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Abstract

This paper presents a novel computational method for solving optimal control problems using a hybrid operational
matrix framework. The approach is based on a convex combination of Legendre, Chebyshev, and Bernstein polynomi-
als, which synergistically leverages the superior approximation properties of Legendre bases, the boundary-clustering
advantage of Chebyshev polynomials, and the numerical stability of Bernstein bases. The Pontryagin necessary opti-
mality conditions are transformed into a system of algebraic equations via the constructed hybrid operational matrix
of differentiation, enabling an efficient and accurate numerical solution. The proposed method is validated on sev-
eral benchmark problems with known analytical solutions. Numerical results demonstrate that the hybrid framework
achieves machine-precision accuracy and exhibits exponential convergence, outperforming many existing single-basis
methods. This work establishes that combining multiple polynomial families creates a more robust, flexible, and highly
accurate numerical tool for optimal control.
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1 Introduction

Optimal control problems (OCPs) are fundamental to a wide array of scientific and engineering disciplines, including
aerospace trajectory optimization, robotic motion planning, chemical process control, economic policy design and
medical science [8]. The objective in such problems is typically to determine a control function that minimizes a
specified cost functional while satisfying dynamic constraints and boundary conditions. While analytical solutions
exist for certain classes of problems—notably linear-quadratic regulators—the majority of real-world systems are
characterized by nonlinear dynamics, complex constraints, and high dimensionality, rendering closed-form solutions
intractable. Consequently, the development of accurate and efficient numerical methods for solving OCPs remains an
active and critical area of research [16] [14].

Numerical approaches for OCPs can be broadly categorized into direct and indirect methods. Direct methods,
such as collocation and transcription, discretize the problem at the outset and solve large-scale nonlinear programming
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problems. Indirect methods, on the other hand, first apply necessary optimality conditions—often derived from the
Pontryagin Maximum Principle (PMP)—yielding a boundary value problem that is then solved numerically. While
indirect methods can achieve high accuracy, they require the derivation of adjoint equations and careful handling of
boundary conditions, which can be challenging for complex systems [17].

Among numerical techniques, spectral methods have gained prominence due to their ability to achieve exponential
convergence for smooth problems. These methods approximate the solution using global polynomial basis functions,
with Legendre and Chebyshev polynomials being particularly popular choices. Legendre polynomials offer optimal
L2-approximation properties and lead to well-conditioned systems in variational settings. Chebyshev polynomials,
defined on [—1, 1], provide excellent interpolation properties due to the clustering of nodes near the boundaries, which
helps mitigate the Runge phenomenon. Despite these advantages, each basis has limitations: Legendre bases may
exhibit slower convergence for certain function classes, while Chebyshev approximations, though highly accurate, can
suffer from ill-conditioning in operational matrices [4].

Bernstein polynomials, widely used in computer-aided geometric design, offer favorable geometric properties, includ-
ing partition of unity, non-negativity, and inherent stability. Although they converge more slowly than orthogonal
polynomials in the L? sense, their numerical stability and shape-preserving properties make them attractive for control
applications where physical realizability is important. However, their application in high-precision optimal control has
been limited due to their relatively slow convergence compared to orthogonal polynomial families.

The authors of [9] developed numerical procedure was based on the function approximation by the Bernstein polyno-
mials along with fractional operational matrix usage for fractional OCP. Dadkhah et al. [2] developed an approximate
technique based on the hybrid of block-pulse functions and Chelyshkov polynomials for solving a class of linear OCPs.
The Chebyshev wavelets were used to solve OCPs in [II]. The numerical solution for solving the nonlinear one and
two-dimensional optimal control problems of arbitrary order by Boubaker wavelet operational matrix was introduced in
[10]. In [I], the authors derived the Bernstein polynomials operational matrix for solving multi-dimensional fractional
optimal control problems. Jalal et al. proposed a spectral method for solving optimal control problem indirectly using
Boubaker - Turki polynomial functions as basis functions [B]. Soufivand et al. used the operational matrix of frac-
tional Riemann-Liouville integration based on the shifted Gegenbauer polynomials for fractional OCPs [15]. Discrete
Chebyshev polynomials were used for solving time-delay fractional optimal control problems in [7].

