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Abstract

We consider the following the difference equation

r+1
Wy, _gWn—3

Wn—1 (’)9{(1),2_4 + 5nwn—2wn—3)

Wp = , n €Ny,

where 7 € N, the initial conditions w_;, j = 1,4 are nonzero real numbers and (v,),,cy,» (0n),cy, are nonzero real
number sequences. In addition, the solution of a more general difference equation defined by one to one continuous
function is obtained. The solution of the mentioned equation is gained via a generalized Fibonacci sequence. Finally,

we obtain the solution of the above difference equation when the sequences (vn),,cn,s (0n),cn, are constant.
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1 Introduction

Lately, there has been a great interest in studying solutions of rational difference equations. This is due to the fact
that difference equations have an important role in mathematics in describing and modeling real-life situations such
as population dynamics, statistical problems, stochastic time series, number theory, biology, economics, probability
theory, genetics, psychology, etc. Rational difference equations are an important category of difference equations.
So, mathematical researchers continue to study rational difference equations and systems of difference equations (see
[, 2, 3, 4, 5, [7, 18, 9] 10l 1T 2] 13} 18] 191 17, 20l 23] 2T, 22]). Further, Bukhary and Elsayed [5] solved the following

difference equation
Wnp—2Wn—6

Wn+1 = n €N,

Wn—3 (:l:]- + Wn—ZWn—G) ’

where the initial values are positive real numbers. Additionally, they studied dynamic behavior of the difference
equations.
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Ibrahim [I5] studied the solutions and the behavior of solutions of the following difference equation

Wnp—2Wn—3
b
wWn (£1 £ wy—own—3)

Wnt1 = n € Ny,

where the initial values are real numbers. Ibrahim [14] studied the following difference equation

WnWn—2
wn—1 (a + bwpwn—2)

Wn41 = S NOv

where the initial values are nonnegative real numbers and bwow_2 # 0, w_1 # 0. In [I6], Ibrahim and Touafek attained

the solution of the following difference equation

Wn—1Wn—-2

Wn, (an + bnwnflwn72) ’

n € Ny, (11)

Wp+1 =

where (an), ey, (bn),en, are real two periodic sequence and the initial conditions are nonzero real numbers. Solutions
of some difference equations are associated with sequences of numbers. Such as, Fibonacci sequence { f,, }°°, is defined

by
fn+2:fn+1+fna ’H’ENOa
where the initial conditions fy = f; = 1. In this paper, we use the following generalized r— Fibonacci sequence defined
by
Fn+2:Fn+l —|—7“Fn, FOZFl :17 TLENO.

The first twelve terms of it are

Fy=1,
=1,
Fo=r—+1,
Fs=2r+1,

Fy=7r2+3r+1,

Fy=3r2 +4r +1,
Fs=r34+6r%+5r+1,

Fr =43 +10r% + 6r + 1,

Fs=r* 4103 + 1512 + 7r + 1,

Fy = 5r* + 2013 4+ 2172 + 8r + 1,

Fio =74 15r* 4+ 35r% 4 28r2 + 9r + 1,
Fip = 6r° + 351 + 5613 + 3612 + 107 + 1.

By inspired these studies, we obtain the solution of the following difference equation
wztlgwn—?)

Wn—1 <7nw2_4 + 6nwnf2wn73)

Wy =

, n € Ny, (12)

where r € N, the initial conditions w_j;, j = 1,4 are nonzero real numbers and (V) cx,» (9n),cn, are nonzero real
number sequences. Note that we take r = 0 and the sequences of ¥, = an_1, 0, = bp—1 in Eq. (1.2)), we have Eq.
. Moreover, we show the solution of the mentioned equation via a generalized Fibonacci sequence. Additionally,
we solve the equation when +,, and d,, are constant. Finally, we obtain the solution of the following general difference
equation defined by one to one continuous function

-1 (g(wn—Q))H_l g(wn—3)
=9 <g<wn_1> (i (g(wna)) + 5ng<wn_2>g<wn_3>>) et 43

where r € N, g : B — R is a continuous, one to one function on B C R, the initial conditions w_, ¢ = 1,4 are nonzero
real numbers in B and (V) ,¢cn,» (0n),en, are nonzero real number sequences.
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Lemma 1. [6] Let (cn),cn,» (dn),ey, De sequences and ta,,; be a solution of the next equation
tom+i = Com+ita(m—1)+i + dam+i, m € No, (1.4)

