Duality in Wolfe and Mond-Weir-Type Mixed-Dual
Optimization Problems

Fahimeh-alsadat Kazemi Bafrouei®, Nader Kanzi®
2Department of Mathematics, Payame Noor University, P.O. Box 19395-3697, Tehran, Iran

(Communicated by name of the Editor)

Abstract

In this paper, we introduce two novel dual formulations for optimization problems governed by inequality constraints.
The considered problems are characterized by differentiable functions. The proposed dual problems are parameterized
by a set-valued parameter, where different values of this parameter reduce the dual formulations to the Wolfe and
Mond—Weir dual problems. Consequently, the proposed dual problem serves as a unified generalization of both.
Furthermore, we establish the weak, strong, converse, restricted converse, and strict converse duality results for the
formulated dual problems.

Keywords: Dual problem, Duality results, Constraint qualification, Optimality.
2020 MSC: Primary 90C33; Secondary 90C46, 49K10

1 Introduction

The concept of duality is extensively studied in the literature, with duality theory aiming to provide an alternative
formulation of optimization problems that is either computationally more efficient or possesses theoretical significance.
Central components of this theory include the primal optimization problem, the Lagrangian, and the dual optimization
problem, which is defined in the space of dual variables, alongside the Karush-Kuhn-Tucker (KKT) conditions that
govern both primal and dual variables.

Solution approaches encompass primal methods, which operate directly within the space of primal variables; dual
methods, which solve the dual optimization problem and subsequently derive the primal solution from the dual solution;
and primal-dual methods, which concurrently resolve both primal and dual variables. Dual and primal-dual methods
are specifically devised to identify points that either satisfy the KKT conditions or correspond to saddle points of
the Lagrangian. While classical duality theory often assumes that these methods vield exact solutions, in practical
applications, approximate solutions are more commonly obtained (see, e.g., [, [13, 14, 1Lg]).

Two types of dual problems that have garnered significant attention in optimization theory due to their extensive
applications are the Wolfe dual [21] and the Mond-Weir dual [[L1]. These dual formulations have been widely studied
in various optimization settings, including problems involving differentiable functions, convex functions, quasiconvex
functions, and locally Lipschitz functions (see respectively, [, 2, 13, 14], [, 15, 20], [8, 14, 18], and [4, L0]). Furthermore,
generalizations of these dual approaches have been explored for problems with an infinite number of constraints,
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problems defined in a Banach algebra, and problems incorporating multiplicative constraints; refer to [3, §], [19] and
[9, 7], respectively.

To this end, we analyze the following optimization problem,

(P): min f(z)
st. gi(x) <0, teT:={1,...,m},

where f and g¢, for t € T, are differentiable functions mapping R" to R.

The structure of the subsequent sections of this paper is as follows: In Section 2, we introduce the necessary
definitions and preliminary results required for the later discussions. Sections 3 focuses on formulating the mixed-type
dual problems for (P). Additionally, we establish the weak, strong, converse, restricted converse, and strict converse
duality results for these parametric dual problems. Finally, the conclusion and a illustrative example are presented in
Section 4.

2 Preliminaries and Notation

In this section, we introduce the fundamental notations, basic definitions, and standard preliminaries essential for
the subsequent discussion, as outlined in [4].

The standard inner product of vectors x,y € R™ is denoted by (x, y), while the zero vector in R™ is represented as
Op,.

The gradient of the differentiable function ¢ : R” — R at 2y € R™ is denoted by {Vy(xo)}, given by

V(zg) := <d<p(x0),...,$i(xo)> .

For a differentiable function ¢ : R"*™ — R and a point (zg,%0) € R"t™, let V14 (z9,y0) € R"™ denotes the partial
differential of ¥(-,-) at (x0,y0), defined as Vi (zo, -)(vo)-

Definition 2.1. [4] Suppose that the function ¢ : R™ — R is differentiable at zo € R™. Then, ¢ is said to be

(i) quasiconvex at xg, if for all 2 € R™, one has

p(x) < p(zo) = (Vep(ao),z —20) < 0.

