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Abstract

This paper explores a category of evolutionary variational problems. The formulation takes the shape of a system,
encompassing a hyperbolic variational inequality (representing the displacement field), parabolic inequalities (capturing
damage fields), and a differential equation (depicting the adhesion field). We establish the existence of a unique weak
solution to this problem. The proof relies on the use of time-dependent variational inequalities, parabolic inequalities,
differential equations, and fixed points. As an illustrative application, we explore a frictional dynamic contact problem
involving a viscoelastic material with noncoercive viscosity, long-term memory, damage, and adhesion, accompanied
by subdifferential boundary conditions.
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1 Introduction

Generally, systems of the following form Variational inequalities and differential equation arise in a natural way
in many problems in partial differential equations, mechanics, control and optimization, and mathematical physics.
In mechanics, systems variational inequalities and equation express the principle of virtual work or power in their
inequality form.

We begin with a description of the general physical setting of contact problems to be studied in this paper. We
first introduce the constitutive laws and the contact boundary conditions that will be employed throughout the paper.
Then, we describe the contact process with adhesion and introduce the constitutive models with damage. All the
variables in this chapter are assumed to have a sufficient degree of smoothness so that all the necessary mathematical
manipulations are justified.

Over the years, variational inequalities have attracted increasing attention mainly due to its many applications in
Mechanics and Engineering. In particular, the mathematical analysis of various contact models leads to the variational
inequalities related with the convex potentials and convex unilateral constraints. References in the field include the
monographs [1I, 10, 12].

*Corresponding author
Email addresses: hamidat-ahmed@univ-eloued.dz (Ahmed Hamidat ), aissaoui-adel@univ-eloued.dz (Adel Aissaoui)

Recetved: November 2023  Accepted: January 2025


http://dx.doi.org/10.22075/ijnaa.2025.32371.4812

2 A. Hamidat, A. Aissaoui

We assume the reader is familiar with basic notion of Mechanics of Continua. A partial list of relevant books
and monographs is [4, Bl 23]. We refer the reader to [12] 20l 25] for more details of the modeling aspects of Contact
Mechanics treated in this paper

The history of variational inequalities started with a static contact problem posed in 1959 by A. Signorini. It was
G. Fichera who formulated this problem as a variational inequality and used this term for the first time.

The present paper investigates a class of system of the following form

e hyperbolic variational inequality,
e parabolic variational inequality,

e differential equation,

and is motivated by the need to obtain existence and uniqueness results for a dynamic frictional contact model for
elastic long-term memory and damage material materials without viscosity. Such inequalities were mainly considered
in the literature for problems which involve in the leading term the first order derivative of the unknown, see [16, [I7]
and the references therein. The viscosity term present in a model helps in the mathematical analysis since a problem
appears to be of parabolic nature.

This work is a continuation in this line of research and we study an abstract weak formulation of dynamic frictional
contact problem for an viscoelastic with long term memory material, in the framework of the MTCM, when the
foundation is deformable. The tangential stress field is multivalued normal damped response, such subdifferential
has been used in several recent papers investigating contact problems, see [I7, 21], [24]. The normal stress field is
multivalued condition is describes the friction condition, we refer to ([16], Section 6.3) for a detailed discussion on the
friction laws.

The significance of damage is paramount in design engineering, directly impacting the lifespan of the constructed
structure or component. Extensive engineering literature delves into this subject, exploring mathematically derived
models that consider the influence of internal material damage on the contact process. Notably, general innovative
damage models were formulated in [7}[§] (for recent insights, refer to our study [11]) based on the virtual power principle.
One-dimensional problem analyses are available in [9]. Throughout these works, material damage is characterized by
a damage function, denoted as «, constrained to values between zero and one. A value of a = 1 indicates no damage,
« = 0 signifies complete damage, and 0 < o < 1 implies partial damage with a reduced load carrying capacity.

Contact problems incorporating damage have been explored in [? [19]. This paper introduces an inclusion describing
the evolution of the damage field:

&+ —kAa+ dpi(a) 3 S(e(u), o),
Here, K denotes the set of admissible damage functions defined as
K={cH(Q) | 0<&<lae €Q},

k is a positive coefficient, dpx represents the subdifferential of the indicator function of set K, and S is a given
constitutive function describing the sources of damage in the system.

