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Abstract

In this paper, we are concerned with the following periodic fractional Hamiltonian system{
tD

α
∞(−∞Dα

t u)(t) + L(t)u(t) = ∇W (t, u(t)), t ∈ R
u ∈ Hα(R).

Using variational methods and a version of the concentration compactness principle, we study the existence of ground
state solutions for this system under two different classes of superquadratic conditions weaker than the ones known in
the literature. To the best of our knowledge, there has been no work focused in this case.
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1 Introduction

In this paper, we are concerned with a class of periodic superquadratic fractional Hamiltonian systems of the
following form

(FHS)
{

tD
α
∞(−∞Dα

t u)(t) + L(t)u(t) = ∇W (t, u(t)), t ∈ R
u ∈ Hα(R),

where −∞Dα
t and tD

α
∞ are left and right Liouville-Weyl fractional derivatives of order 1

2 < α < 1 on the whole axis

respectively, L ∈ C(R,RN2

) is a symmetric matrix valued function, W ∈ C1(R× RN ,R) and ∇W (t, x) = ∂W
∂x (t, x) is

the gradient of W (t, x) with respect to the second variable. Our basic assumption is periodicity of L(t) and W (t, x) in
t. As usual, we say that a solution u of (FHS) is a ground state solution if u is nontrivial and minimizes the energy
functional of (FHS) among all possible nontrivial solutions.

Fractional differential equations have been receiving great interest recently. It is mainly due to the extensive
application of fractional differential equations in many engineering and scientific disciplines such as physics, chemistry,
biology, economics, control theory, signal and image processing, biophysics, blood flow phenomena, aerodynamics,
fitting of experimental data, and so on, see [1, 10, 14, 21, 23]. Therefore, the theory of fractional differential equations
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is an area intensively developed the last decades [1, 10]. Recently, also equations including both left and right
fractional derivatives are discussed. Apart from their possible applications, equations with left and right derivatives
are an interesting and new field in fractional differential equations theory. Some classical tools have been used to study
nonlinear fractional differential equations in the literature. These classical techniques include the topological degree
theory [5, 11], the comparison method [17, 43] and some fixed point theorems [4, 42].

During the last four decades, the critical point theory has developed into a wonderful tool for investigating the
existence criteria for the solutions of differential equations with variational structures, for example see [19,24] and the
references cited therein. On 2013, Torres [34] used the genus properties in critical point theory to prove that system
(FHS) possesses a nontrivial solution provided L is positive definite satisfying a coercive condition and W satisfies
some suitable conditions among them the so-called Ambrosetti-Rabinowitz superquadratic condition (AR). There
exists a constant µ > 2 such that

0 < µW (t, x) ≤ ∇W (t, x) · x, ∀(t, x) ∈ R× (RN \ {0}).

Here, ” · ” denotes the standard inner product in RN and the associated norm is denoted by |.|. Since then, based on
critical point theory and variational methods, many mathematicians are interested in the existence and multiplicity
of solutions to system (FHS), see [2,3,7,20,30-36,38-41] and the references cited therein. Most of these results were
obtained under condition (AR). The (AR) condition is quite natural and important not only to ensure that the energy
functional f has a mountain pass geometry, but also to guarantee that the Palais-Smale sequence of f is bounded.
However, the (AR) condition is so strong that many functions cannot be involved. For this reason, in recent years,
some authors tried to weaken (AR) condition, we refer the readers to [30]-[33]. However, there are many nonnegative
superquadratic functions which are not raised in the papers indicated above. In the present paper, motivated by
the above papers, we focus on the existence of ground state solutions of (FHS) under some kind of superquadratic
conditions weaker than the above mentioned conditions. The remaining of this paper is organized as follows. Section
2 is devoted to some preliminary results. In Sections 3,4, we are interested to the existence of ground state solutions
for two different classes of superquadratic potentials. Section 5 is reserved for concrete examples.

2 Preliminaries

In this Section, for the reader’s convenience, first we will recall some facts about the fractional calculus on the
whole real axis. On the other hand, we will give some preliminaries lemmas for using in the sequel.

2.1 Liouville-Weyl fractional calculus

The Liouville-Weyl fractional integrals of order 0 < α < 1 on the whole axis R are defined as (see [13,14,23])

−∞Iαt u(t) =
1

Γ(α)

∫ t

−∞
(t− x)α−1u(x)dx (2.1)

and

tI
α
∞u(t) =

1

Γ(α)

∫ ∞

t

(x− t)α−1u(x)dx. (2.2)

The Liouville-Weyl fractional derivatives of order 0 < α < 1 on the whole axis R are defined as the left-inverse
operators of the corresponding Liouville-Weyl fractional integrals (see [13,14,23])

−∞Dα
t u(t) =

d

dt
(−∞I1−α

t u)(t) (2.3)

and

tD
α
∞u(t) = − d

dt
(tI

1−α
∞ u)(t). (2.4)

The definitions of (2.3) and (2.4) may be written in an alternative form as follows

−∞Dα
t u(t) =

1

Γ(1− α)

∫ ∞

0

u(t)− u(t− x)

xα+1
dx (2.5)

and

tD
α
∞u(t) =

1

Γ(1− α)

∫ ∞

0

u(t)− u(t+ x)

xα+1
dx. (2.6)



Ground state solutions for fractional Hamiltonian systems 3

We establish the Fourier transform properties of the fractional integral and fractional differential operators. Recall
that the Fourier transform û of u is defined by

û(s) =

∫ ∞

−∞
e−istu(t)dt.

Let u be defined on R. Then the Fourier transform of the Liouville-Weyl integrals and differential operators satisfies
(see [13, 14])

−̂∞Iαt u(s) = (is)−αû(s), (2.7)

t̂Iα∞u(s) = (−is)−αû(s), (2.8)

̂−∞Dα
t u(s) = (is)αû(s), (2.9)

t̂Dα
∞u(s) = (−is)αû(s). (2.10)

Next, we present some properties for Liouville-Weyl fractional integrals and derivatives on the real axis, which
were proved in [13]. Denote by Lp(R,RN ) (2 ≤ p < ∞), the Banach spaces of functions on R with values in RN under
the norms

∥u∥Lp = (

∫
R
|u(t)|p dt)

1
p ,

and L∞(R,RN ) the Banach space of essentially bounded functions from R into RN equipped with the norm

∥u∥∞ = esssup {|u(t)| /t ∈ R} .

2.2 Fractional derivative spaces

In order to establish the variational structure which enables us to reduce the existence of solutions of (FHS) to
find critical points of the corresponding functional, it is necessary to construct the appropriate functional spaces.