(i) pseudoconvex at xg, if for all # € R™, one has
o(x) < (xg) = (Vp(xo),x — x0) <O0.
(iii) strictly pseudoconvex at xo, if for all € R™ with x # x¢, one has
o(x) < @(zg) = (Vp(xo),z — x0) < 0.
Consider a set A C R™. We denote by A= the polar cone of A, defined as
AS :={z€R"|(z,a) <0, Vac A}

The closure, the convex cone, and the closed convex cone of A are respectively denoted by A, cone(A), and cone(A).
Also, the Bouligand tangent cone and the normal cone of A at z* € A are defined by

(A4, z%) = {V €R" | Jay — 07, Iy — v such that x* + ey € A, VI € N} ,

and N(A,z*) = (F(A,.Z‘*))S, respectively.



3 Dual Problems and Duality Results

Suppose that the feasible set of (P), denoted by M, is nonempty, i.e.,

D:={zeR" | g(x) <0, teT}#0.

For each z € M, the set of active index constraints is defined as

For each feasible point z € M and each II C T', we define the following dual problem for (P),

(D7) : max ¢, (y, @)

st. Vip,(y,a) =04, (3.2)
age(y) >0, teT\II, (3.3)
ap >0, teT\Ty(z), (3.4)
where, a := (o, ..., ), and for each J C T, the function ¢, : R x R™ — R is defined as
0, (,0) =)+ agly),  V(y,a) eR"xR™ (3.5)
ted

Note that Equation (@) can be rewritten as

Viy)+ Z @ Vgi(y) = On.

teT

Moreover, conditions (@)—(@) imply that if y € M, then oy has a free sign for t € Ty(y) and satisfies oy < 0 for
teT\(ITUTo(y)).

The feasible set of (Df) is denoted by M?, i.e.,

M: = {(y,o) € R**™ | (B82), (B3), and (84) hold} .

Since the problem (DZ) depends on z € M, following [9], we introduce an alternative dual problem that is
independent of the feasible point z,

st (y,0) € My, = (] M. (3.6)
Remark 3.1.

(i) I (y,a) € My, then

>0, for te |J (T\To(z)):T\( N To(z)).
zeM zeEM

This means, the coefficients with indices whose corresponding constrained functions are not active for some
feasible point are non-negative. Since in all non-trivial problems we have n To(z) = 0, it follows that, for

zEM
almost all problems, if (y,«) € M., then oy > 0 for all t € T..
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(ii) It is noteworthy that if we set IT = 7" in the problem (D7 ), we obtain the Wolfe dual problem, originally introduced
n [21]. Similarly, if we put II = (), then (D7) serves as extensions of the Mond-Weir dual problem, introduced
n [11]. Consequently, the problem (DZ) provides a unified generalization of the duality frameworks proposed in
previous articles.

(iii) Since the feasible set of (D) is given by the intersection of the feasible sets of (D7) over all z € M, it offers a
formulation that is independent of z, making it more general than (D7). Furthermore, any solution of (D) also
serves as a solution to (DZ) for each z € M.

Giving (y,a) € M7, we define the following index sets,
T (z)={teT|a >0},
T (z)={teT|a<0}={tecTh(z)| o <0},

where the last equality holds by (@) For simplicity, we define the following set, which includes some constraint
functions of (P),

AR)={g|teTt)}u{—-g|teT (2)}.

The next theorem, commonly referred to as the weak duality theorem for (D? ), establishes that for any feasible
solution to the primal problem (P), the corresponding objective value is always greater than or equal to that of any
feasible solution to the dual problem (DZ).