The paper is structured as follows. In section [2| we list some notations and assumptions on the problem data and
state our main existence and uniqueness result. In section [3| we present the proof of the theorem. The arguments of
the proof are based on the evolutionary variational inequalities and Banach’s fixed point theorem. In section [ we give
an example of application of the abstract result. The abstract weak formulation is given by the following problem
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Problem Py

Find a displacement field u : [0,7] — V, a damage field o : [0,7] — H*(£2), and an adhesion field 8 : [0,7] —
L?(T'3) such that

(i1, v — 0(0) vy + (Au(t), v — 2())vrcy + p(v) - @(0(0))
/ (t — 5),£(u(s)), als) )ds, v — D)y > ((0),v — (b)) (L1)
0

forall veV, ae. t € (0,7T),
(a(t),€ — a(t)) 2 () + ala(t), € — aft))

= (S(e(u(t), a(t)), € — alt)) r2(0), (1.2)
for all a(t) € K, V¢ € K, a.e. t € [0,T],

)
)= F(t,8(t), R([lul])), (1.3)
) =wuo, u(0)=vo, «0)=apand B(0)=Fo. (1.4)

B

(t
u(0

In this context, the symbols V', and K represent spaces corresponding to permissible displacements, and damage,
respectively. These spaces are Hilbert spaces. The set K is nonempty, closed, and convex within the space H'(2). The
operators A and M are respectively related to the viscoelastic constitutive law with long-term memory and damage
material. The functionals ¢ : V' — R U {400} ce determined by the conditions of contact with instantaneous normal
rest and friction on part I'3. The data f € V' is related to the traction forces and to the body forces. The data S is
related to the source function of the damage. The data F' is related to the adhesion function and R: Ry — [0, L] is
the truncation function defined as

s if0<s< L,
MQ={

L ifs>L,

where L > 0 is a characteristic length of the bonds (see, e.g., [2]). The function uy is the initial data of the displacement
field u, ug the initial velocity, g the initial damage and Sy is the initial bonding. Here [0,T] is the interval of the
observation. The dot above u, a and S denotes the derivative of the displacement u, the damage « and the adhesion
[ respectively with respect to the variable ¢

The notation (-, -}y v stands for the duality between V and V’. In the rest of the paper, we denote by C a
constant whose value may change from line to line.

2 Preliminaries and notion

We first introduce preliminary notations that are needed in this chapter. Additional notations used in the mathe-
matical of contact problems will be introduced in section and respectively. We denote by R¢ the d-dimensional real
linear space, and d = 1,2,3 in applications. The symbol S stands for the space of second-order symmetric tensors on
R? or, equivalently, the space of symmetric matrices of order d. The canonical inner products and the corresponding
norms on R? and S? are

u-v=u;, |v||= (V,v)l/Z,Vu, v € RY,
o-T=0yTj; |T]= (T,T)1/27V0', T e S,

respectively. Here and throughout this work, the indices ¢ and j run between 1 and d, and, unless stated otherwise,
the summation convention over repeated indices is used.

We will frequently use the following spaces

H={v=(v.v9), v e€L*N),1<i<d}= LQ(Q)d,
H={T= (1), mj=rji,€L*Q), 1<4,j<d}=L*Q)¥" (2.2)

These are Hilbert spaces with the canonical inner products

(vl = [u@ods, (@)= [ @i,

Q Q
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and the associated norms are denoted by || ||z and || - ||, respectively. We consider a body which occupies the domain
Q C R (d = 2,3) with a smooth boundary 9Q = I' and a unit out ward normal v. We denote by the contact boundary,
and we use the usual notation w, for the normal component of vector u. We consider the spaces and are real Hilbert
space satisfying V' C L?(Q) C V'’ with continous and dense injections. we introduce subspace of H; defined by

V={veH|v=0onT}.

On V we consider the inner product and the associated norms given by
(u,v)v = (e(u),e(u))y, Vu,vev, (2.3)
Ivilv =lle)llw, vveV.

Since I'y > 0 Korn’s inequality holds and there exists a constant Cy > 0 which depends only €2 and I'; such that

HE(U)H'H > Ck”V”Hn Vvev. (25)

It follows from Korn’s inequality that || - ||z, and || - ||v are equivalent norms on V' and therefore (V.| - ||v) is a
real Hilbert space. Moreover, by the Sobolev trace theorem there exists a constant Cy depending only on €2, I'; and
I's such that

[VIL2(rsye < Collvllv, YoveV. (2.6)

Let © C R?, we shall use the notation
Hy ={v=(v), e(v)eH} (2.7)
Hi={r€H, Divre H}, (2.8)

with € : H — H and Div : H — H are respectively operators of deformation and divergence. The space H; and H;
are Hilbert spaces endowed with the inner products given by

(u7v)H1 - (uvv)H + (E(u)a E(V))'H7 (U’T)Hl = (UvT)H + (DiVG‘,DiVT)H,

Let the Hilbert spaces L?(0,T; H) and W*?(0,T;V) 1 < p < 400,

LP(0,T;H) = {v: [0,T] = H measurable | |[v|[zr0,1:m) < 00},
WkP0,T;V) = {ve LP(0,T;V) | o] € LP(0,T;V) < 00 Vj < k}.