For α > 0, define the semi-norm
|u|Iα

−∞
= ∥−∞Dα

t u∥L2

and the norm
∥u∥Iα

−∞
= (∥u∥2L2 + |u|2Iα

−∞
)

1
2 ,

and let

Iα−∞ = C∞
0 (R,RN )

∥.∥|Iα−∞ ,

where C∞
0 (R,RN ) denotes the space of infinitely differentiable functions from R into RN with vanishing property

at infinity. Now, we can define the fractional Sobolev space Hα(R,RN ) in terms of the Fourier transform. Choose
0 < α < 1, define the semi-norm

|u|α = ∥|s|α û∥L2

and the norm
∥u∥α = (∥u∥2L2 + |u|2α)

1
2 ,

and let

Hα(R,RN ) = C∞
0 (R,RN )

∥.∥α .

Moreover, we note that a function u ∈ L2(R,RN ) belongs to Iα−∞ if and only if

|s|α û ∈ L2(R,RN ).

Especially, we have
|u|Iα

−∞
= ∥|s|α û∥L2 .

Therefore, Iα−∞ and Hα(R,RN ) are equivalent with equivalent semi-norms and norms. Analogous to Iα−∞, we
introduce Iα∞. Define the semi-norm

|u|Iα
∞

= ∥tDα
∞u∥L2



4 Timoumi

and the norm
∥u∥Iα

∞
= (∥u∥2L2 + |u|2Iα

∞
)

1
2 ,

and let

Iα∞ = C∞
0 (R,RN )

∥.∥|Iα∞ .

Then Iα−∞ and Iα∞ are equivalent with equivalent semi-norms and norms. Let C(R,RN ) denote the space of
continuous functions from R into RN . Then we obtain the following Sobolev lemma.

Lemma 2.1. [20, Theorem 2.1]. If α > 1
2 , then Hα(R,RN ) ⊂ C(R,RN ), and there exists a constant C = Cα such

that
∥u∥∞ = sup

t∈R
|u(t)| ≤ Cα ∥u∥α , ∀u ∈ Hα(R,RN ).

Remark 2.2. From Lemma 2.1, we know that if u ∈ Hα(R,RN ) with 1
2 < α < 1, then u ∈ Lp(R,RN ) for all

p ∈ [2,∞], because ∫
R
|u(t)|p dt ≤ ∥u∥p−2

∞ ∥u∥2L2 .

Denote by χ the self-adjoint extension of the operator tD
α
∞o−∞Dα

t +L with the domain D(χ) ⊂ L2(R). Throughout
this paper, we consider the following two conditions

(L) L ∈ C(R,RN2

) is T−periodic (T > 0) and L(t) is an N ×N symmetric matrix,

(χ) sup
(
σ
(
t
Dα

∞o−∞Dα
t + L(t)

)
∩]−∞, 0[

)
< 0 < inf

(
σ
(
t
Dα

∞o−∞Dα
t + L(t)

)
∩]0,∞[

)
.

Let {E(λ)/−∞ < λ < ∞} and |χ| be the spectral family and the absolute value of χ, respectively, and |χ|
1
2 be

the square root of |χ|. Set U = id−E(0)−E(0−). Then U commutes with χ, |χ| and |χ|
1
2 , and χ = U |χ| is the polar

decomposition of χ (see [9]). Let

Xα = D(|χ|
1
2 ), (Xα)− = E(0−)Xα, (Xα)0 = (E(0)− E(0−))Xα, (Xα)+ = (id− E(0))Xα. (2.11)

By (χ), one has (Xα)0 = {0}. Hence for any u ∈ Xα, we have u = u− + u+ and

χu− = − |χ|u, χu+ = |χ|u, ∀u ∈ Xα ∩ D(χ), (2.12)

where u− = E(0−)u ∈ (Xα)−, u+ = (id− E(0))u ∈ (Xα)+. We can define an inner product

≺ u, v ≻=≺ |χ|
1
2 u, |χ|

1
2 v ≻L2 , ∀u, v ∈ Xα (2.13)

and the corresponding norm
∥u∥ =≺ u, u ≻ 1

2 , ∀u ∈ Xα. (2.14)

Remark 2.3. The fractional norm thus defined is invariant under translation, in fact by (2.5), for u ∈
(
Xα

)+
, denote

by v(t) = u(t+ T ), then we have

∥v∥2 =≺ v, v ≻=≺ χv, v ≻L2

=

∫
R

[
tD

α
∞o−∞Dα

t v(t) · v(t) + L(t)v(t) · v(t)
]
dt

=

∫
R

[
|−∞Dα

t v(t)|
2
+ L(t)v(t) · v(t)

]
dt

=

∫
R

[( 1

Γ(1− α)

∫ ∞

0

u(t+ T )− u(t+ T − x)

xα+1
dx

)2

+ L(t)u(t+ T ) · u(t+ T )
]
dt.

By the change of variables s = t+ T and as L is periodic, one gets

∥v∥2 =

∫
R

[( 1

Γ(1− α)

∫ ∞

0

u(s)− u(s− x)

xα+1
dx

)2

+ L(s)u(s) · u(s)
]
ds

=

∫
R

[
|−∞Dα

s u(s)|
2
+ L(s)u(s) · u(s)

]
ds = ∥u∥2 .
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Similarly, for u ∈
(
Xα

)−
and v(t) = u(t + T ), by the same calculation as before, we obtain ∥v∥ = ∥u∥. Hence,

for all u ∈ Xα and v(t) = u(t + T ), we have ∥u∥ = ∥v∥, which means that the fractional norm is invariant under
translation.

Since Xα = Hα(R) with equivalent norms under condition (L), Xα is continuously embedded in Ls(R) for all
2 ≤ s ≤ ∞ and compactly embedded in Ls(R) for all 2 < s ≤ ∞. Hence, for all 2 ≤ s ≤ ∞, there exists a constant
ηs > 0 such that

∥u∥Ls ≤ ηs ∥u∥ , ∀u ∈ Xα. (2.15)

In addition, one has the decomposition Xα = (Xα)− ⊕ (Xα)+ orthogonal with respect to both inner product
≺ ., . ≻ and ≺ ., . ≻L2 . In view of (2.12) and (2.14), we have for all u ∈ Xα∫

R

[
|−∞Dα

t u(t)|
2
+ L(t)u(t) · u(t)

]
dt =

∥∥u+
∥∥2 − ∥∥u−∥∥2 . (2.16)

Now, in order to prove our main results, the following critical point theorem will be needed.