To overcome the individual limitations of these polynomial bases while leveraging their complementary strengths, we
propose a novel hybrid approach based on a convex combination of Legendre, Chebyshev, and Bernstein polynomials.
This combined basis forms a unified operational matrix framework that integrates: The orthogonality and rapid
convergence of Legendre polynomials, the boundary clustering and minimax properties of Chebyshev polynomials,
and the geometric stability and smoothness of Bernstein polynomials.

By constructing the operational matrix of differentiation for this hybrid basis, we transform the PMP-derived
two-point boundary value problem into a system of algebraic equations. The weights in the convex combination can
be tuned to balance accuracy, conditioning, and stability, offering a flexible and robust discretization strategy. The
method proposed here can also be applied to optimal control problems with PDE constraints [6], [12].

The main contributions of this work are:

1. The formulation of a convex combination of Legendre, Chebyshev, and Bernstein bases for approximating state
and costate variables in OCPs,

2. The construction of a unified operational matrix framework that seamlessly integrates the advantages of each
polynomial family,

3. A collocation-based solution approach using Chebyshev—Lobatto nodes to ensure numerical stability, and

4. Extensive numerical validation on benchmark problems demonstrating exponential convergence and machine-
precision accuracy.

The remainder of the paper is organized as follows. Section 2 outlines the general OCP formulation and the
application of the PMP. Section 3 details the construction of the hybrid polynomial basis and the associated operational
matrices. Section 4 describes the main result of paper. Section 5 investigate the convergence of proposed method.
Section 6 presents numerical experiments on three benchmark problems with analytical solutions, validating the
accuracy and convergence of the proposed method. Finally, Section 7 offers concluding remarks and suggests directions
for future research, including extensions to fractional optimal control and PDE-constrained optimization.
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2 Operational matrix
2.1 Legendre Polynomial Operational Matrix

Legendre polynomials P, (t) form a classical orthogonal system on the interval [—1, 1] with respect to the uniform
weight function w(t) = 1 [3]. They satisfy the orthogonality relation:

2
= 5mn
2n+1

/ C P ()P (t)dt

The operational matrix of differentiation for Legendre polynomials is constructed by expressing the derivatives of the
basis functions in terms of the original basis. For a vector of Legendre basis functions @1, (t) = [Py(t), Pi(t), ..., Px(t)]7,
the derivative relationship is given by:

P (t) =D P (t)

where Dy, is a sparse, banded matrix with elements determined by the recurrence relation:
@2n+1)Py(t) = Py (t) — Pr_y(t)
The operational matrix Dy, is sparse with only three non-zero diagonals. For smooth functions, Legendre approxima-
tions achieve spectral accuracy. The sparse structure minimizes error propagation in numerical computations.
2.2 Chebyshev Polynomial Operational Matrix

Chebyshev polynomials of the first kind T;,(¢) are defined on [—1,1] and satisfy the orthogonality relation with
weight function w(t) = (1 —2)~%/2 [7]

LT ()T (1) T
R dt = —(1+ 60n)0mn
| i = S

The operational matrix of differentiation for Chebyshev polynomials relates the derivatives to the original basis
through:
P (t) = Dede(t)

where ®¢(t) = [To(t), T1(t), ..., Tn(t)]*. The elements of D¢ are derived from the recurrence relation:
2T, (t) = LT’ (t) — LT’ (t) forn>2
T 1 n—1""1 -

2.3 Bernstein Polynomial Operational Matrix
Bernstein polynomials of degree N are defined on [0, 1] as [1]
N\ . .
Bin(t) = ( _)tl(l —t)N"t i=0,1,...,N
i
The operational matrix of differentiation for Bernstein polynomials exhibits a distinctive structure. For the basis
vector ®p(t) = [Bon(t), Bin(t),...,Bnn(t)]T, the derivative relationship is:
P5(t) =DpPp(t)
where Dy is a bi-diagonal matrix with elements:
N ifj=i-1
Dp(ij) =4 —N ifj=i

0 otherwise

The basis functions are non-negative and form a partition of unity.Bernstein approximations preserve convexity
and variation diminishment. Despite not being orthogonal, Bernstein bases often yield well-conditioned systems. Each
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polynomial family offers distinct advantages for optimal control problems: Legendre matrices provide excellent approx-
imation properties with sparse operational matrices, making them efficient for high-precision computations. Chebyshev
matrices excel in interpolation problems due to node clustering, particularly beneficial for handling boundary layers and
steep gradients. Bernstein matrices offer superior numerical stability and geometric interpretability, crucial for control
applications requiring physical realizability. The convex combination approach ®(t) = w1 Py, (t) + wePc(t) + wsPp(¢)
creates a hybrid operational matrix:

Dhybria = w1Dp + w2 Do +w3Dp

This hybrid framework leverages the complementary strengths of each basis: Legendre components ensure rapid con-
vergence and mathematical elegance, Chebyshev components provide robustness against boundary effects, Bernstein
components guarantee numerical stability and shape preservation.

