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Abstract

In this paper, inverse Huxley partial differential equations problem is solved using a combination of numerical methods
and improved teaching–learning-based optimization (ITLBO) meta-heuristic algorithm. The ITLBO algorithm, which
is a population-oriented algorithm, is very efficient for solving inverse problems by increasing the discovery capacity
and diversity of input data. In the method presented in this article, by considering each input data of the ITLBO
algorithm as an answer for inverse Huxley problem, the problem is solved by numerical methods. The results obtained
from the implementation of the combination of the numerical method and the ITLBO algorithm show that it is possible
to get accurate answers for inverse Huxley problem without guessing the function type of the inverse problem. The
results also indicate that combining Implicit and Explicit numerical methods, along with the features of the ITLBO
algorithm, which searches across various intervals, can lead to solving inverse problems like Huxley without considering
the type of the unknown function. The exact results obtained from the implementation of the presented method were
obtained on a 2.5 GHz 4-core Intel CPU.
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1 Introduction

Partial differential equations (PDE) play a role in many phenomena related to the fields of physics, engineering, and
other sciences such as magnetism, mechanics, dynamics, fluids, optics, heat transfer, etc [1, 3, 2, 4, 9, 13, 24, 28, 29].
Many methods have been presented in analytical or numerical solutions [1, 3, 2, 4, 9, 13, 24, 28, 29] for the direct
category of these problems, but solving their inverse problems has always been associated with challenges [14, 16].
PDEs are generally divided into two categories: linear problems and non-linear problems. Inverse problems of both
categories are very ill-posed problems, but in nonlinear equations, due to the nonlinear form that appears in the
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equations and their solution using numerical or analytical methods, their ill-posed condition worsens, and the smallest
noise or the difference with exact answer can greatly affect the answers to the problem.

[17], to simulation the ionic mechanisms for the electrical description of neurons, proposed Huxley equation. This
equation also describes a wide range of non-linear physical phenomena such as the interaction between reaction
mechanisms and convection and diffusion effects [21]. This equation and its generalized equations are used in many
fields such as mathematics, metallurgy, engineering, biology, combustion and chemistry. The Huxley equation and
its generalized equations such as Burger-Huxley describe several phenomena such as bursting oscillations [12], neural
system [20], population genetics [5], branching and chaos [34], and so far several analytical methods to solve the
equation are proposed. For example, using Hirota’s method [30], an exact individual solution for this equation has
been obtained. From the generalized Burger-Huxley equation, [32] developed an exact solitary wave solution. In
[33], some wave solutions for the generalized forms of Huxley’s equation have been obtained using the tanh function
technique. [7] studied Huxley problem using improved physics-informed neural network (PINN) method based on deep
learning. Also, there are several researches to solve Huxley and its generalized equations with numerical methods such
as different classes of Adomian decomposition method [18], finite difference scheme [23], variational iteration method
[8], spline method [22] is introduced. However, the nature of solving the Burger-Huxley problem is ill-posed and most
of the presented articles have dealt with the direct solution of the Huxley problem and its generalized equations.

Meta-heuristic algorithms are widely used in solving many problems, and according to the type and purpose of the
problem, they can be used by combining them with other methods. One of the most important algorithms that has
a very good ability to solve engineering design optimization problems and nonlinear programming, is the teaching-
learning-based optimization algorithm (TLBO), and this point is one of the most useful and important features of
this algorithm. For this reason, improvements have been provided for it according to its functionality. For example,
[26] used it to solve nonlinear continuum problems on a large scale. To escape local optima, [11] improved the TLBO
algorithm with a mutation operator and modify the learning step. [19] presented a improved TLBO algorithm by
integrating three different algorithms. [1] has improved this algorithm to solve nonlinear and complex problems, by
adding several phases of elitism, as well as grouping students and assigning a teacher to each group. Considering this
feature, in this article, inverse Huxley partial differential equations are investigated using the ITBLO [1] optimized
algorithm, and a method is presented by integrating it with numerical methods such as the finite difference method.
The combination of implicit forward and backward methods for discretizing the partial differential equations of the
Huxley problem is introduced. By integrating this approach with ITLBO Algorithm, it becomes possible to solve the
inverse Huxley problem without guessing the type of the unknown function. In the following, numerical methods,
improved TLBO algorithm and their combination for solving inverse Huxley problem are discussed.