Definition 2.4. Let X be a real Hilbert space with X = X−⊕X+ and X−⊥X+. A functional f ∈ C1(X,R) is said
to be weakly sequentially lower semi-continuous if for any un ⇀ u in X, one has f(u) ≤ lim infn→∞ f(un), and f ′ is
said to be weakly sequentially continuous if limn→∞ f ′(un)v = f ′(u)v for each v ∈ X.

Lemma 2.5. [15, 16] Let (X, ∥.∥) be a Hilbert space with X = X− ⊕X+ and X−⊥X+, and let f ∈ C1(X,R) be of
the form

f(u) =
1

2

( ∥∥u+
∥∥2 − ∥∥u−∥∥2 )− g(u), u = u− + u+ ∈ X− ⊕X+.

Assume that the following conditions are satisfied

(1) g ∈ C1(X,R) is bounded from below and weakly sequentially lower semi-continuous,

(2) g′ is weakly sequentially continuous,

(3) there exist r > ρ > 0 and e ∈ X+ with ∥e∥ = 1 such that

α = inf f(S+
ρ ) > sup f(∂Λ),

where
S+
ρ =

{
u ∈ X+/ ∥u∥ = ρ

}
, Λ =

{
v + se/v ∈ X−, s ≥ 0, ∥v + se∥ ≤ r

}
.

Then there exist a constant c ∈ [α, sup f(Λ)] and a sequence (un) ⊂ X satisfying

f(un) → c, ∥f ′(un)∥ (1 + ∥un∥) → 0.

Definition 2.6. Let (un) be a bounded sequence in a Banach space. We say that (un) is vanishing if, for each R > 0,

lim
n→∞

sup
y∈R

∫ y+R

y−R

|un|2 dt = 0

and (un) is nonvanishing if there exist σ > 0, R > 0 and (yn) ⊂ R such that

lim inf
n→∞

∫ yn+R

yn−R

|un|2 dt ≥ σ, ∀n ∈ N.

In the vanishing case, we have the following result, which is a special case of Lion’s concentration compactness
principle.

Lemma 2.7. [18, Lemma 21] Let (un) be a bounded sequence, if for any R > 0

lim
n→∞

sup
y∈R

∫ y+R

y−R

|un|2 dt = 0,

then un → 0 in Ls(R) for 2 < s < ∞.
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3 First class of superquadratic potentials

Let L ∈ C(R,RN2

) be a symmetric matrix-valued function and W : R × RN → R be a continuous function,
differentiable with respect to the second variable with continuous derivative ∇W (t, x) = ∂W

∂x (t, x). To state the main
result of this Section, we still need the following conditions

(W1) W (t, x) is T−periodic in t and W (t, x) ≥ 0 for all (t, x) ∈ R× RN ;

(W2) W (t, 0) = 0 and ∇W (t, x) = o(|x|) uniformly for t ∈ R;

(W3) lim|x|→∞
W (t,x)

|x|2 = +∞, almost everywhere t ∈ R;

(W4) W̃ (t, x) ≥ 0, ∀(t, x) ∈ R× RN , and there exists g ∈ C(R∗
+,R∗

+) with lims→∞ g(s) = +∞ such that

|∇W (t, x)|
|x|

≥ 1

4η22
⇒ |∇W (t, x)| ≤ |x|

g(|x|)
W̃ (t, x),

where η2 is the Sobolev embedding constant given in (2.15).

Theorem 3.1. Assume that (L), (χ) and (W1)− (W4) are satisfied. Then the fractional Hamiltonian system (FHS)
possesses a ground state solution.

Proof of Theorem 3.1. We are going to establish the corresponding variational framework to obtain the existence
of ground state solution of (FHS). For this end, define the energy functional f associated to system (FHS)

f(u) =
1

2

∫
R

[
|−∞Dα

t u(t)|
2
+ L(t)u(t) · u(t)

]
dt−

∫
R
W (t, u(t))dt

defined on the Hilbert space Xα introduced in Section 2. By (2.16), f can be rewritten as

f(u) =
1

2

(∥∥u+
∥∥2 − ∥∥u−∥∥2 )−

∫
R
W (t, u(t))dt

for u = u− + u+ ∈ Xα =
(
Xα

)− ⊕
(
Xα

)+
. It is well known that f is continuously differentiable on Xα and

f ′(u)v =

∫
R

[
−∞

Dα
t u(t) ·−∞ Dα

t )v(t) + L(t)u(t) · v(t)
]
dt−

∫
R
∇W (t, u(t)) · v(t)dt

=≺ u, v ≻ −
∫
R
∇W (t, u(t)) · v(t)dt

for all u, v ∈ Xα. Moreover, the nontrivial critical points of f on Xα are solutions of (FHS). In the following, we will
proceed by successive lemmas.

Lemma 3.2. Assume that (L), (χ), (W1) and (W2) are satisfied. Then the functional

g(u) =

∫
R
W (t, u(t))dt, u ∈ Xα

is nonnegative, weakly sequentially lower semi-continuous and g′ is weakly sequentially continuous.

Proof . Let un ⇀ u in Xα. Taking a subsequence if necessary, we have un → u almost everywhere on R. By (W2),
Fatou’s lemma, we have

g(u) ≤ lim inf
n→∞

g(un),

which means that g is weakly sequentially lower semi-continuous. g
′
is weakly sequentially continuous on Xα is due

to [37]. □

Lemma 3.3. Assume that (L), (χ), (W1) and (W2) are satisfied. Then there exists a constant ρ > 0 such that
γ = inf(S+

ρ ) > 0, where

S+
ρ =

{
u ∈

(
Xα

)+
/ ∥u∥ = ρ

}
.



Ground state solutions for fractional Hamiltonian systems 7

Proof . By (W2), we have
∀ϵ > 0, ∃r > 0/∀t ∈ R, |x| ≤ r, |∇W (t, x)| ≤ ϵ |x| ,

which by the Mean Value Theorem implies

0 ≤ W (t, x) =

∫ 1

0

∇W (t, sx) · xds ≤ ϵ

2
|x|2 . (3.1)

Let u ∈
(
Xα

)+
be such that ∥u∥ ≤ r

η∞
, then by (2.15), one has ∥u∥L∞ ≤ r. Hence

f(u) =
1

2
∥u∥2 −

∫
R
W (t, u(t))dt

≥ 1

2
∥u∥2 −

∫
R

ϵ

2
|u(t)|2 dt

≥ 1

2
(1− ϵη2) ∥u∥2 .