Theorem 3.2. (Weak Duality for (D?)): Let z € M and (y,a) € M? be feasible solutions for the primal problem (P)
and the dual problem (D?), respectively. Furthermore, suppose that ¢, (-, @) is pseudoconvex at y, and the functions
in A(z) are quasiconvex at y. Then, the following inequality holds,

f(2) = eu(y, ).

Proof . Since (y,a) € MZ and by equation (@), we obtain
Vi) + Y aValy) = Ve, () (y) = Vig, (y,a) = 0,.
teT
Thus, the inner product satisfies
(VIW),z—y)+ > e (Vau(y),z —y) = (0n, 2 — y) = 0. (3.7)
teT

To analyze further, let ¢t € T\ II. We consider the following cases:

Case 1: t € Ty(z), implying that g:(z) = 0.
o If a; > 0, then t € T (z) and g; € A(z). By equation (@)7 since azgi(z) = 0 < arg:(y), the quasiconvexity
of g; at y implies that
> ot (Vg (y),z —y) <0. (3.8)
t€To(2)\IL,cts >0
o If oy =0, then (Vg (y),z —y) = 0, leading to
Z a (Vgi(y),z —y) = 0. (3.9

t€To (2)\IL,a¢=0



o If oy <0, then t € T~ (2) and —g; € A(2). By equation (@),

—a(=g:(2)) = ar9¢(2) = 0 < g (y) = —au(—9:(y)),

and the quasiconvexity of —g; at y with —a; > 0 implies that

> a(Vaw.z—y) = Y, —a{-Valy),z—y) <0.

teTo(z)\I,a: <0 teT (z)\IL,a: <0

Adding inequalities (@)7 (@), and ()7 we conclude
> a(Va(y),z—y) =0

teTo(z)\IL

Case 2: t € T\ Typ(z). Then, ¢:(z) < 0 and oy > 0 (by equation (@))

e If oy > 0, then t € T"(2) and by repeating previous steps with quasiconvexity of g; at y, we obtain

> i (Vgi(y),z —y) <0.

teT\(To(z)UII), s >0

e If oy =0, then

> ot (Vg (y),z —y) = 0.

teT\(To(z)UII),a=0

Summing inequalities () and ()7 we derive
> a(Valy),z—y) <0

teT\(To(z)UII)

Combining the above inequalities with (), we conclude

> (Valy),z—y) <0.

teT\II

Applying this result to equation (@), we obtain

((VFw.z =)+ Y Va2 =9 ) + (X an(Valy)z—9)) = (V)2 =) + Y ar (Vauly
tell teT\II teT
<0
Hence,
(Vou(a)(y),z —y) = <Vf(y) + aVa(y),z - > (Vf(y) Y+ > (Valy
tell tell
and so

<V<,0H (" a)(y), Z> 2 <V<pn ('7 O‘)(y)a y> :
Utilizing pseudoconvexity of ¢, (-, ), we deduce ¢, (-, a)(2) > ¢, (-, a)(y), i-e.,

on(2,a) > ¢, (Y, @).

—y) >

0,

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)

—y)=0.

(3.15)



6 F. Kazemi Bafruei, N. Kanzi

On the other hand, by z € M and (y,a) € M? we get
teTo(z) = qi(2) =0 = aq1(2) =0,

teT\Ty(z) = (gt(z) < 0 and atEO) = awgi(2) <0,

and hence,

Y agi(z) <0,  VJCT. (3.16)
teJ

Combining this inequality and (), we deduce that

<0

——

‘pn(yaa) < QDH(Z,OZ) = f(z) + Zatgt(z) < f(z)v
tell
as required. [J
The above theorem guarantees the following inequality

min f(z) > max ¢, (y,q).

zeEM (y,a)e/\/lzn

If the inequality in the above relation holds as an equality, we say that the strong duality property is satisfied.

It is well known that satisfying the Karush-Kuhn-Tucker (KKT) necessary conditions is fundamental for strong
duality to hold. Moreover, an appropriate constraint qualification must be met to ensure the validity of the KKT
necessary conditions. Thus, in_order to state the strong duality result for (D} ), we introduce the following definition
and theorem, as presented in [{, [12].