2 Inverse Huxley partial differential equations problem

In this section, Inverse Huxley partial differential equations is investigated and its numerical solution is implemented
using a combination of implicit and explicit methods [31]. For the numerical solution, first the governing equations of
the problem are discretized. In this article, the differential equations governing Huxley problem are as follows:

u(x, t)t = u(x, t)xx + u(x, t)(1− u(x, t))(u(x, t)− 1),

a ≤ x ≤ b, 0 ≤ t ≤ T, (2.1a)

u(x, 0) = f(x), a ⩽ x ⩽ b (2.1b)

u(a, t) = p(t), 0 ⩽ t ⩽ T (2.1c)

u(b, t) = q(t), 0 ⩽ t ⩽ T (2.1d)

and the over-specified condition:

u(x1, t) = g(t), a ≤ x1 ≤ b, 0 ≤ t ≤ T (2.1e)

where f(x) is function of the initial condition, p(t) and q(t) are function of the boundary condition of the problem
and T represents the final existence time for the problem. In solving examples of Huxley’s inverse problems that will
be examined below, boundary conditions p(t) and q(t) are unknown, and an additional condition, g(t), is required to
solve this problem. By discretizing the equations using implicit and explicit methods, we have:
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− rui−1,j+1 + (1 + 2r)ui,j+1 − rui+1,j+1 = j ≥ 0,

(1− k)ui,j + 2ku2
i,j − ku3

i,j + kFi,l,

i = 1, 2, 3, · · · , N − 1, (2.2a)

ui,0 = f(i× h), i = 1, 2, 3, · · · , N − 1, j = 0, (2.2b)

u0,j = p(j × k), i = 0 j = 0, 1, 2, 3, · · · ,M − 1, (2.2c)

uN,j = q(j × k), N × h = 1, j = 0, 1, 2, · · · ,M − 1, (2.2d)

where x = i× h, t = j × k and r =
k
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As it is clear from (2.3), the answer of the problem in each time step depends on the answers obtained from the past
times of powers 2 and 3, and this issue makes the investigation of these problems and especially its inverse problems be
of special importance. In the following, these issues are investigated with the presented method based on the ITLBO
algorithm combined with the numerical solution presented in this section.

3 Improved teaching-learning-based optimization

TLBO algorithm was first presented by [26] for solving optimization problems and then his own algorithm was
first improved for solving unconstrained optimization problems [27]. One of the very good features of this algorithm
is its lack of dependence on the input parameters of the problem, and this makes this algorithm always be considered
and optimized by researchers. The primary optimization algorithm was based on two phases of teaching and learning.
In [1], this algorithm was improved by adding two phases of grouping and elitism, and its test results on optimization
problems were much better than the original algorithm and other optimized TLBO algorithms and even several other
algorithms, and it was used to solve inverse partial differential equation problems. In the following, this algorithm
and its implementation phases will be discussed so that it can be used to solve Huxley inverse problems.

3.1 Teaching Phase

In the teaching phase, the best student of the class or group is chosen as the class teacher, and other students
increase their knowledge about the teacher. using the following equations:
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Difference Meani = ri(Ti − TF ×Mi) (3.1a)

Xnew,i = Difference Meani +Xi (3.1b)

where TF is teaching factor, Ti is the teachers, Mi is the calculated mean of the knowledge of all students in the class
or groups, Xnew,i is the student with the knowledge updated by the teacher’s information and Xi is the student with
the basic knowledge.

3.2 Learning phase

In this phase, each student can increase his knowledge by interacting with other randomly selected knowledge. The
following equations describe learning phase:

xnew
j = xj + r(xk − xj) if f(xj) ≤ f(xk) (3.2a)

xnew
j = xj + r(xj − xk) if f(xj) > f(xk) (3.2b)

where xj and xk are randomly learners and xnew
j is updated knowledge learner.

3.3 Grouping

This phase has been added to prevent optimization problems from getting stuck in local optima. In this phase, the
class is divided into several groups and teachers are randomly assigned to each group. This will give weak students a
chance to improve. The governing equations in this phase are given below

ri,j,p = rand[1− p] (3.3a)

Xteacher
i,j = Xri,j,p (3.3b)

The groups of students are formed according to the teachers selected in 3.3a, 3.3b as follows:

Gi,1 =
{
Xi,1, ...., Xri,1,p−1, X

teacher
i,1

}
(3.3c)

Gi,2 =
{
Xri,1,p+1, ...., Xri,2,p−1, X

teacher
i,2

}
(3.3d)

.