When p = 2 or k = 0, W*2([0,7]; V) is written as H*([0,T]; V) or L?([0,T]; V), respectively. Let X be a real
Hilbert space with the inner product (-, -)x and the associated norm ||-|| x. Next, we impose the following assumptions.
We assume that operators A : V. — V', M : [0,T] x V x V — V, the damage source function S : V x R — R, the
adhesion rate function F(t,.) : X — X, and two initial values ug € V,vp € H and wy € K, such that

The operator A € L(V, V') is symmetric and coercive, i.e., there exists
H(1){ a constant m4 > 0 such that

(Az,y) = (Ay,z) and (Az,z) > ma||z|? for all z,y € V.
H(2) The functional ¢ : V' — R U {+oo} is a proper convex and lower semicontinuous .
H(3)f € H*(0,T; V).

The following condition holds

yo € D(0y) and there exists zp € H such that

(20,4 = wo) + (Azo,y — yo) + (y) — ¢(yo) = (f(0),y — wo)
for all y € V, where zg,yo € V.

H(5) There exists a constant Lys > 0 such that

| M (t,a1,v1) = M (t,u,v2)|| < Las ([[ur — w2 + [lvr — val]). (2.9)
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H(6) There exists a constant L > 0 such that

IF (t,21) — F (t,22)|| < Lp o1 — as]]. (2.10)

H(7) The function F satisfies

F(,z)€L>®(0,T;X). (2.11)

(a) There exists a positive number M such that

(9, k)| < M|[9]|x|[sllx ¥,k €V

(b)a(¥, k) = a(k,9) VI, ke V.

H(8) ¢ (c) There exists a constants § and v > 0 (2.12)
a(9,0) +819)1% = y97 W eV.

(¢) There exists Mg > 0 such that

15 (w1, 1) = 5 (g, as)|| < M ([lur — ugf| + flar — azl]).

H(9) The function S satisfies
S e H*(0,T; L*(Q)). (2.13)

Theorem 2.1. Assume that (X, ||.||x) is a real Banach space and T' > 0. Let F(¢,.) : X — X be an operator defined
a.e.on (0,7T) satisfying the following conditions

There exists Lr > 0 such that
|F(t,x) — F(t,y)|lx < Lrllz — yllx, Vz,y € X,a.e.t € (0,7T),

and there exists 1 < p < 400 such that F(.,x) € LP(0,T;X),Vz € X Then, for any 2y € X, there exists a unique
function z € WHP(0,T; X) such that

x(t) = F(t,x(t)) a.ete(0,T),
z(0) = zo.

Theorem [2.1] will be used in Section [3|to prove the unique solvability of the intermediate problem involving the bonding
field.

Now we consider the following problem

Problem P,
Find a function « : [0,7] — V such that
(@ y—2)vixv + (Az(t),y — 2() v v + 0(y) —p(E(t))
> (f(t),y —z(t))vxv foralyeX, ae te(0,T),
£(0) = x0,  #(0) = o. (2.15)

(2.14)

Theorem 2.2. Let H(1), H(2), H(3) and H(4) hold. Then there exists a function u € C'(0,T;V) with u €
C(0,T; HYNL>*(0,T;V) and it € L*>(0,T; H),

The proof of the existence and uniqueness of the solution is a standard result of evolutionary hyperbolic variational
inequalities it can be found for example in [I8].
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Problem P,
find a function w : [0,7] — X such that

(wyw—wt))x xx +a(w(t),w—w(t)x > (S,w—-w(t)g, weK, ae te(0,T), (2.16)
w(0) = wo. (2.17)

X and H be real Hilbert spaces such that X is dense in H and the injection map is continuous. The space H is
identified with its own dual and with a subspace of the dual X’ of X. We write X € H C X’ and we say that the
inclusions above defines a Gelfand triple

The following is a standard result for parabolic variational inequalities (see, e.g., [22]).