Definition 3.3. The Guignard Constraint Qualification (GCQ) is said to hold at 2 € M for the problem (P) if the
following condition is satisfied

{Vai(2) |t € Ty(2)}" C come(T(M, 2)).

It is worth noting that GCQ has been generalized for nondifferentiable optimization problems in [[16]. Also, we
can see ([4]) that the GCQ condition is equivalent to the following inclusion

N(M,2) C cone({Vgt(é) Ite TO(,%)}).

Theorem 3.4. [4] Suppose that 2 is a solution to (P) and that the GCQ condition holds at z. Then, there exist
non-negative scalars é&; for ¢t € T such that

VFE) +Y aVg(s) =0, and  dugi(2) =0 forteT. (3.17)
teT

Observe that, equation () can be rewritten as

VIE + D @Vg(2) =0,

teTo(2)

Theorem 3.5. (Strong Duality for (DZ?)) Suppose that £ € M is a solution for (P) and GCQ holds at 2. Then,
there exists a vector & := (..., o) such that a; > 0 for all ¢ € T and (2,&) € M?Z. Furthermore, if ¢ (-, ) is
pseudoconvex at £ and the functions in A(2) are quasiconvex at , then (2, &) is a global solution to the problem (D7),
and the following equality holds

f('%) = Pn (éa é‘) (318)
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Proof . By Theorem @, there exists a vector & = (&g, . .. ) such that oy > 0 for all t € T and () holds. Thus,

Qm
(Z,6&) € MZ. Note that the following equality holds by ()

D ugi(3)=0, VKCT. (3.19)
teK

Now, if (z,a) € ./\/lli is given, the weak duality Theorem @ implies that

f(2) = ¢u(z,q).

The above inequality and () imply that

So, () holds and (2, &) is a global solution for the dual problem (D?). O

Remark 3.6. While GC(Q ensures the validity of equation (), stronger constraint qualifications, presented in
[12], can be considered in Theorem B.5. Since GCQ directly leads to (@, which is stronger than merely ensuring
(2,a) € Mi, a natural direction for future research is identifying weaker constraint qualifications that yield precisely
this inclusion. Investigating such a qualification, if one exists, could provide valuable insights in optimization theory.

The next theorem establishes the necessary conditions for the uniqueness of a global minimizer Z in the primal
problem (P) and a global maximizer in the corresponding dual problem (D;).

Theorem 3.7. (Strict Converse Duality for (D?)): Let 2 € M be an optimal solution to (P), and suppose that GCQ
holds at 2. Furthermore, assume that (@, 3) € M:Z is a global maximizer of the dual problem (D? ), that the functions

in A(2) are quasiconvex at @, and that ¢ (-, B) is strictly pseudoconvex at 4. Then, we have
Z =1.
Proof . Suppose, for contradiction, that 2 # 4. Given that (, B) € /\/lf[7 we obtain the following condition

V@) + Y BiVgi(it) = 0, (3.20)
teT
By applying the same reasoning used in the proof of inequality (), it follows that
Z By (Vge(i), 2 —a) < 0.

teT\IT

Utilizing this inequality along with equation (), we deduce
<Vf(@) +Y BiVa(a),z - 11> > 0.
teTl
Since
Veor (- 8)(@) = V(@) + Y BiVai(a),
tell

it follows that

<wn(-,8)(a)72 - u> >0, or equivalently <V@H(~7B)(ﬁ),é> > <V¢H(-,B)(a),a>.
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By the strict pseudoconvexity of ¢, (-, 3) at @ and the assumption 2 # @, we conclude that

¢n(2,8) > o, ).
Thus, we have

FE+DBigi(2) = 0u(2,8) > ¢y (0, B). (3.21)

tell

Additionally, since 2 € D and (4, §) € M?Z, equation () implies

Z Brge(2) < 0.

tell

Combining this result with inequality ()7 we obtain

F(2) > oy (@, B). (3.22)

By the strong duality theorem (Theorem @), there exists a vector & = (&1, ...,d,) € R™ such that &; > 0 for
all t € T, and (2, &) € M?Z is a global solution for the dual problem (DZ). Furthermore, we have

f(2) = on(2,0).