Take ϵ = η2

2 , we obtain

f(u) ≥ 1

4
∥u∥2 , ∀ ∥u∥ ≤ r

η∞
, u ∈

(
Xα

)+
.

It suffices to take ρ = r
η∞

and γ = ρ2

4 . The proof of Lemma 3.3 is completed. □

Lemma 3.4. Assume that (L), (χ), (W1) and (W3) are satisfied. Let e ∈
(
Xα

)+
with ∥e∥ = 1. Then there is r0 > ρ

such that sup f(∂Λ) ≤ 0 for r ≥ r0, where

Λ =
{
w + se/w ∈

(
Xα

)−
, s ≥ 0, ∥w + se∥ ≤ r

}
.

Proof . We have

∂Λ =
{
w ∈

(
Xα

)−
/ ∥w∥ ≤ r

}
∪
{
w + se/w ∈

(
Xα

)−
, s ≥ 0, ∥w + se∥ = r

}
.

We have f(w) ≤ 0 for all w ∈
(
Xα

)−
. We claim that f(w + se) → −∞ as ∥w + se∥ → ∞. Arguing indirectly,

assume that there exists a sequence (wn + sne) ⊂
(
Xα

)− ⊕ Re with ∥wn + sne∥ → ∞ such that f(wn + sne) ≥ −M
for all n ∈ N, where M is a constant. Set wn+sne

∥wn+sne∥ = v−n + τne, then ∥v−n + τne∥ = 1. Passing to a subsequence if

necessary, we may assume that τn → τ̄ , v−n ⇀ v− and v−n → v− almost everywhere on R. Hence

−M

∥wn + sne∥2
≤ f(wn + sne)

∥wn + sne∥2
=

τ2n
2

− 1

2

∥∥v−n ∥∥2 − ∫
R

W (t, wn + sne)

∥wn + sne∥2
dt. (3.2)

If τ̄ = 0, then it follows from (3.2) that

0 ≤ 1

2

∥∥v−n ∥∥2 + ∫
R

W (t, wn + sne)

∥wn + sne∥2
dt ≤ τ2n

2
+

M

∥wn + sne∥2

which yields ∥v−n ∥ → 0 and so 1 = ∥v−n + τne∥ → 0, a contradiction. If τ̄ ̸= 0, then it follows from (3.2), (W3) and
Fatou’s lemma

0 ≤ lim sup
n→∞

[τ2n
2

− 1

2

∥∥v−n ∥∥2 − ∫
R

W (t, wn + sne)

∥wn + sne∥2
dt
]

≤ τ̄2

2
− lim inf

n→∞

∫
R

W (t, wn + sne)

∥wn + sne∥2
dt

≤ τ̄2

2
−
∫
R
lim inf
n→∞

W (t, wn + sne)

∥wn + sne∥2
dt

= −∞,

a contradiction again. Hence f(w+se) → −∞ as ∥w + se∥ → ∞, and then there exists r0 > ρ such that sup f(∂Λ) ≤ 0
for r ≥ r0. □
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Lemma 3.5. Assume that (L), (χ), (W1) and (W4) are satisfied. Then any sequence (un) satisfying

f(un) → c > 0, ∥f ′(un)∥ (1 + ∥un∥) → 0 as n → ∞ (3.3)

is bounded in Xα.

Proof . To prove the boundedness of (un), arguing by contradiction, suppose that ∥un∥ → ∞. Let vn = un

∥un∥ . Then

∥vn∥ = 1 and ∥vn∥Ls ≤ ηs ∥vn∥ = ηs for 2 ≤ s ≤ ∞. Observe that

c+ o(1) = f(un)−
1

2
f ′(un)un =

∫
R
W̃ (t, un)dt. (3.4)

Since lims→∞ g(s) = +∞, there exists R > 0 such that

g(s) ≥ 8(c+ 1)η2∞, ∀s ≥ R. (3.5)

Let

An =

{
t ∈ R/

|∇W (t, un)|
|un|

≤ 1

4η22

}
and Bn = {t ∈ R/ |un| ≥ R} . (3.6)

Hence, it follows from (3.6) that∫
An

|∇W (t, un)|
∥un∥

|vn| dt =
∫
An

|∇W (t, un)|
|un|

|vn|2 dt

≤ 1

4η22

∫
An

|vn|2 dt ≤
1

4
.

(3.7)

From (W4), (3.4)-(3.6), one has∫
(R\An)∩Bn

|∇W (t, un)|
∥un∥

|vn| dt =
∫
(R\An)∩Bn

|∇W (t, un)|
|un|

|vn|2 dt

≤ ∥vn∥2L∞

∫
(R\An)∩Bn

|∇W (t, un)|
|un|

dt

≤ η2∞

∫
(R\An)∩Bn

W̃ (t, un)

g(|un|)
dt

≤ η2∞
1

8(c+ 1)η2∞

∫
(R\An)∩Bn

W̃ (t, un)dt

≤ 1

8(c+ 1)
)(c+ o(1)) ≤ 1

8
+ o(1)

(3.8)

and ∫
(R\An)∩(R\Bn)

|∇W (t, un)|
∥un∥

|vn| dt ≤
∥vn∥L∞

∥un∥

∫
(R\An)∩(R\Bn)

|∇W (t, un)| dt

≤
∥vn∥L∞

∥un∥

∫
(R\An)∩(R\Bn)

|un|
g(|un|)

W̃ (t, un)dt

≤ η∞
∥un∥

sup
|x|≤R

|x|
g(|x|)

∫
(R\An)∩(R\Bn)

W̃ (t, un)dt

≤ c1
∥un∥

∫
(R\An)∩(R\Bn)

W̃ (t, un)dt

=
c1(c+ o(1))

∥un∥
= o(1).

(3.9)
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Now, combining (3.3) with (3.7)-(3.9) yields

1 + o(1) =
∥un∥2 − f ′(un)un

∥un∥2

=
1

∥un∥2
∫
R
∇W (t, un) · undt

=
1

∥un∥

∫
R
∇W (t, un) · vndt

≤ 1

∥un∥

∫
R
|∇W (t, un)| |vn| dt

=

∫
An

|∇W (t, un)|
∥un∥

|vn| dt+
∫
(R\An)∩Bn

|∇W (t, un)|
∥un∥

|vn| dt+
∫
(R\An)∩(R\Bn)

|∇W (t, un)|
∥un∥

|vn| dt

≤ 3

8
+ o(1).