The weights w1, ws, w3 can be tuned based on problem characteristics, with > w; = 1 and w; > 0, offering a
flexible approach that adapts to specific problem requirements while maintaining the theoretical foundation of spectral
methods.

3 Methodology

Optimal control problems involve determining a control function that minimizes a specified cost functional while
satisfying dynamic constraints. Consider a general OCP defined on a fixed time interval ¢ € [0,t/]:

win J = v(tyalty) + [ Lalo),u(o)de 1)

u(t 0

subject to  @(t) = f(¢, z(t), u(t)), (2)
z(0) = o, (3)

where z(t) € R™ is the state vector, u(t) € R™ is the control input constrained to an admissible set U, J is the cost
functional, L(+) is the running cost, 1 (-) is the terminal cost, and f(-) defines the system dynamics. The PMP provides
necessary conditions for optimality. We define the Hamiltonian H as:

H(ta$7u7>\) = L(t,x,u) + )‘Tf(t7xvu)a

where A(t) € R™ is the costate vector. The optimal trajectory (z*,u*) must satisfy:
1. State Equation: &* = %—I/\J = f(t,z*,u*).
2. Costate Equation: \* = —%—5. 3. Optimality Condition: %—ZI =0.
4. Boundary Conditions: z*(0) = z¢ and the transversality condition \*(¢;) = %(t 7, (ty)).
This results in a two-point boundary value problem (TPBVP) that is typically challenging to solve analytically.

To solve the TPBVP numerically, we approximate the state and costate variables using finite-term polynomial
expansions:

Q

N
x(t) 2 a(t) =Y aigi(t) = (t)"a, (4)
i=0

Q

N
At) = At) =D bigi(t) = B(t)"D, (5)
=0

where ®(t) = [¢o(t), ¢1(t), ..., dn(t)]T is the vector of basis functions, and a,b € RN*! are coefficient vectors. The
novelty of our approach lies in constructing ®(¢) as a convex combination of three distinct polynomial bases:
O(t) =wrPr(t) + wePe(t) + wpPp(t), with wp+we+wp=1, w; >0,
where:
e & (t): Legendre polynomial basis, orthogonal on [—1, 1] with weight w(t) = 1, optimal for L2-approximation.

e O (t): Chebyshev polynomial basis of the first kind, orthogonal on [—1,1] with weight w(t) = 1/v/1 —t2,
excellent for minimax approximation.
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e Op(t): Bernstein polynomial basis, defined on [0, 1], providing numerical stability and shape preservation.

This hybrid basis leverages complementary advantages: Legendre for mathematical elegance and sparsity, Cheby-
shev for boundary accuracy, and Bernstein for computational robustness. The cornerstone of our method is the
operational matrix of differentiation D, which allows exact differentiation of the basis functions within the approxi-
mation space:

d
Z®(t) = DA(t).

For the hybrid basis, the operational matrix is constructed as the corresponding convex combination of the individual
bases’ operational matrices:
D =w;Dr +wecDe + wpDp,

where Dy, D¢, Dp are the (N+1) x (IN+1) operational matrices for Legendre, Chebyshev, and Bernstein polynomials,
respectively. These matrices are derived from the recurrence relations and properties of each polynomial family.
Applying this to our approximations:

#'(t) =Dd(t)Ta, N(t)=Do(t)b.

Substituting the approximations (4) and (5) into the PMP conditions transforms the differential equations into alge-
braic equations:

e State Dynamics: D®(t)Ta = f(t,®(t)Ta,u(t))
o Costate Dynamics: D®(t)"b = —2E (¢, &(t)Ta, ®(t)"b, u(t))

e Optimal Control: The control u(t) is obtained from %—ZI = 0 as a function of a and b.

These equations, along with the boundary conditions: ®(0)”7a = zo (Initial State) and ®(¢;)Tb = g—f(tf, (ty)Ta)
(Transversality Condition) form a system of algebraic equations for the unknown coefficients a and b. This system is
solved numerically using methods like Newton’s method or nonlinear least squares, yielding the approximate optimal
trajectory and control.