Combining this equality with equation (), we obtain

ou(2,6) > @, (@, B).

This leads to a contradiction, as it implies that the objective function of (Dfl) takes two distinct values at its two
global solutions, (2,4) € M; and (4, B) € M; Thus, we must conclude that zZ = @, completing the proof. [J

Remark 3.8.

(i) Tt is important to note that in the proof of Theorem since (2, ) is not necessarily an element of Mz, we
cannot derive a contradiction directly from equation (| ). If this were possible, the assumption of GC'Q would
not be required.

(ii) Since the feasible set of (D) is the intersection of the feasible sets of (DZ) for all z € M, and each solution of
(Dy) is also a solution of (DZ) for every z € M, the weak, strong, and strict converse duality results (which hold
for (DZ) for all z € M by Theorems @, , and B.1) remain valid for (D, ). Next, we present two theorems
that hold for (D) but do not necessarily hold for each individual (D},).

The following theorem introduces the conditions under which one can transition from a feasible point of the dual
problem (D)) to a solution for the primary problem (P). Given that this theorem can be considered a converse
counterpart to Theorem B.5, it is referred to as the “converse duality result”.

Theorem 3.9. (Converse Duality for (D,,)): Let (i, 3) € M,, be a feasible point for the dual problem (D,,), satisfying
the condition R

Furthermore, suppose that the function f is pseudoconvex at @, and the functions in U A(z) are quasiconvex at .

zEM
Then, 4 is a global solution for the primal problem (P).



Proof . Let 2 € M be an arbitrary feasible point for (P). Given that (@, 3) is feasible for (D,,), and by the definition
of M/, we obtain

(@, ) € My, = () M € M.
zeM

Brgi(2) <0 < Byge(a), Vit e TH(2),
(=Bi)(=gt(2)) <0 < (=B)(—ge(@)), V€T (2).

Since A(2) C U A(z), the functions in A(Z) are quasiconvex at 4. Consequently, the inequalities above lead to
zEM

B (Vge(t), 2 — @) <0, if teT(2),

By (Vgu(ti), 2 — ) =0 if B, =0,

(=Be) (—Vgi(a), 2 — ) < 0= B, (Vge(a), 2 —a) <0, if te T (2).

Moreover, the assumption that (@, 3) € M:Z implies

VIE) +YBiVgi(@) =0, = (VF(2),2 =)+ > Bi(Vai(@r), 2 — @) = 0.

teT teT

This yields

(Vf(2),2—1a)>0.

Since f is pseudoconvex at 4, it follows that

f2) = f(a).

Since Z was arbitrarily chosen in M, this final inequality establishes that @ is a global solution to the primal
problem (P). Thus, the proof is complete. [J

In the following theorem, an optimality criterion for a feasible point of the primary problem (P) is established by
utilizing the dual problem (D).

Theorem 3.10. (Restricted Converse Duality for (D,,)): Suppose Z € M is a feasible point of (P). Further, assume
there exists a feasible pair (@, 8) € M for (D) such that

f(2) = u (@, B). (3.24)
If the function ¢ (-, 3) is pseudoconvex at @ and the functions in U A(z) exhibit quasiconvexity at @, then 2

zeM
constitutes a global minimum of (P).
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Proof . Suppose, to the contrary, that % is not a global minimizer of (P). Then, there exists z* € M such that
f(z*) < f(2). Using this inequality along with (), we obtain

F(2) < oq(@, B).