(3.10)

This contradiction implies that (un) is bounded in Xα. □

Now, by Lemmas 2.5 and 3.2-3.4, there exist a constant c ≥ α and a sequence (un) ⊂ Xα satisfying

f(un) → c and ∥f ′(un)∥ (1 + ∥un∥) → 0. (3.11)

In view of Lemma 3.5, (un) is bounded. So, there exists a constant R > 0 such that

∥un∥ ≤ R, ∀n ∈ N. (3.12)

By virtue of (W1) and (W2), for all ϵ > 0, there exists rϵ ∈]0, Rη2[ such that

|∇W (t, x)| ≤ ϵ |x| , ∀(t, x) ∈ R× RN , |x| ≤ rϵ.

Let Cϵ = max
{

|∇W (t,x)|
|x|2 /t ∈ R, rϵ ≤ |x| ≤ Rη2

}
. Then we have

|∇W (t, x)| ≤ ϵ |x|+ Cϵ |x|2 , ∀(t, x) ∈ R× RN , |x| ≤ Rη2. (3.13)

SinceXα is continuously embedded in Ls(R) for s = 2, 3, there exists a constant c2 > 0 such that ∥un∥2L2+∥un∥3L3 ≤
c2. If

δ = lim sup
n→∞

sup
y∈R∗

∫
I(y,2)

∣∣u+
n

∣∣2 dt = 0

where I(y, 2) is the interval of R centered at y with radius 2, then by Lemma 2.7, u+
n → 0 in Ls(R) for 2 < s < ∞.

By (2.15) and (3.12), one has
∥un∥L∞ ≤ η∞R, ∀n ∈ N. (3.14)

Combining (3.13), (3.14) and Hölder’s inequality yields for a positive constant c3

2c+ o(1) = 2f(un) =
∥∥u+

n

∥∥2 − ∥∥u−
n

∥∥2 − 2

∫
R
W (t, un)dt

≤
∥∥u+

n

∥∥2 = f ′(un)u
+
n +

∫
R
∇W (t, un) · u+

n dt

≤ f ′(un)u
+
n +

∫
R

[
ϵ |un|+ Cϵ |un|2

] ∣∣u+
n

∣∣ dt
≤ f ′(un)u

+
n + ϵ ∥un∥L2

∥∥u+
n

∥∥
L2 + Cϵ ∥un∥2L3

∥∥u+
n

∥∥
L3

≤ ϵc3 + o(1).

This is a contradiction since ϵ > 0 is arbitrary. Thus δ > 0. Going to a subsequence if necessary, we can assume
the existence of (kn) ⊂ Z such that ∫

I(kn,2)

∣∣u+
n

∣∣2 dt ≥ δ

2
, ∀n ∈ N.
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Let us define wn(t) = un(t+ knT ) so that∫
I(0,2)

∣∣w+
n

∣∣2 dt ≥ δ

2
, ∀n ∈ N. (3.15)

Since W (t, x) is T− periodic in t, we have ∥wn∥ = ∥un∥ and

f(wn) → c ∈ [γ, sup f(Λ)] and ∥f ′(wn)∥ (1 + ∥wn∥) → 0. (3.16)

Passing to a subsequence, we get wn ⇀ w0 in Xα, wn → w0 in Ls
loc(R) for 2 ≤ s < ∞ and wn → w0 almost

everywhere on R. Since f ′ is weakly sequentially continuous, one has

f ′(wn)v → f ′(w0)v, ∀v ∈ Xα,

and by (3.16), f ′(wn) → 0 in
(
Xα

)′
. Then we have f ′(w0) = 0. By (3.15) and the fact wn → w0 in Ls

loc(R), we have∫
I(0,2)

∣∣w+
0

∣∣2 dt ≥ lim
n→∞

∫
I(0,2)

∣∣w+
n

∣∣2 dt ≥ δ

2
.

Hence w+
0 ̸= 0 and w0 ∈ M. Therefore M is not empty. Now, let

c = inf
u∈M

f(u).

For any critical point u ∈ M \ {0}, assumption (W4) implies

f(u) = f(u)− 1

2
f ′(u)u =

∫
R

(1
2
∇W (t, u) · u−W (t, u)

)
dt ≥ 0.

Therefore c ≥ 0. We shall prove that c > 0 and there is u0 ∈ M\ {0} such that f(u0) = c. Let (un) ⊂ M\ {0} be
such that f(un) → c. Then the proof of Lemma 3.5 shows that (un) is bounded. So, there exists a constant R0 > 0
such that ∥un∥ ≤ R0 for all n ∈ N. By (2.15), we get

∥un∥L∞ ≤ η∞R0 = R, ∀n ∈ N. (3.17)

As in (3.13), for any ϵ > 0 there exists Cϵ > 0 such that

|∇W (t, x)| ≤ ϵ |x|+ Cϵ |x|2 , ∀t ∈ R, |x| ≤ R.

So ∥∥u+
n

∥∥2 ≤
∫
R
∇W (t, un) · u+

n dt

≤
∫
R

[
ϵ |un|+ Cϵ |un|2

] ∣∣u+
n

∣∣ dt
≤ ϵ ∥un∥L2

∥∥u+
n

∥∥
L2 + Cϵ ∥un∥2L3

∥∥u+
n

∥∥
L3

≤ ϵη23 ∥un∥2 + Cϵη
2
3 ∥un∥2 ∥un∥L3 .

(3.18)

Similarly, we have ∥∥u−
n

∥∥2 ≤ ϵη22 ∥un∥2 + Cϵη
2
3 ∥un∥2 ∥un∥L3 . (3.19)

From (3.18) and (3.19), we get

∥un∥2 ≤ 2ϵη22 ∥un∥2 + 2Cϵη
2
3 ∥un∥2 ∥un∥L3 ,

which implies
∥un∥L3 ≥ d, ∀n ∈ N (3.20)

for a positive constant d. If

δ = lim sup
n→∞

sup
y∈R∗

∫
I(y,2)

|un|2 dt = 0,
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then, by Lemma 2.7, un → 0 in Ls(R) for 2 < s < ∞. This is a contradiction with (3.20). Thus δ > 0. Taking a
subsequence if necessary, we can assume as above the existence of (kn) ⊂ Z such that∫

I(kn,2)

|un|2 dt ≥
δ

2
, ∀n ∈ N.

Let us define wn(t) = un(t+ knT ) so that∫
I(0,2)

|wn|2 dt ≥
δ

2
, ∀n ∈ N. (3.21)

Since W (t, x) is T−periodic in t, we have ∥wn∥ = ∥un∥ and

f(wn) → c and ∥f ′(wn)∥ (1 + ∥wn∥) → 0. (3.22)

Passing to a subsequence, we get wn ⇀ w0 in E, wn → w0 in Ls
loc(R) for 2 ≤ s < ∞ and wn → w0 almost

everywhere on R. Since f ′ is weakly sequentially continuous, then we have f ′(w0) = 0. Since wn → w0 in L2
loc(R),

then (3.21) implies ∫
I(0,2)

|w0|2 dt = lim
n→∞

∫
I(0,2)

|wn|2 dt ≥
δ

2
.