Theorem 2.3. Let X C H C X’ be a Gelfand triple. Let K be a nonempty, closed, and convex set of X. Assume
that a(.,.) : X x X — R is a continuous and symmetric bilinear form such that for some constants A and -,

a(w,w) +7llwlf = Mw[k, Ve X.

Then, for every wy € K and S € L?(0,T; H), there exists a unique function w € H*(0,T; H) N L?(0,T; X), such
that w(0) = wg, w(t) € K for all ¢ € [0,T], where w is the unique solution of Problem P,,.

The existence of the unique solution of Problem Py is the topic of the next section.

3 proof of the main result

Theorem 3.1. Assume that H(1) — H(9) hold. Then there exists a unique solution of the problem Py, Moreover the
solution satisfies

ueC0,T;H)NL>0,T;V),
it € L=(0,T; H),

a € WH2(0,T; L*(Q)) N L*(0,T; H()),

B e Wh(0,T; L>(T3)).

ueCY0,T;V) with { (3.1)

The proof of theorem [3.1]is carried out is several steps and is based on the following abstract result for evolutionary
variational inequalities.

Let n € H2(0,T;V), and 0 € H? (O, T; L? (Q)) be given and consider the following variational problems

Problem Py}
Find a displacement field u,, : [0,7] — V such that

(i, (1), v =, () vixv + (Auy (1), v — 0, () vrxv + (0(1),v —a(t))v

’ 3.4
Fo() — iy () 2 (£ (1),v— iy ()vrsy W EV, ac. te(0,T), o
u, (0)=a, 1u,(0)=0b (3.5)
Problem P‘e/
Find the damage field a : Q x [0,7] — R such that
ag (t) € K, (co (t),§ — ag (1)) p2(q) +alag ()€ — g (1)) (3.6)

2 (0(t),8—ag(t))p2q ,VE € K,
ap (0) = . (3.7)
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Problem Pe
Find the adhesion field 3, : [0,7] — L? (T'3) such that

Ba(t) = F(t, B(t), R(|luy ), (3.8)
B (0) = fo- (3.9)

We have the following result for P}
Lemma 3.2. There exists u,, a unique solution to Problem P{’ and it has the regularity expressed in (3.1)).

The proof of the above lemma, we apply theorem the Riesz representation theorem allows us to define f :
[0,T7] = V' by

(F (@) V)yiy = (F @) V)visy = (0 (1), V)

Using hypotheses H(1)-H(4), and we use an abstract existence and unique result which may be found in [[I8], pp.
12]. In studying the problem of Pf/, we have the following result

Lemma 3.3. problem Pg has a unique solution such that
ag € H (0,T;L* () N L* (0,T; H" () . (3.10)

To solve PY, we leverage Hypotheses H (8), H(9) and apply Theorem In the third step, we use the displacement
field u, obtained in Lemma and consider the following initial-value problem.

Lemma 3.4. There exists a unique solution 3, to problem P‘[j such that

B, € W (0,T; L* (I's)) . (3.11)

Proof . We consider the mapping F,, : [0,7] x L?(I's) — L?(I's),

Ey(t,8) = F(B(t), R(|luyl])),

for all t € [0,¢] and 8 € L?(I'). It follows from the properties of the truncation operator R, and (2.10)) that F), is
Lipschitz continuous with respect to the second variable, uniformly in time. Moreover, for all 3 € L*(T'3). Using
(2.11), the mapping t — F,(t, 3) belongs to L*>(0,T; L*(T'3)). Thus using the Cauchy-Lipschitz Theorem we

deduce that there exists a unique function 3, € W1°(0,T; L*(I'3)) solution of the problem PJ. (]

Finally, as a consequence of these results and using the properties of operator M and function S, we consider the
operator

A H?(0,T;V x L*(Q)) — H?(0,T;V x L*(Q)) (3.12)

which maps every element (n,6) € H?(0,T;V x L?(Q)) to A (n,0) (t) defined by

A (1.0) (1) = (A (7.0) (1), A2 (.6) (1)) € V x L* (%), (3.13)
and
AV (1.0) () = / M ((t = 5) 1y (5) 0 (5)) ds, (3.14)
0
A2 (1,0) (1) = S (uy (1) (1) (3.15)

