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STRONGLY [V3, \y, M, Pl—SUMMABLE DOUBLE SEQUENCE
SPACES DEFINED BY ORLICZ FUNCTION

AYHAN ESI

ABSTRACT. In this paper we introduce strongly [Va, A2, M, p] —summable double
vsequence spaces via Orlicz function and examine some properties of the result-
ing these spaces. Also we give natural relationship between these spaces and
S, —statistical convergence.

1. INTRODUCTION

Before we enter the motivation for this paper and the presentation of the main
results we give some preliminaries.

By the convergence of a double sequence we mean the convergence on the Pring-
sheim sense that is, a double sequence x = (xy,) has Pringsheim limit L (denoted by
P —limz = L) provided that given € > 0 there exists n € N such that |z, — L| < ¢
whenever k,1 > n, [1]. We shall write more briefly as ” P—convergent”.

The double sequence © = (zy,) is bounded if there exists a positive number M
such that |z;,;| < M for all k and [. Let [’ the space of all bounded double such
that

125,1l] (0,2 = SUP |k, | < 0.

Recall in [3] that an Orlicz function M is continuous, convex, nondecreasing
function define for x > 0 such that M(0) = 0 and M(xz) > 0. If convexity of
Orlicz function is replaced by M(z + y) < M (z) + M (y) then this function is
called the modulus function and characterized by Ruckle [10]. An Orlicz function
M is said to satisfy Ay—condition for all values u, if there exists K > 0 such that
MQ2u) < KM (u),u > 0.

Let A = (\,) be a nondecreasing sequence of positive numbers tending to infinity
and A1 < \.+1,\; = 1. The generalized de la Vallee-Poussin mean is defined by

1
tr(:c):)\—TZa:k, I =r—A\+1r].
kel,
A single sequence x = (z) is said to be (V,\) —summable to a number L if

t.(x) — L asr — oo, [4. If A, = r, then the (V,\) —summability is reduced

to (C, 1) —summability, [5, 9].

Date: Received: September 2010; Revised: June 2011.

2000 Mathematics Subject Classification. Primary 40A99; Secondary 40A05.

Key words and phrases. P-convergent, double statistical convergence, Orlicz function.
103



104 AYHAN ESI

Using these notations we now present the following new definitions:

2. DEFINITIONS AND RESULTS

Definition 2.1. The double sequence Ay = (\,,,,) of positive real numbers tending
to infinity such that

>\m+1,n S )\m,n + ]-7 >‘m,n+1 S )\m,n + ]-7

)‘m,n - )‘m+1,n < )‘m,n-i-l - )\m-i-l,n-i-la )\1,1 = 1>
and
L ={(k,)): m—=Appn+1<EkE<m, n—Apn+1<1<n}.
The generalized double de Vallee-Poussin mean is defined by

1
tm,n = Zfm,n (xk,l) = \ Z Tr,l-

T (k)€ Lm o

A double number sequence x = (x,;) is said to be (V3, A2) —summable to a number
Lif P—lim,,tn, = L. If A\, = mn, then the (V5, \2) —summability is reduced
to (C,1,1) —summability, [2]. We write

Vo, o] = ¢ & = (2xy) : P — lim

m,n

Z |z, — L| = 0, for some L

T (k) E€lm n

for sets of double sequences x = (zy;). We say that * = (z,;) is strongly
[Va, Ao] —summable to L, that is x = (zx,;) — L ([Va, Aa]).

Definition 2.2. A double number sequence x = (xy;) is Sx,—P—convergent to L
if provided that for every € > 0

1
P —lim

m,n )\mm

H(kvl) € Im,n : |=’L'k7[ — L| > E}| = 0.

We will denote the set of all double Sy, — P — convergent sequences by S,,.

Let M be an Orlicz function and p = (px,;) be any factorable double sequence of
strictly positive real numbers, we define the following sequence spaces:

— — . . 1 |xk7l| Pt —
[V, o, M, pl, = Q& = ()« P —lim & oM (== =0,
™ Amn (k)EIm n P

for some p > 0} ,

m,n

1 . L Pk,
[Va, Ao, M, p] = ¢ © = (z4) : P —lim Z [M <M>] =0,
T () elmom P

for some p > 0 and L} ,
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and

B B . 1 ‘xk’l| Pkl
[‘/27>\27M7p]oo - r = (mhl) . sup Z M < 00,

N N ) = .
for some p > 0} .

We shall denote [Va, Ao, M, pl,, [Va, Ao, M, p] and [Va, Ao, M, p| as [Va, A, M],,
Vo, Ao, M| and [Va, Ao, M]__, respectively when py; = 1 for all £ and [. Also note
that if M(x) = x and py; = 1 for all k£ and [, then [Vo, Ao, M p], = [Va, Ao,
Vo, Ao, M,p] = [Va,Ao] and [Va, Ao, M,p| = [Va, o], and M(x) = =z then
[‘/27)\27M7p]0 = [%7)‘27]9]07 [‘/27)\27M7p] = [‘/27)\27])] and [‘/27)\27M7p]oo = [‘/27)\271)]00'

The proof of the first theorem is standard thus we omitted.

Theorem 2.3. For any Orlicz function M a bounded factorable positive double num-
ber sequence p = (pi,), the spaces [Va, Ao, M, p|,, [Va, Ao, M, p] and [Va, Ao, M, p] are
linear spaces.

Before the proof of below theorem we need the following lemma.

Lemma 2.4. Let M be an Orlicz function which satisfies Ay — condition and let
0 <8 < 1. Then for each x > 0, we have M(x) < K6~ *M (2) for some constant
K > 0.