Hence w0 ̸= 0 and c = f(w0) > 0. The proof of Theorem 3.1 is completed.

4 Second class of superquadratic potentials

Let L and W be defined as in Section 3 and note that the ground state solution for (FHS) in Theorem 3.1 is in
fact a nontrivial solution u which satisfies f(u) = infM f , where

M = {v ∈ Xα \ {0} /f ′(v) = 0} ,

Xα =
(
Xα

)− ⊕
(
Xα

)+
is the working space on which the energy functional f associated with (FHS) is defined. On

2005, Pankov [22] was first introduced the following set

N− =
{
u ∈ Xα \

(
Xα

)−
/f ′(u)u = f ′(u)v,∀v ∈

(
Xα

)−}
,

which is a subset of the Nehari manifold

N =
{
u ∈ Xα \ {0} /f ′(u)v = 0, ∀v ∈

(
Xα

)−}
.

In general, M is a very small subset of N−. By definition, if u ∈ Xα \{0} satisfies f(u) = infN− f and f ′(u) = 0, it
is said a ground state solution of (FHS). Using variational methods and critical point theory, many authors study the
existence of ground state solutions which minimizes the energy on the Nehari-Pankov manifold N− for Schrödinger
equation, see [6, 27]-[29] and the references therein. However, to the best of our knowledge there is no similar results on
the existence of a ground state solution for fractional Hamiltonian system (FHS). We point out that it is much more
difficult to find a solution u of (FHS) which satisfies f(u) = infN− f than one satisfying f(u) = infM f . Motivated
by the above papers, in the following, we will study the existence of ground state solution for (FHS) which minimizes
the associated energy on the Nehari-Pankov manifold N−. More precisely, we obtain the following result.

Theorem 4.1. Assume that (L), (χ), (W1)− (W3) and the following condition are satisfied

(W5)
1− θ2

2
∇W (t, x) · x− θ∇W (t, x) · y +W (t, θx+ y)−W (t, x) ≥ 0, ∀θ ≥ 0, x, y ∈ RN .

Then the fractional Hamiltonian system (FHS) possesses a nontrivial solution satisfying f(u) = infN− f .

Proof of Theorem 4.1. To prove Theorem 4.1, we need the following several lemmas:
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Lemma 4.2. Assume that (L), (χ), (W1) and (W5) are satisfied. Then for all θ ≥ 0, u ∈ Xα and w ∈
(
Xα

)−
f(u) ≥ f(θu+ w) +

1

2
∥w∥2 + 1− θ2

2
f ′(u)u− θf ′(u)w.

Proof . By (W5), we have for all θ ≥ 0, u ∈ Xα and w ∈
(
Xα

)−
f(u)− f(θu+ w) =

1

2

(∥∥u+
∥∥2 − ∥∥u−∥∥2 )−

∫
R
W (t, u(t))dt− 1

2

(∥∥θu+
∥∥2 − ∥∥θu− + w

∥∥2 )+

∫
R
W (t, θu+ w)dt

=
1

2

(∥∥u+
∥∥2 − ∥∥u−∥∥2 )− 1

2

(
θ2

∥∥u+
∥∥2 − θ2

∥∥u−∥∥2 − ∥w∥2 − θ ≺ u−, w ≻
)

+

∫
R

[
W (t, θu+ w)−W (t, u)

]
dt

=
1

2
∥w∥2 + 1− θ2

2

(∥∥u+
∥∥2 − ∥∥u−∥∥2 − ∫

R
∇W (t, u) · udt

)
− θ

[
≺ u,w ≻ −

∫
R
∇W (t, u) · wdt

]
+

∫
R

[1− θ2

2
∇W (t, u) · u− θ∇W (t, u) · w +W (t, θu+ w)−W (t, u)

]
dt

=
1

2
∥w∥2 + 1− θ2

2
f ′(u)u− θf ′(u)w

+

∫
R

[1− θ2

2
∇W (t, u) · u− θ∇W (t, u) · w +W (t, θu+ w)−W (t, u)

]
dt

≥ 1

2
∥w∥2 + 1− θ2

2
f ′(u)u− θf ′(u)w.

The proof of Lemma 4.2 is completed. □

Corollary 4.3. Assume that (L), (χ), (W1) and (W5) are satisfied. Then for any u ∈ N−, one has

f(u) ≥ f(θu+ w), ∀θ ≥ 0, w ∈
(
Xα

)−
.

Proof . It is evident since u ∈ N− implies f ′(u)u = f ′(u)w = 0. □

Corollary 4.4. Assume that (L), (χ), (W1) and (W5) are satisfied. Then, for all u ∈ Xα and θ ≥ 0

f(u) ≥ θ2

2
∥u∥2 + 1− θ2

2
f ′(u)u+ θ2f ′(u)u− −

∫
R
W (t, θu+)dt. (4.3)

Proof . Take w = −θu− in Lemma 4.2, one has

f(u) ≥ f(θu+) +
θ2

2

∥∥u−∥∥2 + 1− θ2

2
f ′(u)u+ θ2f ′(u)u−

=
θ2

2

∥∥u+
∥∥2 − ∫

R
W (t, θu+)dt+

θ2

2

∥∥u−∥∥2 + 1− θ2

2
f ′(u)u+ θ2f ′(u)u−

=
θ2

2
∥u∥2 + 1− θ2

2
f ′(u)u+ θ2f ′(u)u− −

∫
R
W (t, θu+)dt,

which ends the proof of Corollary 4.4. □

Lemma 4.5. Assume that (L), (χ), (W1), (W2) and (W5) are satisfied. Then

(i) there exists ρ > 0 such that

m = inf
N−

f ≥ γ = inf
{
f(u)/u ∈

(
Xα

)+
, ∥u∥ = ρ

}
> 0,

(ii)
∥∥u+

∥∥ ≥ max
{∥∥u−∥∥ ,√2m

}
, for all u ∈ N−.
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Proof . (i) Take w = −θu− in Corollary 4.3, one has

f(u) ≥ f(θu+), ∀θ ≥ 0, u ∈ N−.

Let ρ be defined in Lemma 3.3, we have

γ = inf
{
f(u)/u ∈

(
Xα

)+
, ∥u∥ = ρ

}
> 0.