Lemma 3.5. The mapping A has a fixed point (n*,0*) € H? (O,T; V x L? (Q))
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Proof . Let t € (0,T) and (n1,61), (n2,02) € H?(0,T;V x L?(Q)). We use the notation u,, = u;, ap, = o; and
By: = Bi, for i = 1,2. Using (2.9) we have

[AY (71, 01) — A" (172, 02))|

t t
n<C / Jus (s) = uo ()3 ds + / lon () = 0z () ooy ds | . (3.16)
0 0

By a similar argument ,of (3.15)) and (2.14) it follows that

182 (11,01) = A% (12, 02)]] gy < € (11 (5) = w2 ()], + e (5) = @2 () ey ) - (3.17)
Therefore,

1A 1, 01) = A (2, 02) 2y < C (Il () = ws(0)

t t (3.18)
2 2 2
o (1) = 0 (Ol + [ o1 () = ()1 + [ aa(s) = aa(s) g ).
Using inequality (3.4) for n =1, u,, =u;, we find
(ﬁ17v - 1.'ll)V’xV + (Aulav - 111)V’><V + (771aV - ul)v + @ (V) - (ul) > (f,V - 111)V’><V ; (319)
and for n = 12, u,, = uy, we find
(U2, v = 2)yryy + (Aug, v — W)y + (2,0 — W)y + (V) — @ (02) > (f, v — W2)yryy s (3.20)
we take v =ug in (3.19)), and v = u; in (3.20) by adding the results obtained we have
(i — i, 01 —2)/yy + (Aug — Aug, iy — 02)y oy < — (01 — 72,01 — U2)y,,
and
. . . ) . 1/d,. g d
(g — g, 0y — a) ey + (Aug — Aug, iy —3)y = 5 %”ul — gy + o (Aup — Aug,uy —uz)yryy | -
Hence, integrating the above inequality on (0,7) and then using H (1), we obtain the following inequality
1o 2 g .
5 (I = o[l +mallur —wsly) < - ; (m —m2, 1 — 2)y,,
t
on the other hand, given that u; (t) = -/1'12- (s) ds 4+ ug we know that for
0
t
lus (1) —us ()3, < C/ [ (t) =iz (D)5, ds, Ve € [0,T], (3.21)
0
and, using the inequality 2ab < %2 + vb? we get
t
fur —wlff <€ [l o)~ me ) ds, Ve € 0.7) (322)
0

Form (3.6]), we deduce that

(dél — dg,Otl — a2)L2(Q) +a(a1 — Q9,0 — Oég) S (91 — 02,0[1 — O[Q)LQ(Q),Vt € [O,T]

Integrating the previous inequality with respect to time, and using the initial conditions «; (0) = as (0) = «g, one
finds that
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t

3l () = a2 Ol < [ (61(5) = 02(5) 1 (5) — a2 (5)) s, e € 0.7,
0

which in turn implies that

t t
o () = a3 (Ol 0y < [ 162 (5) = B2 9Ny ds + [l 5) = a2 (93 (3.29
0 0

this inequality, combined with Gronwall’s inequality, leads to

t
Jar () = a2 (132 <€ [ 161(5) = 62 (5) ey s ¥t € 0.7). (3.24)
0

Form the previous inequality and estimates (3.24)), (3.22)), (3.18) and (3.13)) it follows now that

1A (71, 01) (8) = A (72, 02) (D)3 2(52) < C/ 1(71,61) (5) = (12, 62) (5)I[57 L2y s (3.25)
0

Reiterating the previous inequality m times, we find that

m m cn™
IA™ (1, 61) (8) = A™ (2, 02) (8) 720,050 £2(c2)) < o M, 61) = (12, 02) 372 0,7,v x 22 (0

This inequality shows that for a sufficiently large m the operator A™ is a contraction on the Banach space
H?(0,T;V x L*(Q)) and so A has a unique fixed point. [J

Now, we have all the ingredients to prove Theorem [3.1]

Existence

Let (n*,0%) € H? (0,T;V x L?(£2)), be the fixed point of A and denote
Wi = Uyr, Qe = Qg o = By (3.26)

we use AL(n*,0%) = n*, A%(n*,0%) = 0%, it follows

t) = /0 M (t — s,u.(s), ax(s)) ds, (3.27)