Since (@, 8) € M2 (as per the definition of M,,) and the functions in A(2) exhibit quasiconvexity at @, this

inequality contradicts the weak duality theorem associated with the problem (Dﬁ*). This contradiction confirms
the result. O

4 Conclusion and Example

In this paper, we introduced several dual problems that depend on a parameter set II C T, formulated for
the optimization problem (P) involving differentiable functions. We then established some weak, strong, converse,
restricted converse, and strict converse duality results for these newly defined dual problems. Since these dual problems
reduce to the Wolf dual problem and the Mond-Weir dual problem by choosing II = T and II = {, respectively, we
refer to them as Wolf and Mond- Weir type mized-dual problems.

Example 4.1. Consider the following optimization problem

(P): min 2% 4 22
st. —2z1 —29 <0,

z% + 2120 < 0.
This problem has the form of (P) by the following data,

en=2 T={1,2}, 2= (21,22) € R?,

o fla) =2 +23, gi(2) = —21 — 22, ga2(2) = 2 + 2120

Note that for y = (y1,y2) and a = (a1, a2), we have

(Y, ) =yt +y3 + a1(—y1 — y2) + @2 (yF + y1y2).

Thus, (@) implies that (2y1,2y2) + a1(—1, —2) + a2(2y1 + y2,y1) = 02, which is equivalent to

2y1 — o + 2a2y1 + azyz =0
2y2 — Q1 + QoY1 = 0.

Thus, corresponding to IT = @, II = {1}, IT = {2}, and II = {1, 2}, we obtain the following mixed-dual problems
for each z € M

(D?): max y% + y%
s.t. 2y1 — a1 4+ 200y1 + axy2 =0,
2ys — g + agy; = 0,
a1(—y1 —y2) >0,
az(y} + y1y2) > 0,
ay >0, teT\To(2),
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(Dfl}) : max y% + yg + o (—y1 — y2)
s.t. 2y1 — a1 + 200y1 + asys =0,
2y2 — a1 + agyr =0,
a2 (yf + y1y2) > 0,
ay >0, teT\Ty(z),

(DZ}) © o max yi 4 ys + o2 (Yl + v1y2)
s.t. 2y; — a1 4+ 200y + avys =0,
2y2 — a1 + azyr =0,
ai(—y1 —y2) >0,
a; >0, teT\Tolz),

(Dfl’z}) © max yi + 3 + ar(—y1 — y2) + a2 (yi + y1ye)
s.t. 2y1 — a1 + 2a0y1 + asy2 =0,
2y2 — o + gy =0,

at > 0, teT\Ty(2).
According to

TO(Oa 1) = {2}5 TO(OQ) = {1’ 2}’ TO(727 1) = (Z),

and considering Remark @, we have

(D{l,g}) © max ?J% + ZU% + o1 (—y1 —y2) + 042(31% + y1y2)
s.t. (y17y27 CY1,C¥2) S M{I,Z}’

in which the feasible set M 12y 18 calculated as

2y1 — a1 + 2a2y1 + azye =0
M{l,z} = {(yl,yg,al,ag) € R* 2y — a1 +asy; =0 } = {(k‘,k,Qk‘,O) | k > O}
a; 20, az=>0

Clearly, (D{m}) corresponds to the well-known Wolfe dual problem for (P). To apply Theorem , we must

identify some (21, 22) € M and (k, k, 2k,0) € M, ,, such that

f(éla 22) =Pz (];" ]%a 2k, O)v
which simplifies to
22452 = k2 4+ k% 4 2k(—k — k) + 0(k? + kk) = —2k* < 0.
Thus, it follows that 2 = (21, 22) = 0. Since all the hypotheses of Theorem are satisfied at Z, we conclude
that 2 is a global solution for (P).
Moreover, since 2 is a solution for (P) and the GCQ holds at %, Theorem @ guarantees the existence of some

& = (G1,G2) € R? such that (02, a) is a global solution of (D2 ).
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