1€ {0,1}. For m > —1 and ¢ € {0, 1}, the general solution of the equation (|1.4) is as follows

m m m
tom+i = ti—2 H Cojyi + Z H Coj+i | dasti- (1.5)
7=0 s=0 \j=s+1
And also if (¢n),,en,s (dn),en, are constant, then
m+1t'_ dlfcm"'1 1
tomi = ¢ -2t aTS c7 L m € Ng, (1.6)
t1,2+d(m—|—1)7 C:].,

for i € {0,1}.

2 The solution of Eq. (1.2) in closed form
Definition 2.1. Let {wy,},>_4 be a solution of Eq. (1.2)). {w,},>_4 is called to be well defined solution if

W1 (’ynw;_4 + 5nwn_2wn_3) #£0, né€Np.

Let {wy, }n>—4 be a well defined solution of Eq. (1.2)). From Eq. (1.2), we have

WnWn—1 _ Wp—2Wnp—3
Wy _o VW), _y + OpWn—2Wp 3’
Wy, _5 YWy _g + OpWn_2Wn_3 2.1)
WnWp—1 Wy —2Wp—3 ’ .
wr_, wh_,
. =Tn = +5n, n € Ng,r € N.
WnWn—1 Wnp—2Wn—3
By using the following change of variable
wr
22—, > -2, (2.2)
WnWn—1
we attain
Zn = YniZn—2 + 5717 n e N07 (23)

From Lemma [I] the solution of Eq. (2.3) is as follows

Zom+4i = Zi—2 H Y2j+i + Z H Yoj+i | 625445 (2.4)

7=0 s=0 \j=s+1

where m € Ny and i € {0,1}. By using Eq. (2.4)), we get

3

3

IT 72 | o2 (2.5)

j=s+1

m
IT 21 | Gosras (2.6)

j=s+1

(]

m
Zom =Z-2 H Y2; +
Jj=0

M= 2

S

m
Zom41 =21 H Yoj+1 +
§=0 s=0



where m € Ng. When v,, = v and ¢,, = §, formulas (2.5)) and (2.6 become

ST (1— )z s
+v (A=7)z_2-9) v #1,

Z2m = 1=y ’
Zo+0(m+1), y=1
Ll (1 E ) ERE S

Zom+41 = 7 ’ ’
z.1+0(m+1), v=1.

Transformation in (2.2)) is written the following form

wT
)
Wy = —= n > —2.

b
Wn—1%n

So, we get

w" ko
w—2 = L _Fo
wihz"Y

Fy F
w_Fzlh

—  rFy _Fy>
w2l

TF2 Fl
W_g 21

= ) ;
wly2 2"

w1 0

W, =—%—F% 15
TF3 Fg F()’
W_g23%

TF4 F3 F1
W_yq 2171

>
wlylyzg2 2

Fs Fs F3 _F
w_§2-%25% 25"

w3 ==
Fs _Fy I Ty

wi Pzl 2225

w'Ee 2 F5 25 50
TR
wf%zfgzgszfszfl
:wii7zfﬁzf4z§2z§° ’
w2 o5 s
Tl TS e i P
gyl

~  rFog _Fs Fs Fy Fo Fy°
W_g 2171 R3 %5 %7

w—1

Ws

We

wr

Consequently, by generalising the equalities in (2.10]), we obtain the following solutions

2 Fam—iy41
"Fany1y ] z2(i(7nl););%-
W _ Y-u i=0
n wf%(n+l)+l nHzFZ,("“*” ’
) 2(i—1)
i=0
Fan+2)  n4l F2(nti-i)+1
w = 3 26-1) n €N
2+l = TFyai2)-1 Fo(nt1-4) 7 0-
W_y =0 Za(i—1)41

3 The solution of Eq. (1.2) with constant coefficients
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(2.7)

(2.8)

(2.10)

(2.11)

In this section, we solve the equation (1.2) when the sequences (vn),ey,s (0n),cn, are constant. Suppose that

Yn = and &, = 0 for every n € Ny. The equation (1.2)) transforms into the following equation

r4+1
wn—Qw”—?’