0 (t) = S (u (t), ax (1)) . (3.28)
We prove (u., o, Bs) satisfies -and the regularities -. Indeed, we write for n = n* and use
to find
(0 (t), v = 0 () yr oy + (Aui(t), v — 0 () oy + (17 (2), v — (1)), (3.20)
+o (v) =@ (. (t) > (f(t),v —0.(t)y/yy, aete(0,T), YveV. '
Substitute (3.27)) in (3.29) to obtain
V=W () yry F (Aua(t), v — (b)) y oy
([ M- s @)y -w0) +om - plo) (3.30)
)%
> (f(t),v—10:(t)yyy, aete(0,T), VvelV.
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and we write for § = 0* and use ([3.26)) to find
ax(t) € K, (0 (t),§ — au(t)) 2(q) T a (o (t), € — ax(t)) = (67(1),§ — () 2y, V€ € K, acet €(0,T),  (3.31)

we substitute (3.28)) in (3.31)) to obtain

0u1) € K (u(0).€ — 00 (8)) ooy + (0001, € — (1)
> (S(ue(t),ax(?)),§ — ault)) 2, V¢ € K, aet €(0,T).

The relations (3.30),(3.32), allow us to conclude now that (u., ) satisfies ‘Next . the regularity

. . follow from Lemmas |3.2}}3.3 and |3 . Additionally, we use u, in 1 1)) and to find
Ba(t) = F(t, B(t), R(|[u.])))- (3.33)

(3.32)

Finally we conclude that the weak solution (u,au, 8s) of the problem Py has the regularity (3.1)-(3.3]), which
concludes the existence part of Theorem

Uniqueness

The uniqueness of the solution is a consequence of the uniqueness of the fixed point of operator A.

4 Application: A dynamic viscoelastic with long term memory and damage contact
problem
In this section, we will apply the main result of Section [3]to study a frictional dynamic contact problem viscoelastic

with long term memory with damage and adhesion and subdifferential boundary conditions with convex contact and
friction potentials.

We give the physical setting of the contact problem and introduce some notations which we use in the sequel.
We consider a viscoelastic body which occupies a domain Q@ C R? where d = 2,3, such that the boundary I' =
01} is Lipschitz continuous. The boundary 0f2 is divided into three disjoint measurable parts I';, I'y and I's with
meas(I';) > 0. In addition, we assume the body is in contact with a deformable foundation and the process is dynamic
and frictional. We are interested in an evolution of the body in a finite time interval (0, 7).

the classical formulation of the mechanical problem may be stated as follows.

Problem P

Find a displacement field u : Qx [0, 7] — R?, a damage field o : 2 x [0, 7] — R and a adhesion field 8 : T'3 x [0, 7] —
[0, 1] such that

t

o(t) € Ale(u(t))) + dw(=(u(t))) + /M((t —s),e(u(t)), als) ) ds, in © x [0, 7, (4.1)
0
& — kAa + 0ok (o) 3 S(e(u), a), in Q x [0,T7, (4.2)
pu=Dive + f, in Q x [0,7T], (4.3)
u(t) =0, on I'y x [0, 77, (4.4)
o () = fa, on Ty x [0, T, (4.5)
— 0,(t) € Oh(u, (1)), on I's x [0, 77, (4.6)
—o.(t) € 0¥ (u,(t)), on I'y x [0, 7], (4.7
g—‘;‘ —0, on T x [0,T], (4.8)
B = Haa(B, R(|[ul), on I's x [0, 7] (4.9)
u(0) = ug, u(0) =vy, a(0)=a in Q, (4.10)
B(0) = Bo, on I's. (4.11)



A frictional contact problem 11

We now describe the notations is (4.1])-(4.11)) and provide some comments on equality and boundary conditions.

We present a short description of equations and conditions in Problem Py . First, inclusion is a nonlinear
viscoelastic with long term memory and damage constitutive law in which o = (0y;) is the stress tensor, A represents
elasticity operator, M is the relaxation tensor where « is an internal variable describing the damage of the material
caused by elastic deformations, e(u) denotes the linearized strain tensor and w : Q x S¢ — R U {400} is a convex
potential for viscosity operator. Static contact models with constitutive laws involving proper, convex and lower
semicontinuous function w cover problems with locking effects and were studied in [3]. In particular, if w = 0, then
inclusion reduces to a constitutive equation for linear elastic with long term memory and damage materials.

The evolution of the damage field is governed by the inclusion of parabolic type given by relation (4.2)), where S
is the mechanical source of the damage growth. dypy is the subdifferential of the indicator function of the admissible
damage functions set K.