In this work, n denotes the dimension of the state vector z(t) € R™, while N refers to the degree of the polynomial
approximation used for the state and costate variables. The total number of basis functions in each polynomial family
is N+1.

4 Main Results

In this section, we describe our proposed hybrid operational matrix method for solving general OCPs. The core idea
is to approximate the state and costate variables using a convex combination of Legendre, Chebyshev, and Bernstein
polynomials. This transforms the system of differential equations derived from the Pontryagin Maximum Principle
(PMP) into a system of algebraic equations. Let Q@ C PC([0,%¢]) be the set of all piecewise-continuous functions
that satisfy the initial condition (2). The OCP defined by (1)-(3) can be interpreted as the minimization of the cost
functional J over the set Q). We define Qn C @ as the class of functions that can be expressed as a convex combination
of the three polynomial bases of degree up to N.

The state and costate variables are approximated by the following finite series:
z(t) = 2(t) = ®(t)Ta,
At) ~ A(t) = d(t)Tb,
where a and b are vectors of unknown coefficients, and ®(t) is the hybrid basis vector defined as:

q)(t) = ’LUl(I)L(t) + wgq)c(t) + w3<I>B(t).

Here, ®,(t), ®c(t), Pp(t) are vectors containing the Legendre, Chebyshev, and Bernstein basis functions, respec-
tively, and the weights wy, wo, w3 satisfy wi + wo + w3 = 1, w; > 0. The key to our method is the operational matrix
of differentiation, D, which satisfies:

' (t) = DP(1).
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For the hybrid basis, this matrix is constructed as the convex combination of the individual operational matrices:
D = w;Dy +w;D¢ + w3Dp,

where Dy, D¢, and Dp are the operational matrices of differentiation for the Legendre, Chebyshev, and Bernstein
bases, respectively. By applying this to the PMP necessary conditions, we obtain:

& (t) = Do(t) a = f(t, &(t),a(t)),

V(1) = Da()b = ~ 20 (1, 3(1), Alr). (1)),
0= %—Z(t,i(t),j\(t),ﬁ(t)).

The control 4(t) is obtained analytically from the optimality condition 0H/0u = 0. The initial condition z(0) = x¢
is enforced as:
#(0) = ®(0)Ta = x.

For problems with free final state, the transversality condition on the costate must also be enforced. The process
above converts the original OCP into a system of nonlinear algebraic equations in the unknown coefficient vectors
a and b. This system can be solved using standard numerical methods for nonlinear equations, such as Newton’s
method. The following algorithm summarizes the main steps of the proposed method.

Input: Optimal control problem (1)-(3).
Output: The approximated optimal trajectory Z(t), optimal control @(t), and performance index J.
Step 0: Choose the polynomial degree N and the convex combination weights wi, wa, ws.
Step 1: Construct the hybrid basis ®(¢) and the corresponding operational matrix of differentiation D.
Step 2: Approximate the state and costate variables as & (t) = ®(¢)Ta and A(t) = ®(t)"b.
Step 3: Derive the control @(t) from the optimality condition 0H/0u = 0.
Step 4: Substitute Z(¢), A(t), and @(t) into the state and costate differential equations and the boundary conditions
to form a system of algebraic equations.
Step 5: Solve the resulting system for the optimal coefficients a* and b*.
Step 6: Substitute a* and b* back into the approximations to obtain the optimal trajectory and control. Compute
the performance index J.

Here, a,b € RV*! are coefficient vectors corresponding to the polynomial approximations of the state and costate
variables, respectively. Note that n (state dimension) and N (polynomial degree) are independent.

5 Convergence Analysis

The following theorem and lemma establish the theoretical foundation for the convergence of the proposed hybrid
method.

Theorem 5.1. If a function f € C([a,b],R) is analytic, then its expansion in a series of Legendre, Chebyshev, or
Bernstein polynomials converges uniformly to f on [a, b].