Then, we have for all u ∈ N− (take θ = ρ
∥u+∥ )

f(u) ≥ f(ρ
u+

∥u+∥
) ≥ γ = inf

{
f(v)/v ∈

(
Xα

)+
, ∥v∥ = ρ

}
.

(ii) For u ∈ N−, we have

m ≤ 1

2

(∥∥u+
∥∥2 − ∥∥u−∥∥2 )−

∫
R
W (t, u(t))dt ≤ 1

2

(∥∥u+
∥∥2 − ∥∥u−∥∥2 ),

which implies 2m+ ∥u−∥2 ≤ ∥u+∥2 and hence ∥u+∥ ≥ max
{√

2m, ∥u−∥
}
. The proof of Lemma 4.5 is completed. □

Lemma 4.6. Assume that (L), (χ), (W1)− (W3) and (W5) are satisfied. Then any sequence (un) ⊂ Xα satisfying

f(un) → c > 0, f ′(un)u
±
n → 0 (4.4)

is bounded.

Proof . To prove the boundedness of (un), arguing by contradiction, suppose that ∥un∥ → ∞. Let vn = un

∥un∥ , then

∥vn∥ = 1. By (2.15), ∥vn∥L2 ≤ η2. If

δ = lim sup
n→∞

sup
s∈R

∫ s+T

s−T

∣∣v+n ∣∣2 dt = 0,

then by Lemma 2.7, v+n → 0 in Ls(R) for s ∈]2,∞[. Fix R > [2(1+ c)]
1
2 . By virtue of (W1) and (W2), for ϵ =

1
4(Rη2)2

,

there exists r ∈]0, Rη∞[ such that

W (t, x) ≤ 1

4(Rη2)2
|x|2 , ∀(t, x) ∈ R× RN , |x| ≤ r. (4.5)

Let

β = max

{
W (t, x)

|x|3
/t ∈ R, r ≤ |x| ≤ Rη∞

}
. (4.6)

Then 0 ≤ β < ∞. Hence, it follows from (4.5) and (4.6) that

W (t, x) ≤ 1

4(Rη2)2
|x|2 + β |x|3 , ∀(t, x) ∈ R× RN , |x| ≤ Rη∞. (4.7)

Combining (4.7) with the fact ∥v+n ∥L∞ ≤ η∞, one has

lim sup
n→∞

∫
R
W (t, Rv+n )dt ≤

1

4η22
lim sup
n→∞

∫
R

∣∣v+n ∣∣2 dt+R3β lim sup
n→∞

∫
R

∣∣v+n ∣∣3 dt ≤ 1

4
. (4.8)

Set θn = R
∥un∥ . Hence, by virtue of (4.3), (4.4) and (4.8), one has

c+ o(1) = f(un)

≥ θ2n
2

∥un∥2 −
∫
R
W (t, θnu

+
n )dt+

1− θ2n
2

f ′(un)un + θ2nf
′(un)u

−
n

≥ R2

2
−
∫
R
W (t,

R

∥un∥
u+
n )dt+

1

2

(
1− R2

∥un∥2
)
f ′(un)un +

R2

∥un∥2
f ′(un)u

−
n

≥ R2

2
−
∫
R
W (t,

R

∥un∥
u+
n )dt+ o(1)

≥ R2

2
− 1

4
+ o(1) > c+ 1− 1

4
+ o(1) = c+

3

4
+ o(1).
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This contradiction shows that δ > 0. We may assume that there exists (kn) ⊂ Z such that∫ (kn+2)T

(kn−2)T

∣∣v+n ∣∣2 dt > δ

2
, ∀n ∈ N.

Let wn(t) = vn(t+ knT ). Then ∫ 2T

−2T

∣∣w+
n

∣∣2 dt > δ

2
, ∀n ∈ N. (4.9)

Now, we define ũn(t) = un(t + knT ). Then ũn

∥un∥ = wn and ∥wn∥ = 1. Up to a subsequence if necessary, we can

assume wn ⇀ w in Xα, wn → w in L2
loc(R) and wn → w almost everywhere on R. Obviously, (4.9) implies that w ̸= 0.

Hence, it follows from (4.4), (W3) and Fatou’s lemma that

0 = lim
n→∞

c+ o(1)

∥un∥2
= lim

n→∞

f(un)

∥un∥2

= lim
n→∞

[1
2

( ∥∥w+
n

∥∥2 − ∥∥w−
n

∥∥2 )− ∫
R

W (t, un)

∥un∥2
dt

= lim
n→∞

[1
2

( ∥∥w+
n

∥∥2 − ∥∥w−
n

∥∥2 )− ∫
R

W (t, un)

|ũn|2
|wn|2 dt

≤ 1

2
− lim inf

n→∞

∫
R

W (t, un)

|ũn|2
|wn|2 dt

= −∞,

which is a contradiction. Thus (un) is bounded. The proof of Lemma 4.6 is completed. □

Lemma 4.7. Assume that (L), (χ), (W1)− (W3) and (W5) are satisfied. Then there exist a constant c ∈ [γ, sup f(Λ)]
and a sequence (un) ⊂ Xα satisfying

f(un) → c and ∥f ′(un)∥ (1 + ∥un∥) → 0. (4.10)

Proof . By Lemmas 3.2, 4.5(i), the functional f satisfies all the conditions of Lemma 2.5. Hence, by Lemma 2.5, there
exist a constant c ∈ [γ, sup f(Λ)] and a sequence (un) ⊂ Xα satisfying (4.10). The proof of Lemma 4.7 is completed.
□

Lemma 4.8. Assume that (L), (χ), (W1)− (W3) and (W5) are satisfied. Then there exist a constant c ∈ [γ,m] and
a sequence (un) ⊂ Xα satisfying

f(un) → c and ∥f ′(un)∥ (1 + ∥un∥) → 0. (4.11)

Proof . Choose (vn) ⊂ N− such that

m ≤ f(vn) < m+
1

n
, ∀n ∈ N. (4.12)

By Lemma 4.5,
∥∥v++∥∥ ≥

√
2m. Set en =

v+
n

∥v+
n∥ . Then en ∈

(
Xα

)+
and ∥en∥ = 1. In view of Lemma 3.4, there

exists rn > max {ρ, ∥vn∥} such that sup f(∂Λn) ≤ 0, where

Λn =
{
w + sen/w ∈

(
Xα

)−
, s ≥ 0, ∥w + sen∥ ≤ rn

}
, n ∈ N. (4.13)

