3ﬂhmsup/ |v+| dt < T (4.8)
n—oo n—o0

Set 0

Hence, by virtue of (4.3), (4.4) and (4.8), one has

¢+ o(1) = f(un)

no H"w“

072L + 179% / 2 p/ —
e R e Y O A A U s
R
R? / R 1 R?

27— Wt, u;f)dt-i-* 1-— f/ Up, U/n f(
= [ gt (1 ) e+
R? / R

> — | W(t,——wu})dt + o(1
O A T )

R? 1 1 3
> S =c+° ,
z 5 4—&-0(1)>c—|—1 4—1—0(1) c+4+0(1)
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This contradiction shows that ¢ > 0. We may assume that there exists (k,) C Z such that

(kn+2)T 9 5
/ ’vrﬂ dt > -, VyneN.
(kn—2)T 2

Let w,(t) = v, (t + k,T). Then
2T 9 5
/ |wt|” dt > 3> "neN. (4.9)

—2T

Now, we define u,(t) = u,(t + k,7'). Then i — wy, and ||w,|| = 1. Up to a subsequence if necessary, we can
|

I
assume w, — w in X%, w, — w in L} (R) and w,, — w almost everywhere on R. Obviously, (4.9) implies that w # 0.
Hence, it follows from (4.4), (W3) and Fatou’s lemma that

c+oll) . flu)

0= =
el
L 1 w2 2y [ Wt ua)
=t [5(t I = f |) = f 7
. 1 _ W(t, uy,
= Jim [ = oz ) = [ ) o
< — —liminf L/(t,un) |wn|2dt

n—oo Jp |an‘2

= —0Q,

which is a contradiction. Thus (uy,) is bounded. The proof of Lemma 4.6 is completed. [J

Lemma 4.7. Assume that (L), (x), (W1) — (W3) and (W;5) are satisfied. Then there exist a constant ¢ € [y, sup f(A)]
and a sequence (u,) C X% satisfying

flun) = cand || f (un)|| (1 + [Junll) = 0. (4.10)

Proof . By Lemmas 3.2, 4.5(i), the functional f satisfies all the conditions of Lemma 2.5. Hence, by Lemma 2.5, there
exist a constant ¢ € [y,sup f(A)] and a sequence (u,) C X satisfying (4.10). The proof of Lemma 4.7 is completed.
O

Lemma 4.8. Assume that (L), (x), (W1) — (W3) and (W5s) are satisfied. Then there exist a constant ¢ € [y, m] and
a sequence (u,) C X satisfying

fun) = ¢ and || f' (un)|| (1 + [Junll) = 0. (4.11)
Proof . Choose (v,) C N~ such that
1
m < flu,) <m+ e Vn € N. (4.12)
By Lemma 4.5, |[vi|| > v2m. Set e, = ‘ZEH Then e, € (X“)+ and |le,|| = 1. In view of Lemma 3.4, there
exists 7, > max {p, ||vn|} such that sup f(0A,) < 0, where
A, = {w + sen/w € (X)), >0, |w+se,| < rn}, n € N. (4.13)

Hence, applying Lemma 4.6 to the above set A,, there exist a constant ¢, € [y,sup f(A,)] and a sequence
(Un,k) C X* satisfying
Flung) = cn and || f' (uni)] (14 ||tnkl]) = 0, ¥n € N. (4.14)

By virtue of Corollary 4.3, we can get

fop) = f(svn +w), Vs >0, we (X*¥) . (4.15)
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Since vy, € A, it follows from (4.13) and (4.15) that f(v,) = sup f(A,,). Hence, by (4.12) and (4.14), one has

1
flung) = cn <m+ - and ||f (un k)|l (1 + [Junkl) = 0, Vn € N. (4.16)

Now, we can choose a sequence (k,) C N such that
1 , 1
Flung,) <m+ — and [f(unp, )l (1 + [ung, ) < =, ¥neN. (4.17)

Let w,, = up k, for n € N, then going to a subsequence if necessary, we obtain

fun) = c € [a,m] and || f' (un)|| (1 + [Jun]]) — 0.