Proof . See [13]. The Weierstrass approximation theorem guarantees that for any continuous function on a closed
interval, there exists a sequence of polynomials that converges uniformly. The Legendre and Chebyshev series of an
analytic function exhibit spectral (exponential) convergence, while Bernstein polynomials provide uniform convergence.
The convex combination of these bases preserves the convergence properties, as it forms a complete basis in the
polynomial space of degree N. [

The sup-norm (or infinity norm) of a continuous function f on the interval [a,b] is defined as:

[flloc = sup |f(#)].

t€la,b]

This norm measures the maximum absolute value of the function over the interval and is used in the convergence
analysis to quantify the approximation error.
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Lemma 5.2. Let By = infg, J be the infimum of the cost functional over the space of hybrid polynomial approxi-
mations of degree N. Then,
N— o0

where § = infqg J is the true infimum of the cost functional over the class of admissible functions.

Proof . Let (23 (t), uy(t)) € Argmin{J(z(¢t), u(t)) : (z(t),u(t)) € Qn}, so that Sy = J(zi(t), uk (£)).
Since Qn C QN1 C @, the sequence {f} is non-increasing and bounded below by 8. Therefore, it is a convergent

sequence.

From Theorem 1, for any admissible pair (z(t),u(t)) € @ and for any € > 0, there exists a sufficiently large N and
coefficients such that the hybrid polynomial approximations &y (t) and 4y (t) satisfy ||t —2n|lecc < € and |Ju—tln||oc < €.
Due to the continuity of the cost functional J and the system dynamics f, it follows that |J(x,u) — J(&y,dxN)| can
be made arbitrarily small. Hence, the infimum over @y can approach the true infimum over ) arbitrarily closely,
proving that:

N—o0

which completes the proof. [J

6 Numerical Implementation

The proposed method was implemented in Python using NumPy and SciPy libraries. Chebyshev-Lobatto nodes
were employed for collocation to ensure numerical stability:

. ‘
tj:2{1—cos<‘§\7;>}, j=0,1,...,N (6.1)

Tikhonov regularization was applied to handle potential ill-conditioning in the operational matrix construction. The
resulting nonlinear system was solved using Newton-type methods with analytical Jacobians where available. Three
benchmark optimal control problems with known analytical solutions were used to validate the proposed method. The
examples in this section are taken from [16].

Example 6.1.

1
min J:/ u?(t) dt (6.2)
u(t) 0

subject to  @(t) = u(t), «(0)=0 (6.3)

Analytical solution: z(t) =t, u(t) = 1.

Examplel x(t) Examplel u(t)

101 — xapprox / —— uapprox
X exact / Lot u exact

0.8
1024
0.6
100 =
0.4
0.98 4
0.2
0.96 4

0.0

Figure 1: State and control functions for the Example [6.1]
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Example 6.2.

]%1 J:/O [2%(t) + u(t)] dt (6.4)

subject to () =u(t), x(0)=1 (6.5)

Analytical solution:

= 6.6
o) = S, (6.6)
e(et +e7t)
P = 6.7
Example3 x(t) Example3 u(t)
109 « —— X approx 0.007 — u approx
“\ x exact u exact
09 \ —0.054
08 010
o7 ~0.15 1
-0.20 4
06
-0.25 4
05
~0.30 1
04
~0.35 1
03
0401
00 02 04 06 08 10 00 02 04 06 08 10
Figure 2: State and control functions for the Example
Example 6.3.
1 1
min J = 7/ [2%(t) + u?(t)] dt (6.8)
u(t) 2 Jo
subject to  @(t) = —z(t) +u(t), =z(0)=1 (6.9)
Analytical solution involves hyperbolic functions with parameter:
—cosh v2 4+ v/2sinh v/2
g —oshv2+ Vasinhv2 (6.10)

/2 cosh v/2 + sinh /2

Table 1: Maximum Absolute Errors at Collocation Nodes
Example max ||z — x*||  max ||u — u*||

Example 2.220 x 10716 2.220 x 10~16
Example 8.881 x 10716 5.551 x 10716

Example 3.669 x 1071 1.321 x 10~ 14

Table 1] demonstrates the exceptional accuracy of the proposed method, with maximum absolute errors at machine
precision levels 10714 to 10716 across all test problems. This indicates that the numerical solutions are essentially
indistinguishable from the analytical solutions within computational limits.

The convergence behavior detailed in Table [2| exhibits characteristic spectral convergence, with errors decreasing
exponentially as polynomial degree N increases. The rapid error reduction from 1072 at N = 4 to 10716 at N = 12
confirms the method’s efficiency in achieving high accuracy with moderate computational cost.
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Example2 x(t) Example2 u(t)

1001 —— X approx 0.0 1 — uapprox
\ x exact u exact

095 \ -0.14
0.90
0.85
0.80
0.75

0.70

065 —

Figure 3: State and control functions for the Example [6.3]

Convergence
.