Hence, applying Lemma 4.6 to the above set Λn, there exist a constant cn ∈ [γ, sup f(Λn)] and a sequence
(un,k) ⊂ Xα satisfying

f(un,k) → cn and ∥f ′(un,k)∥ (1 + ∥un,k∥) → 0, ∀n ∈ N. (4.14)

By virtue of Corollary 4.3, we can get

f(vn) ≥ f(svn + w), ∀s ≥ 0, w ∈
(
Xα

)−
. (4.15)
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Since vn ∈ Λn, it follows from (4.13) and (4.15) that f(vn) = sup f(Λn). Hence, by (4.12) and (4.14), one has

f(un,k) → cn < m+
1

n
and ∥f ′(un,k)∥ (1 + ∥un,k∥) → 0, ∀n ∈ N. (4.16)

Now, we can choose a sequence (kn) ⊂ N such that

f(un,kn
) < m+

1

n
and ∥f ′(un,kn

)∥ (1 + ∥un,kn
∥) < 1

n
, ∀n ∈ N. (4.17)

Let un = un,kn for n ∈ N, then going to a subsequence if necessary, we obtain

f(un) → c ∈ [α,m] and ∥f ′(un)∥ (1 + ∥un∥) → 0.

The proof of Lemma 4.8 is completed. □

Next, in view of Lemma 4.8, there exist a constant c ∈ [γ,m] and a sequence (un) ⊂ Xα satisfying

f(un) → c and ∥f ′(un)∥ (1 + ∥un∥) → 0. (4.18)

By Lemma 4.6, (un) is bounded. By proceeding as in the proof of Theorem 3.1, there exist a constant δ > 0 and
a sequence (wn) ⊂ Xα satisfying ∫

I(0,2)

∣∣w+
n

∣∣2 dt ≥ δ

2
, ∀n ∈ N (4.19)

and
f(wn) → c and ∥f ′(wn)∥ (1 + ∥wn∥) → 0. (4.20)

By Lemma 4.6, (wn) is bounded. Hence, passing to a subsequence, we may assume that wn ⇀ w0 in Xα, wn → w0

in L2
loc(R) and wn → w0 almost everywhere on R. As in the proof of Theorem 3.1, we get f ′(w0) = 0 and∫

I(0,2)

∣∣w+
0

∣∣2 dt ≥ δ

2
,

which implies that w+
0 ̸= 0 and w0 ∈ N−. Hence f(w0) ≥ m. On the other hand, by using (4.20), (W5) and Fatou’s

lemma, we have

m ≥ c = lim
n→∞

[
f(wn)−

1

2
f ′(wn)wn

]
= lim

n→∞

∫
R

[1
2
∇W (t, wn) · wn −W (t, wn)

]
dt

≥
∫
R

lim
n→∞

[1
2
∇W (t, wn) · wn −W (t, wn)

]
dt

≥
∫
R

[1
2
∇W (t, w0) · w0 −W (t, w0)

]
dt

= f(w0)−
1

2
f ′(w0)w0 = f(w0).

This shows that m ≥ f(w0) and so f(w0) = m = infN− f . The proof of Theorem 4.1 is completed.

5 Examples

In this Section, we give some examples for our results.

Example 5.1. Let
W (t, x) = cos2 t |x|2 ln(1 + |x|), ∀(t, x) ∈ R× RN .



16 Timoumi

It is easy to check assumptions (W1)− (W3). It remains to prove (W4). We have

lim
|x|→0

|∇W (t, x)|
|x|

≤ lim
|x|→0

[
2 ln(1 + |x|) + |x|

1 + |x|

]
= 0.

So, there exists a positive constant r0 such that

|x| ≤ r0 → |∇W (t, x)|
|x|

<
1

4η22
, ∀x ∈ R.

By contra-position, we get

∀x ∈ RN ,
|∇W (t, x)|

|x|
≥ 1

4η22
→ |x| ≥ r0.

On the other hand, we have

W̃ (t, x) =
1

2
cos2t

|x|3

1 + |x|
and then

|∇W (t, x)|
W̃ (t, x) |x|

= 2
2(1 + |x|)ln(1 + |x|) + |x|

|x|3
.

Set

g0(s) =
s2

4ln(1 + s)
, s ≥ r0,

we get

lim
|x|→∞

|∇W (t, x)|
W̃ (t, x) |x|

g0(|x|) = 1

hence (t, x) 7→ |∇W (t,x)|
W̃ (t,x)|x|

g0(|x|) is bounded on R×
{
x ∈ RN/ |x| ≥ r0

}
and achieves its maximum. Let

M0 = max
t∈R,|x|≥r0

|∇W (t, x)|
W̃ (t, x) |x|

g0(|x|) and g(s) =
g0(s)

M0
.

Then, we have

|∇W (t, x)| ≤ |x|
g(|x|)

W̃ (t, x).

Therefore W (t, x) satisfies the condition (W4).

Example 5.2. Let

W (t, x) = θ(t)
[
|x|

13
4 − |x|

11
4 + |x|

9
4

]
where θ ∈ C(R,R+) is periodic. It is easy to see that W satisfies (W1)− (W3). Let us prove condition (W4). We have

∇W (t, x) =
θ(t)

4

[
13 |x| − 11 |x|

1
2 + 1

]
x

and

W̃ (t, x) =
θ(t)

8

[
5 |x| − 3 |x|

1
2 + 1

]
|x|

9
4

so
|∇W (t, x)|
W̃ (t, x)

= 2
13 |x| − 11 |x|

1
2 + 1

5 |x| − 3 |x|
1
2 + 1

|x|−1
.

Set M0 = 2 supt∈R+
13t2−11t+1
5t2−3t+1 , then we get

|∇W (t, x)|
W̃ (t, x)

≤ |x|
g(|x|)
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where g(s) = s2

M0
, t ∈ R+. Therefore

|∇W (t, x)| ≤ |x|
g(|x|)

W̃ (t, x) for all x ̸= 0

with g ∈ C(R∗
+,R∗

+). Therefore W satisfies (W4).

Example 5.3. Let

W (t, x) = a(t)
[
|x|p + (p− 2) |x|p−ϵ

sin2
( |x|ϵ

ϵ

)]
,

where p > 2, a ∈ C(R,R∗
+) is periodic and 0 < ϵ < p− 2. It is easy to check that W satisfies (W1)− (W3) and (W5).
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II, Ann. Inst. Henri Poincaé 1 (1984), no. 4, 223–283.

[19] J. Mawhin and M. Willem, Critical Point Theory and Hamiltonian Systems, Applied Mathematical Sciences,
Springer, Berlin, 1989:
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