Equation is the equation of motion, and we use it since we assume that the process is dynamic, where Div
denotes the divergence operator in which Div = (0;; ;) and fy is the density of volume forces acting on the deformable
body and p denotes the mass density. Next, conditions and describe the displacement and traction boundary
conditions on boundaries I'y and T's, respectively, i.e., the body is clamped on I'; and it is subjected to the density
fy of surface tractions on I's. The contact condition is called a multivalued normal damped response condition
in which h: Q@ x R - RU {+o0} is a convex function. Such subdifferential has been used in several recent papers
investigating contact problems. In particular, if h(r) = I(_s(r), where I(_ ¢ is the indicator function of the

interval (—oo, 0], i.e.,
I (r) = 0, if r <0,
(-0, 017 = +oo ifr >0,

then (4.7)) reduces to the well-known Signorini contact condition in velocities of the form

4, <0, 0,<0, w,0,=0, onl;3x][0,T] (4.12)

This type condition also has been considered in many papers and monographs, cf.e.g., [6]. Multivalued condition
describes the friction condition in which ¥ : Q x RY — R U {400} is a convex potential. This form incorporates
several friction laws met in the literature. Relation (4.8]) describes a homogeneous Neumann boundary condition, where
Oa/Ov is the normal derivative of a. Equation presents the ordinary differential equation which describes the
evolution of the bonding field. In equation @ g is the initial displacement, vq is the initial velocity and «q is the
initial damage. Finally, in equation , By denotes the initial bonding.

To obtain the variational formulation of the problem (4.1))-(4.11) we introduce for the link domain of the whole.
We now list the assumptions on the problem’s data. The elasticity operator A : Q x S — S? satisfies

(a) A(z,e)=a(z)eforzeQ, e S
(b) a(x) = (aijr (7)) and ajjix = ajixs = aijr € L (),

4.13
(€)  aijm (x) cijens > mallel|za for z € Q, (4.13)
and all £ = (g;;) € S and m, > 0.
The functions w, h and ¥ satisfying the following hypotheses:
w: QxS = RU{+o0} is such that
(a) w(.,€) is measurable on € for all ¢ € S%, (4.14)
(b) w(x,.) is a proper, convex and lower semicontinuous '
for a.e. x € (.
h:T3 xR — RU{+oc0} is such that
a) h(.,r) is measurable on I' for all r € R,
(@ h(.r) : .

(b) h(z,.) is a proper, convex and lower semicontinuous

for a.e. x € I's.
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T : T3 x RY — RU {400} is such that
(a) W(.,&) is measurable on I's for all £ € R%,
(b) W (z,.) is a proper, convex and lower semicontinuous

for a.e. x € I's.

The damage source function S :  x S x R — R satisfies

(a) There exists Mg > 0 such that

15 (@, &1, 00) = S (2,82, 02) | < M ([|€1 — &2l + (o — az]]), V1,6 €S, Vay,az €R,
(b) The mapping = — S (z,&,«) is Lebesgue measurable on €, Ve € Sq,a € R.
(¢) The mapping = — S (z,0,0) € L*(Q).

The relaxation function M : Q x (0,7) x ST x R — S satisfies

(a)There exists Lag > 0 such that |M (x,t, &, a1) — M (2,6,&, a2)|| < Lag (J|161 — &2 + ||an — az]])
Yt e (0,T),6,6 €S ag, a0 €R,aex €

(b) The mapping & — M (z,t,£,a) is Lebesgue measurable on Q, Vt € (0,T),¢ € S%, o € R.

(¢) The mapping © — M (x,t,&, ) is continuous on (0,7), veeSt ae aex e

(d) The mapping x — M (z,t,&,a) € H, Ve (0,T).

The adhesion rate function Hyq : T's X R x R x R[—L, L] — R satisfies

(a)There exists Loq > 0 such that
[Had (@01, 21,71) = Haa (, b2, 22, 72)|| < Laa ([[br — b2l + |21 — 22| + [|r1 = 7r2])
Vby,b1 € [0,T],21,21 € Ry7m,70 € [-L,L],a.e.x €T3
b) The mapping © — H,q (2, b, z,7) is Lebesgue measurable on I's Vb, z e R,r € [-L, L],

d) Huq(z,0,2,7) =0 VzeR,r€[-L,L] ,aex€Ts,
e) Huq(x,b,2,7) >0 ,Vb<0,z€eR,r€[-L,L],a.ex €Ty
Huq (z,b,2,7) <0,¥b>1,z€R,re[-L,L],a.ex €T3

(b)

(¢) The mapping (b, z,7) = Haq (x,b,2z,7) is continuous on R x R x [—L, L], a.e.x € I's,
(

(

We assume that the densities satisfy

p € L>(Q), and there exists p* = 0, such that p(z) > p*,a.e.x € Q.