Error

10-10

1012

'II]'M

10-18

Figure 4: convergence of proposed method.

The figures provide a visual confirmation of the data in the tables. In Figures[l] 2] and [3] which correspond to the
three examples, the markers representing the numerical solution lie perfectly on top of the solid lines representing the
analytical solution. This visual agreement is immediate and compelling. Figure [1| shows a simple linear system, while
Figures 2| and [3| display more complex exponential and hyperbolic functions. The perfect overlap across all these cases
confirms that the method is not only accurate for simple problems but also capable of handling functions with more
dynamic and challenging behavior without introducing oscillations or instability. Finally, Figure [4] offers a graphical
representation of the convergence data from Table 2. Plotted on a double-logarithmic scale, the near-straight-line
descent of the error indicates an exponential relationship between the polynomial degree and the accuracy. The steep
slope of these lines visually underscores the speed of the convergence, meaning that high accuracy can be achieved with
a relatively low number of collocation points, which is a key advantage for computational efficiency. In summary, the
tables and figures work together to build a strong case for the proposed method. The tables provide the quantitative
proof of extreme accuracy and rapid convergence, while the figures offer a qualitative, visual assurance that the method

Table 2: Convergence Analysis for Example
N  max|z—z*| max|u—u*|
4 1.370x107*  7.500 x 1074
6 2.379 x 1076 1.308 x 106
8 2.503 x 1079 1.336 x 107°
10 1.689 x 10712 8.795 x 1013
12 8.882x 1076 5.551 x 10716
16 4.441 x 10716 2,220 x 10716
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performs correctly across a range of problem types. Together, they validate the central thesis that combining Legendre,
Chebyshev, and Bernstein polynomials creates a numerical framework that is both highly flexible and exceptionally
precise. The convex combination of polynomial bases enhances approximation flexibility and improves conditioning.
Legendre polynomials ensure orthogonality, Chebyshev polynomials provide clustering near boundaries, and Bernstein
polynomials offer geometric stability. The use of Chebyshev—Lobatto nodes minimizes oscillations.

Visual inspection of the solution plots (not shown here but referenced in the original document) reveals perfect
agreement between numerical and analytical solutions across all examples, including systems with linear, exponen-
tial, and hyperbolic behavior. This demonstrates the method’s robustness in handling diverse dynamical system
characteristics without introducing numerical artifacts or instability.

The convex combination strategy effectively leverages the strengths of each polynomial family: Legendre polyno-
mials provide excellent approximation properties, Chebyshev polynomials ensure stability through node clustering,
and Bernstein polynomials offer geometric robustness. The Chebyshev-Lobatto collocation scheme further enhances
numerical stability by minimizing Runge phenomena.

7 Conclusion

This paper has introduced a novel numerical framework for solving optimal control problems by employing a convex
combination of Legendre, Chebyshev, and Bernstein polynomial bases. The methodology transforms the necessary
optimality conditions derived from the Pontryagin Maximum Principle into a computationally tractable system of
algebraic equations using a unified hybrid operational matrix of differentiation.

The core contribution of this work is the demonstration that a convex combination of polynomial families can syner-
gistically leverage their individual strengths: The Legendre component provides excellent L2-approximation properties
and yields sparse, well-conditioned operational matrices. The Chebyshev component, with its node clustering near
boundaries, ensures robustness against the Runge phenomenon and enhances accuracy for problems with boundary
layers. The Bernstein component contributes numerical stability, geometric interpretability, and shape-preserving
characteristics, which are crucial for generating physically realizable control trajectories.

The efficacy of the proposed method was rigorously validated through numerical experiments on benchmark prob-
lems with known analytical solutions. The results demonstrate that the hybrid approach achieves exceptional accuracy,
with errors at the level of machine precision (10714 to 10716), and exhibits the characteristic exponential convergence
rate of spectral methods. The visual and quantitative agreement between the numerical and exact solutions across
various problem types—from simple linear systems to those involving exponential and hyperbolic functions—confirms
the method’s robustness and versatility.