.

.

Gi,T =
{
Xri,T−1,p+1, ...., Xri,T,p−1, X

teacher
i,T

}
(3.3e)

Gi,T+1 =
{
Xri,T,p+1, ...., Xi,n−1, Xi,n

}
(3.3f)

where Xteacher
i,j as the random teacher selected from population size in each i iteration, Gi,j , are groups of students.

The teacher of the last group is also selected as the best student of the group.

3.4 Elitism

In this phase, by determining the rate of elitism, elite people are selected in each group and the best member of the
class is considered as their teacher. Elitism rate (ER) increases and decreases the speed of convergence to the exact
answer, because in most optimization problems, convergence should be considered while paying attention to scattered
answers. The relationships between elitism rate and elite group are given below.

ERi,j = rand[0− 1] i = 1, 2, 3, ..., G,

j = 1, 2, 3, ..., T, (3.4a)

Wi,j = round(ERi,j × (rand(1, SGi,j))) (3.4b)

where EGi is elite group, SGi,j is number of students in each group (i.e. population size of the each group p = 1, 2, 3, ...)
and Wi,j is Weight to determine the number of selected student from each group.

In the two phases of grouping and elitism, the teaching and learning and self-learning [27] phases are implemented
each time. The general flowchart of this algorithm is shown in 1.
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Figure 1: Overall flowchart of ITLBO algotirhm
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4 ITLBO for solving inverse Huxley problem

In this section, the method of solving inverse Huxley problems using the ITLBO algorithm is described. Using
ITLBO algorithm, each student is considered as an answer for the unknown condition of Huxley partial differential
equations problem, and the problem becomes a direct problem and is solved using the numerical method presented in
Section 2. The procedure for doing this is given below:

1. Algorithm parameters are defined and the initial population is created randomly.

2. Cost function values are calculated for each student.

3. Students are grouped and a teacher is assigned to each group.

4. By the elitism rate determined in step 1, the elite group is formed.

5. For all groups and elite groups, teaching phase, learning phase and self-learning are implemented.

6. The values of the cast function of each student in the groups are calculated and if the answers are better, they
replace the previous answers.

7. Steps 2 to 6 are repeated until the termination condition is met.

In this paper we approximate the unknown boundary condition of PDE problem using ITLBO algorithm. To do
this, the fitness function is defined as follow:

f(S) =

m∑
j=1

(Uj − sj)
2, (4.1)

Eq. (2.2) must be minimum. Uj ,j = 1, 2, 3, · · · ,m are values calculated at a point (x, t) = (α, sj) by numerical
methods approximated bye the TLBO algorithm and sj = s(tj) ,j = 1, 2, 3, · · · ,m are method measured values.

Remark 4.1. Each student is estimated boundary conditions p(t) or q(t) at points ti, i = 1, 2, 3, ...,m, and the
array composed of the characteristics of each student is interpolated for the unknown boundary condition of the PDE
problem without using the type of the unknown function of the problem.

5 Numerical results and discussion

In this section, an example is examined to show the efficiency of the presentation method and the convergence of
the obtained answers. Consider the following example discussed in [6]:

u(x, t)t = u(x, t)xx + u(x, t)(1− u(x, t))(u(x, t)− 1),

0 ≤ x ≤ 1, 0 ≤ t ≤ T, (5.1a)

u(x, 0) =
1

2
+

1

2
tanh(

1

2
√
2
x), 0 ⩽ x ⩽ 1 (5.1b)

u(0, t) = p(t), 0 ⩽ t ⩽ T (5.1c)

u(1, t) =
1

2
+

1

2
tanh(

1

2
√
2
(1− t√

2
)), 0 ⩽ t ⩽ T (5.1d)

and the over-specified condition:

u(xi, t) =
1

2
+

1

2
tanh(

1

2
√
2
(xi −

t√
2
)),

i = 1, 2, 3, ...,m 0 ≤ xi ≤ 1, 0 ≤ t ≤ T (5.1e)
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The exact solution of this example is

u(x, t) =
1

2
+

1

2
tanh(

1

2
√
2
(x− t√

2
)),

0 ≤ x ≤ 1, 0 ≤ t ≤ T, (5.1f)