We assume that the volume fj forces and the traction f; have the following regularities

fo € H*(0,T;L*(Q)) , fo € H*(0,T;L* (I')) .

Initial displacement and speed satisfy

a,beV and w(e(d))+h(b,)+ ¥ (b:) < +oo

(a) We establish the bilinear form a : H*(Q) x H'(Q) — R as follows

a(&, () = k/ﬂVfV(d:v.

The microcrack diffusion coefficient is confirmed to satisfy & > 0.
(b) The initial damage field satisfies o € K.

(4.16)

(4.17)

(4.18)

(4.19)

(4.20)

(4.21)

(4.22)

(4.23)
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The initial adhesion field satisfies

B(0)=p and 0< By <1 a.exeTls. (4.24)

The compatibility condition reads as follows

~F(0) + Aa+ 8 (w (£ (b)) + h(by) + W (by) C H. (4.25)

We define on the space H = L2(Q)? of a new scalar product given by

(u,v)y = (pu,v), VYu,veH. (4.26)

Finally, we denote ||.||;,, the norm on the dual V’ space. Riesz’s representation theorem leads to the existence of
an element f € V/ | such that

(f &) V)viy = (fo(t),v)g + (f2(t) 7V)LOC(Q) VW eV, aete(0,T). (4.27)

Now let ¢ : V — U{+o0}, the application defined by

p(v)= /w(e (v)) dv+/(h (vo)+ ¥ (v,)dv, Vve, (4.28)

Q Q

The variational formulation of the problem P is given by

(@) o(t) e Ale(u(t)))+ 0w (e(u(t))) + Oft ((t=s),e(u(t)),a(s))ds
() (a(t),v—u(t)y+(@@),e(v)—e@)y+ev)—e@®)z(f{),v-—u(t))y,y
a.e. tE(O,T) for allveV

(€) (a(t),&—a(t) o +ala(t),E—a(t)>(S(e@®),al),—alt),@q (4.29)

. €K ae te(0,T)
(d) B =Haa(B s R(|[ur]])), 0<B(t) <1,ae.te(0,T)
(¢) u(0)=a,u(0)=0b, a(0)=a, 5(0)=/0

Remark 4.1. We note that, in Problem P and in variational formulation of the problem P, we do not need to
impose explicitly the restriction 0 < 5 < 1. Indeed, equation (d) guarantees that (z,t) < So(z) and, therefore,
assumption (4.24) shows that 3(z,t) <1 for t >0, a.e. x € I's. On the other hand, if 5(x,%9) = 0 at time £y, then it
follows from (4.29))(d) that 3(x,t) = 0 for all t > to and therefore, B(z,t) = 0 for all t > tg, a.e. x € I's. We conclude
that 0 < B(x,t) <1 for all t € [0,T], a.e.x € Ts.

Theorem 4.2. Assume that hypotheses (4.13))-(4.25) hold. Then Problem P has a unique solution.

Proof . The proof is based on Theorem. Note on one hand that the continuous imbeddings V' C H C V' and the
Riesz representation theorem allow us to define the operator

(Au(t),V)yry = (Al (0 (B))  (V))y- (4.30)

We will verify the hypotheses H(1)-H (9) of Theorems It is easy to see that under hypotheses , operator
A defined by (4.30)) satieﬁes H(1) With ma = my. Using the convexity of w,h and ¥, it is clear that ¢ is convex.
From conditions ((4.14))- , and (4.28)), we deduce that H(2 ) is satisﬁed Next, by the regularity hypothesis (4.21)),
we obtain that H(3) holds Fmally, Condltlons and entail that the initial conditions has regularlty
required in H(4) and that this condition holds. Naumely7 since b € V is such that w(e(b)) + h(by) + ¥ (b;) < +00
and —f(0) + Aa + 9 (w(e(b)) + h(b,) + ¥ (b;)) C H, we have b € D(p). We take zp € H such zp € —f(0) + Aa +
9 (w(e(b)) + h (by) + WV (br)).

We deduce that the inequality stated in H(4) is satisfied. Finally, by condtions ,, we find H(5)-H(9)
are met. Having verified the hypotheses of Theorems we deduce that there is a unique weak solution to the

Problem P that satisfies (4.29) with Regularity (3.1)-(3.3).
[l
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