In summary, this hybrid operational matrix framework represents a significant step forward in the numerical
solution of OCPs. It offers a flexible, accurate, and computationally efficient alternative to methods relying on a single
polynomial family. Future research will focus on several promising extensions:

o Adaptive Weight Selection: Developing algorithms to optimally determine the convex combination weights
(w1, ws,ws) based on the specific dynamics of a given problem.

e Fractional Optimal Control: Extending the framework to handle systems governed by fractional-order dynamics.

e PDE-Constrained Optimization: Generalizing the approach for solving optimal control problems constrained by
partial differential equations.

e Real-Time Applications: Investigating the method’s potential in model predictive control and other real-time
optimization scenarios where high accuracy and computational speed are paramount.

References

[1] M. Alipour, D. Rostamy, and D. Baleanu, Solving multi-dimensional fractional optimal control problems with
inequality constraint by Bernstein polynomials operational matrices, J. Vibr. Control 19 (2013), no. 16, 2523
2540.

[2] M. Dadkhah, S. Nezhadhosein, and K. Mamehrashi, Operational matriz-based solution of optimal control problems
using hybrid Chelyshkov polynomials, Numer. Alg. Control Optim. 15 (2025), no. 2, 482-501.



A hybrid polynomial operational matrix method for OCP 11

[3]

[10]
[11]

[12]

Y. Gu, H. Yan, and Y. Zhu, A numerical method for solving optimal control problems via Legendre polynomials,
Engin. Comput. 37 (2020) no. 8, 2735-2759.

H. Jaddu, Numerical methods for solving optimal control problems using Chebyshev polynomials, Ph.D. Thesis,
School of Information Science, Japan Advanced Institute of Science and Technology, 1998.

R. Jalal, S. Shihab, M. Abed Alhadi, and M. Rasheed, Spectral numerical algorithm for solving optimal control
using Boubaker-Turki operational matrices, J. Phys.: Conf. Ser. 1660 (2020), no. 1, 012090.

M. Mahmoudi and M. Sanaei, Solving optimal control problems governed by monlinear PDEs using a multilevel
method based on an artificial neural network, Comput. Appl. Math. 43 (2024), no. 6, 359.

L. Moradi and F. Mohammadi, A comparative approach for time-delay fractional optimal control problems: discrete
versus continuous Chebyshev polynomials, Asian J. Control 22 (2020), no. 1, 204-216.

C.A. Nath, S.K. Sharma, and F. Al Basir, A compartmental approach to modeling the measles disease: a fractional
order optimal control model, Fractal Fractional 8 (2024), no. 8, 446.

A. Nemati, S. Yousefi, F. Soltanian, and J.S. Ardabili, An efficient numerical solution of fractional optimal control
problems by using the Ritz method and Bernstein operational matriz, Asian J. Control 18 (2016), no. 6, 2272-2282.

K. Rabiei and Y. Ordokhani, A new operational matriz based on Boubaker wavelet for solving optimal control
problems of arbitrary order, Trans. Inst. Measur. Control 42 (2020), no. 10, 1858-1870.

Z. Rafiei, B. Kafash, and M. Karbassi, A new approach based on using Chebyshev wavelets for solving various
optimal control problems, Comput. Appl. Math. 37 (2018), no. 1, 144-157.

A. Rezazadeh, M. Mahmoudi, and M. Darehmiraki, A solution for fractional PDE constrained optimization
problems using reduced basis method, Comput. Appl. Math. 39 (2020), no. 2, 82.

W. Rudin, Principles of Mathematical Analysis, 3rd ed, McGraw Hill, 1976.
J. Shen, T. Tang, and L.-L. Wang, Spectral Methods: Algorithms, Analysis, and Applications, Springer, 2011.

F. Soufivand, F. Soltanian, and K. Mamehrashi, An operational matriz method based on the Gegenbauer polyno-
mials for solving a class of fractional optimal control problems, Int. J. Ind. Elect. Control Optim. 4 (2021), no. 4,
475-484.

E. Tohidi and H. Saberi Nik, A Bessel collocation method for solving fractional optimal control problems, Appl.
Math. Modell. 39 (2015), no. 2, 455-465.

S.A. Yousefi and M. Razzaghi, Legendre wavelets method for the nonlinear Volterra-Fredholm integral equations,
Appl. Math. Comput. 70 (2005), no. 1, 1-8.



	Introduction
	Operational matrix
	Legendre Polynomial Operational Matrix
	Chebyshev Polynomial Operational Matrix
	Bernstein Polynomial Operational Matrix

	Methodology
	Main Results
	Convergence Analysis
	Numerical Implementation
	Conclusion