Theorem 2.5. For any Orlicz function M which satisfies Ay — condition we have

[‘/2;)\2;1)] C [‘/Qa)\Q;Mvp]'
Proof. Let © = (zx,) € [Va, A2, p|, then

Apy =P —lim

m,n

Z |zg, — L|"*' for some L. (2.1)

T (k) €L ,n

Let € > 0 and choose ¢ with 0 < § < 1 such that M () < e for 0 <t < 4. Write
Ykt = |zx; — L] and consider

> IM () = > [M (ye)]™ + > [M (y)]""
(k)l)efm,n (k)l)elm,niyk,lgé (kvl)elm,n3yk,l>5

Since M is continuous

Z [M (yr)]™ < e

(kJ)EIm,n!yk,zS(S

and for y,; > 0, we use the fact that

Ykl Ykl
< == <1+ ==
Yk,l 5 + 5
Since M is nondecreasing and convex, it follows that
Yk, 1 1 2Yp1
M (gg) < M (14 20) < “ar )+ 5M (4
Since M satisfies Ay — condition, therefore

T Yk L kg Ykl
M —KZ=M (2 —KZ=M (2) = K= M (2).
() < 5K (2) + LY (2) = KV
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Hence

ST M ()™ < max (1, K67 M (2))" A

(k,l)e[m’n:yk,pé

where H = supy,; pr,. This and from (2.1), we obtain [V, A, p] C [Va, Ag, M, p]. O

3. Ay—STATISTICAL CONVERGENCE

The notion of statistical convergence for single sequences was introduced by
Fast [3] and studied by various authors. Mursaleen [6] introduced the concept of
A—statistical convergence as follows: A sequence x = (zy,) is said to be A—statistically
convergent or Sy—convergent to L if for every ¢ > 0,

1
lim)\—|{k€]r: |y — L >¢e}| =0, L, =[r—X\+1,7],
where the vertical bars indicate the number of elements in the enclosed set.
Now we extend this definition for double sequences.

Definition 3.1. The double number sequence z = (zy;) is called S), — P —
convergent to the number L provided that for every € > 0

1
P —lim

m,n

H(kvl) € [m,n . ‘l’k’l — L| > g}| = 0.

m,n

In this case we write Sy, —limx = L and we say that the double sequence = = (z,)
is Ay — statistically convergent to L. If A, , = mn for all m and n, we obtain all

P—statistical convergent double sequence space sty which was defined by Mursaleen
and Edely [7].

Theorem 3.2. Let M be an Orlicz function. For double Ay sequence [V, Ao, M| C
Sy, and the inclusion is strict.

Proof. Suppose that x = (xy;) € [V, Ao, M| and € > 0. Then we obtain the following
for every m and n,

I M ) M —
I e E i M

m,n 1%
(k,1)EIm,n (k,l)61m7n:|xk,lfL|zs

’{(k‘, l) c Im,n . |xk,l — L‘ 2 6}‘ .
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Hence z = () € S),. To show this inclusion is strict, we can establish an example
as follows: Let M (z) = x and

1 2 3 o [ Amn] 00
2 2 3 o [ Ama] 00
Ty (] [ ] e [ ] 00
0 0 0 0 0 0

and
]‘ V )\mn
P —lim 3 (k1) € Ly : |agy— L] >¢e}|=P— 1im[—\//\’} = 0.

Therefore Sy, —limz =0 and z = (z,) € S),. But

[V Ama] ([ ] ([ Ama] 1)) 1

Pl =Pl =
i S o ol = Pl Ao )
(k) €EImn '
Therefore @ = (vg,) ¢ [Va, A2, M]. This completes the proof. O

Theorem 3.3. [V, Ay, M| = S,, if and only if the Orlicz function M is bounded.

Proof. Suppose that M is bounded and = = (z4,;) € S),. Since M is bounded then
there exists an integer K such that M (z) < K for all x > 0. Then for each m and
n, we have

e M) 2 ()

m,n )
(k,1)EIm (k:,l)e]m,n:|xk‘lfL|2€

T )

m,n
(k)€ n:| @k 1~ L|<e

< {(k, 1) € Iy |zky — L| >} + M (e)
and thus the Pringsheim limit on m and n grant us the result.

Conversely, suppose that M is unbounded so that there is a positive double
sequence (Zmp) With M (zpn) = (Ama)” for myn = 1,2,.... Now the sequence
r = (z,) defined by zp; = 2z if k1 = (A\pn)? for myn = 1,2,... and zy; = 0,
otherwise. Then we have

1 )\mn
{00) € T+ Jong = L 2 e} < K250 5 0, s m,m = o0,

/\m,n m,n
Hence z; — L = 0(Sy,). But z = (zg,) ¢ [Va, Ao, M], contradicting [Va, Ao, M| =
S),. This completes the proof. O

In the next theorem we prove the following relation.
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Theorem 3.4. x = (xy,;) € sty implies x = (vy;) € Sy, if
lim inf > 0. (3.1)

m,n

Proof. For given € > (0, we have
{(k,]) € Iy : k<mand ! <n, |xg, — L >e} D{(k,1) € Lnn: |rrs—L|>¢}.
Therefore
1
— (k) € Ly : kK < dl<n, —L| >
— {(k, 1) nik<mandl<n, |vg—L|=>c}

1 Amn 1
> — (k) e, : — Ll > = —,
> MO € D o — 11 > o] = 222 o

Taking the Pringsheim limit on m and n and using (3.1), we get desired result. This
completes the proof. O

|{(l€,l> c [m,n : ’33]671 — L’ 2 8}’ .
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