To better compare and demonstrate the efficiency of the method provided for solving the inverse Huxley problem,
this problem was solved once by guessing the type of P (t) function as an exponential function and another time
without any guessing of the type of unknown function of problem, and its results and plots are given below. When
the unknown condition function type conjecture method was used, a population of 60 students in 5 groups and with
an elitism rate of 0.8 (w = 0.8) were used to obtain it. The number of iterations of the algorithm for optimizing
values is placed on 80 and the search range [-5 5]. To implement the presented method (without any conjecture of the
unknown function type), the numerical solution in this example is the length of time and place steps on 0.2 (h, k = 0.2)
to examine the problem in a 5×5 mesh. The ITLBO algorithm also searches for the best student for the unknown
condition of the problem with a population of 60 students and in 5 groups in [-10 10] numerical interval. It should be
noted that given the form of the boundary and initial condition functions (f(x), q(t)) that are present in the problem,
we could have made the numerical range smaller and between 0 and 1, but we made the search range larger so that
the efficiency of the method and algorithm presented would also be examined. Also the elitism rate is placed on 0.8
(w = 0.8) and implemented in 40 iterations to optimize the response.

Remark 5.1. The overall effect of all errors, including deterministic and stochastic errors are considered as follows,
[10]. Deterministic error is unavoidable bias deviation and stochastic error is the variance due to the amplification of
measurement errors.

S =
[ 1

N − 1

N∑
i=1

(P̂i − Pi)
2
] 1

2

, (5.2)

Where P̂i are calculated values from described method in N values, and Pi are exact values of P (t).
Fig 2 illustrates the operation of the ITLBO algorithm in optimizing this problem. As shown in Fig. 2b, this algorithm
always improves the answer by escaping from the local optimum, and this is one of the most important strengths of
this algorithm. In Fig. 2b, ITLBO algorithm also tries to improve and escape from local optimum, but due to the
faster convergence in this method, the speed of improvement of the fitness function is very good at first and then drops.

Fig. 3 shows the real value of U(x, t) relative to the value of U(x, t) obtained from the P (t) estimate by the guessing
the type of unknown function and the P (t) estimate by the method provided. As these plots show, the all two answer
is very close to the actual answer to the problem. In implementing this method without guessing the type of function,
and also with guessing the type of unknown function, the boundary condition is obtained, which is very accurate. To
better represent accuracy of answers, the contour plot is derived from the real value and the value obtained with the
estimated P (t) show in Fig. 4. As is evident in this form, the accuracy of the resulting response is very high.
Table 1 shows the numerical results of the exact answer of the problem U(x, t) in comparison with the answer obtained
from the numerical solution of inverse Huxley problem with and without using the guess of the unknown function
type. As it is clear from the numerical values of the table, the obtained answers are very accurate and close to the
real answer of the problem.

Fig. 5 shows the actual P (t) value relative to the P (t) interpolated from the implementation of the method provided
and also P (t) obtained from the guessing the type of unknown function. As this figure also shows, the obtained P (t)s
are very close to the actual value, and where there is a slight difference, this difference is magnified. As is clear in the
figure, both numerical answers obtained are accurate and close to the actual answer but according to that, in some
problems we do not know the type of functions of the boundary conditions, the method base on without guessing the
type of unknown function is very accurate and efficient to use. Table 2 shows the numerical values of P (t) resulting
from the implementation of the presented methods and the actual P (t) values at the 5 estimated points i = 1, 2, 3, ..., n
by the algorithm. As it clear, they are also very accurate and close to the actual P (t).

Table 3 shows the performance comparison of ITLBO algorithm for implementing methods to obtain the unknown
function of inverse Huxley problem. As it is clear from the results, the error is a little better by without using guess
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Figure 2: The best costs of ITLBO algorithm with and without guessing type of unknown function.
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(a) The answer of Huxley problem U(x, t) (exact).

(b) The answer of Huxley problem U(x, t) using guess type of P (t) .
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(c) The answer of Huxley problem U(x, t) without guess type of P (t) .

Figure 3: The comparison between the exact U(x, t) and U(x, t) obtained from methods.