The proof of Lemma 4.8 is completed. [

Next, in view of Lemma 4.8, there exist a constant ¢ € [y, m] and a sequence (u,) C X* satisfying

fun) = ¢ and || f (un)|| (1 + [Junll) = 0. (4.18)

By Lemma 4.6, (u,) is bounded. By proceeding as in the proof of Theorem 3.1, there exist a constant § > 0 and
a sequence (w,) C X satisfying

5
/ lwi|?dt > 2, vneN (4.19)
1(0,2) 2

and
f(wn) = c and || f'(wn)|| (1 + [[wal]]) — 0. (4.20)

By Lemma 4.6, (w,,) is bounded. Hence, passing to a subsequence, we may assume that w, — wq in X%, w, — wo

in L? (R) and w,, — wo almost everywhere on R. As in the proof of Theorem 3.1, we get f’(wp) = 0 and

12 dt > 0
/1(0,2) ‘wo ‘ T2

which implies that wi # 0 and wy € N'~. Hence f(wg) > m. On the other hand, by using (4.20), (W5) and Fatou’s
lemma, we have

m>c= lim [f(wn) - %f’(wn)wn}

n— 00

= lim EVW(t,wn) Wy — W(t,wn)]dt

> / lim EVW(t,wn) Wy, — W(t,wn)]dt
R’I’L*}OO

Z /]R {%VW(t,’LUO) s Wo — W(t,wo)i| dt

= f(wo) — %f’(wo)wo = f(wo).

This shows that m > f(wp) and so f(wg) =m =infy - f. The proof of Theorem 4.1 is completed.

5 Examples

In this Section, we give some examples for our results.

Example 5.1. Let
W (t,z) = cos? t |z|° In(1 + |z|), V(t, z) € R x RV,
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It is easy to check assumptions (W) — (W3). It remains to prove (Wy). We have

Wt
lim VGO [21n(1 )+ — ] 2o
|z|—0 |z] 2|0 1+ |z
So, there exists a positive constant ry such that
t 1
|:E|§T0~>M<72, Vz e R.
|| 4ny
By contra-position, we get
t 1
vz e RY, MZ—Q%LHZTO.
|z| 4n;
On the other hand, we have
3
W t,xr) = ~cos’t |x|
(h2) = geos T T
and then
VW (t, )| 22(1 + |z])in(1 + |x|) + ||
— = 3 .
W(t, z) |zl Ed
Set
2
= s>
90(s) An(1+s)’ s=To
we get
. VW (t,x
lim Mgo(\ﬂ) =1

|| =00 W(t,x) ||

hence (t,z) — %megoﬂﬂ) is bounded on R x {x € R"/|z| > ro} and achieves its maximum. Let
VW (t
My = e WD )y g () = 90,
teR,|z|zro W (t, x) || M,

Then, we have

VW (t,2)] < ——
g
Therefore W (¢, x) satisfies the condition (Wy).

Example 5.2. Let
W(tx) = 0(t) |2 * — o] * + Jol* |

where § € C(R,R™) is periodic. It is easy to see that W satisfies (W) — (W3). Let us prove condition (Wy). We have

ot 1
VW (t,z) = % [13 2| — 11 |z|? + 1}33
and
—~ 0(t) 1 9
W(t, o) = ?[5|ac| —3z|? + 1} 2|3
SO
VW (tz)| 13| — 11|22 +1,
— =2 T x| .
W(t,x) 5|z —3|z)? +1
Set My = 2sup;cp+ 1::)";:%, then we get

YW(t2)| _ |al
W) — ole]
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where g(s) = I\S/Tivt € R*. Therefore

2| =
VW(t,z)| < —=<W(t,x) for all z # 0
W (k) < W (n)

with g € C(R%,R% ). Therefore W satisfies (Wy).

Example 5.3. Let
W(t,x) = a(t) { |z|? 4 (p — 2) |z|P~ € sin? (%)},

where p > 2, a € C(R,R?) is periodic and 0 < € < p — 2. It is easy to check that W satisfies (W) — (W3) and (W5).
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