Wp—1 (’Yw:;74 + 6wn72wn73)

Wy, = , n €N
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From (2.7)), (2.8) and (2.11)), we gain the following solutions

. n (et (1—)2_ 1 —5) Fa(n—i)+1
w 112(”-%—1) H <#

— =

w! 2An D+ ”ﬁ1<6+7i((1—7)272—5)
- ) I
Wan = =0 ne NOa

TFy(nt1) I (z71+6i)F2(n,—i)+1
W_y i=0

T,
W,i(n’+1)+1 n+l

)
I (2—o+8i) 2(n+1-0)
i=0

)F2(n+1—i)7 7# 17

v=1

5478 (=725 -8) \ F2(n+1-0)+1
wFi(n+2) n+1 (?>

wTFZ("JJ)i1 i=0 5+7i((1=v)z_1—9) Fa(nt1-i) 7 v 7& 1’

Won41 = -4 - T— n € Ny.
wfzs(n+2) n+1 (2_o46i) 2(nt1-0) 41 1
w21 L (o 8i) 2D T =0

4 The solution of the difference equation (1.3) in closed form
In this section, we obtain the solution of the difference equation (|1.3)).

Definition 4.1. Let {wy,}n>_4 be a solution of Eq. (1.3)). {wy}n>_4 is called to be well defined solution if

g (wn—1) (Yn (9(wn—-4))" + 0ng(wn—2)g(wn_3)) #0, n € Ng,7 €N,

and
(g(wn—2))""" g(wn_3)
g(wn—1) (7n (g(wn—ﬁl))r + 6ng(wn—2)g(wn-3))

S Bgf1 .

Since g is a continuous and one to one function, from Eq. (1.3), we obtain

(9(wn—2))""" g(wn_s)

g(wy) = , ne€Ng,reN.

g(wn—l) (’Yn (g(wn—4))7‘ + 6ng(wn—2)g(wn—3))
By using the following change of variable

W, =g(wy,), n>—4.

Eq. (1.3)) turns into the following equation

WT‘+1W 5
W, = n-2 " , ne€NgreN.
anl (’an»g_4 + 6an72Wn73)

From (4.2)), we get

wy, =g *(W,), n>—4.
As a result of the previous sections, we attain the following solutions

n
Fo(n—i)+1
(g(w,4))rF2"+2 il;[O ZZ(ijl)1+1

(g(w-5))"™* T Fanii
29(i—1)
=0

Wop =g

Fap, +1 Fotng1-9)+1
[ (g(w=g))>"** h Pa(i—1)

Fn F: n —1i
(g(w-a))""""** g 22(2i(—1r)1+1>

Wont1 =g

(4.1)
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where the sequence {2, }n>_4 is given by the following formulas

m m m
zom =22 [ [ 25 + D | T 725 | 02
=0

s=0 \j=s+1

m

m m
Zomi1 =21 | [ 201+ D | [ v2is1 | G2sts
7=0 s=0 \j=s+1

Moreover, if v,, and §,, are constant, we obtain the following solutions from Lemma and (4.3

n <5+«,’i((1—7)z,1—5)>F2(n—i)+1
1 (g(w_4))7'1’2n+2 i—0 1—7
g (g(w_3))F2n+3 "ﬁl(a+w7‘((14>z,2—é)>F2(n+1~i> ’ v#1

1—~

Wanp = iio =
2_1+6i)T2n—i)+1
L1 [ (glw_ayyrrense L1400

g Tonrs v=1
(g(w—3))"2n+3 nﬁl(z_2+&)p2(n+17i) ’ ’
i=0
54+t ((1=y)z_g—8) ) F2(nt1-i)+1
n+l | —mM——=
—1 [ (g(w_g))F2n+a ( T )
g (g(w74))7‘F2n+3 i—0 5+’Yi((1*’v)z,176) F2(n+1—i) 9 Y # 17
Wan+1 = = T—~

—1 ((Latwogy s P a0 —1
9 (g(w,4))rF2n+3 i—0 (271_}'_61‘)1:2(71«#171:) ’ v )

where n € Ng.

5 Conclusion

gen
Fin

In this study, we have gained the solution of a difference equation with variable coefficients in closed form via a
eralized Fibonacci sequence. Additionally, we have solved the constant coefficients form of the mentioned equation.
ally, we have obtained the solution of a general difference equation.
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