Table 1: The numerical solution of the Huxley problem U(x, t) using two methods compared with the exact solution.

Method
U(xi, tj)

Location \ Time 0.2 0.4 0.6 0.8 1

With guess

0.2 0.5210 0.4704 0.4210 0.3735 0.3282
0.4 0.5892 0.5390 0.4883 0.4380 0.3885
0.6 0.6552 0.6077 0.5583 0.5077 0.4567

0.8 0.7163 0.6734 0.6275 0.5792 0.5290

Without guess

0.2 0.5207 0.4707 0.4214 0.3735 0.3280
0.4 0.5890 0.5392 0.4885 0.4380 0.3885
0.6 0.6550 0.6078 0.5584 0.5078 0.4566
0.8 0.7162 0.6734 0.6276 0.5792 0.5291

Location \ Time 0.2 0.4 0.6 0.8 1

Exact

0.2 0.5207 0.4707 0.4214 0.3735 0.3280
0.4 0.5904 0.5413 0.4914 0.4416 0.3930
0.6 0.6567 0.6102 0.5618 0.5121 0.4622

0.8 0.7173 0.6751 0.6298 0.5821 0.5327
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(b) The contour answer of Huxley problem U(x, t) using guess type of P (t).
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(c) The contour answer of Huxley problem U(x, t) without guess type of P (t).

Figure 4: Contour plot of exact U(x, t) and U(x, t) obtained from methods.
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Figure 5: The comparison between exact P (t) and P (t) obtained from methods.
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Table 2: The numerical value of obtained P (t) using two methods compared with the exact P (t).

Method Pi

With guess
P1 P2 P3 P4 P5

0.4544 0.4057 0.3604 0.3181 0.2788

Without guess
P1 P2 P3 P4 P5

0.4537 0.4062 0.3607 0.3179 0.2784

Exact
P1 P2 P3 P4 P5

0.4502 0.4013 0.3543 0.3100 0.2689

Table 3: The results of implementing methods with ITLBO algorithm.

Method Population Iteration Interval Best Cost S

With guess 60 80 [-5 5] 3.4185e-07 8.8523e-3

Without guess 60 80 [-10 10] 3.0815e-33 8.7900e-3

the type of the unknown function of the problem, but due to the fact that in some problems we do not know the type
of boundary and initial functions of the problem, the results of the presented method without using guess the type of
the unknown function of the problem are also very good and acceptable, and can be very effective for solving these
problems and especially inverse Huxley problems which are nonlinear and very ill-posed. Also, the values of the cost
function show that the ITLBO algorithm has a very good ability to optimize these values in the additional condition
of the problem, and it can be used well to obtain the unknown boundary conditions.

6 Conclusion

Using ITLBO algorithm and the presented numerical method, the unknown boundary condition was obtained in
the inverse Huxley PDE, and the following results have been obtained:

1. Using the method presented, unknown p(t) can be obtained without guessing the type of unknown function in
the Huxley inverse problem. Numerical results show that this value is very accurate and close to the actual
value.

2. With the presented method, it is possible to obtain the answer of the problem both by guessing the type of the
unknown function of the inverse problem and without guessing the type of the function, but in some problems
there is no information about the type of functions of the boundary and initial conditions. This method can
be very practical and useful in solving this category of problems, especially in the Huxley problem, which is a
non-linear problem with forms of power 3.

3. Huxley’s problem is a nonlinear problem with nonlinear forms of the power of 3. The answers obtained from
the implementation of the mentioned method showed that this method can solve even the inverse type of these
problems which are very ill-posed and get accurate answers. The answer to the problem U(x, t) obtained using
the unknown condition, is very accurate and close to the actual answer to the problem, which indicates the
efficiency and convergence of this method.

4. The results of the implementation of ITLBO Algorithm show that this algorithm escapes from local optimizations
and always tries to improve the fitness function defined for it.

5. The numerical method presented using the combination of implicit and explicit methods can provide very accurate
answers to the problem when the inverse problem becomes a direct problem or in general for direct problems.

6. Given the convergence to the answer in this method and the efficiency of ITLBO , even by increasing the search
range to find the unknown boundary condition, the exact answer to the boundary condition can be reached and
it can be found.

7. The results were obtained within minutes and processed on a single-core 2.5 GHz CPU.
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