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Abstract

This study explores specific polynomials that share a small function by applying the notions of weakly weighted and
relaxed weighted sharing of meromorphic functions. In particular, the research delves into the uniqueness of two
polynomial types related to the meromorphic function f: the homogeneous differential polynomial ®[z] and the non-
constant differential-difference polynomial ¥[z, f] and examines the value distribution of these polynomial functions
within the context of weakly weighted and relaxed weighted sharing, resulting in the equation ®[z] = Ulz, f] (or)
®[2].¥[z, f] = a®. The findings of this investigation enhance and extend the previous work of Harina P. Waghamore
and Vijayalakshmi S. B. [27].
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1 Introduction and main results

It is well known that, the value distribution theory is a fundamental area of complex analysis that studies the
behavior of meromorphic functions and their value-sharing properties. This involves examining the conditions under
which two meromorphic functions sharing certain values must be identical or have a specific relationship. It mainly
analyzes the distribution of solutions to the equation f(z) = a, where f(z) is an entire or meromorphic function in
C,z € C, and a € CU{oo}. Hayman [9], Yi and Yang [34], and Yang [37] provide standard definitions and notations
for Nevanlinna theory. The Nevanlinna characteristic function is denoted by T'(r, f), and S(r, f) is a small quantity
defined by o(T'(r, f)) = S(r, f) as r — oo and r € F, where E C R and the measure of E is finite. For a € CU {oo}
the quantities

S(a, f)=1- liﬁsip]\mv
and i
Ofa, f) =1~ nmsupw7

are respectively called the “deficiency” and “ramification index” of a for the function f.
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In order to ensure our paper is comprehensive, we present the following fundamental definitions from Nevanlinna
theory.

Definition 1.1. Let f and g be two meromorphic functions in the complex plane C and let a is a small function
with respect to f and g. We write E(a, f) = {z € C: f(z) — a(z) = 0}, where zeros of f — a are counted according to
their multiplicities. Also by E(a, f), we denote the zeros of f — a, where a zero is counted only once. We say that f
and g share the function @ CM (counting multiplicity) if E(a, f) = E(a,g). Further, if E(a, f) = E(a,g) we say that
f and g share the function a IM (ignoring multiplicity).

Definition 1.2. [I1I] Let £ € NU {0} U {o0} and a € CU {occ}. We denote by Ej(a, f) the set of all a-points of f
where an a-point of multiplicity m is counted m times if m < k and k 4 1 times if m > k. If Ex(a, f) = Ex(a,g), we
say that f, g share the value a with weight k. If Ex(a, f) = Ex(a,g), we say that f, g share the function a with weight
k. We write f and g share (a, k) to mean that f and g share the function a with weight k. Since Ey(a, f) = Ex(a,g)
implies that Ej(a, f) = Ej(a,g), for any integer [(0 < I < k), if f, g share (a, k), then f,g share (a,1),(0 <1 < k).
Moreover, we note that f and g share the function a(z) IM (ignoring multilicity) or CM (counting multiplicity) if and
only if f and g share (a,0) or (a,o0) respectively.

Definition 1.3. [I5] Let f(z) and g(z) be two non-constant meromorphic functions and a(z) € C,t € Z* U {cc}. If

Ny(r,a; ) + Ny (r,a;9) — 2N (r,a) = S(r, f) + S(r, g),

- - ——0
N(tJrl(r?a; f) + N(t+1(ra a;g) - 2N(t+1(ra a’) = S(’I’, f) + S(T, g)a
or, if t =0 and
N(r,a; f) + N(r,a:g) — 2No(r,a) = S(r, f) + S(r, 9),

then we say that f and g weakly share a with weight ¢ and the notion will be denoted by s¢(a,t). Here, we write f,g
share s(a,t) to mean that f, g weakly share a with weight ¢.

Obviously, if f and g share function »(a,t), then for any p(0 < p <), f and g share »(a,p). In addition, f and g
share a IM or CM if and only if they share 3¢(a,0) or s(a, o0), respectively.

In 2007, Banerjee and Mukherjee [3] introduced a new type of sharing known as relaxed weighted sharing which is
weaker than weakly weighted sharing as follows.

Definition 1.4. [3] We denote by N(r,a; f| = p; g| = q) the reduced counting function of common a-points of f and
g with multiplicities p and ¢, respectively.

Definition 1.5. [3] Let a € CU {oo} and k be a positive integer or infinity. Suppose that f and g share the value a
IM. If for p # q,
Z N(T7a;f| :pvg‘ :q) = S(’l"),

p,q<k

then we say that f and g share the value a with weight &k in a relaxed manner and we write f and g share »(a, k)*

The study of value sharing of meromorphic and entire functions has been a central theme in complex analyses
for decades. Rooted in Nevanlinna theory, which provides a framework for understanding the value distribution of
meromorphic functions, the concept of value sharing has led to advancements in function theory and uniqueness
problems. Research has focused on exploring conditions under which meromorphic functions sharing values exhibit
identical or closely related behaviors.

R. Nevanlinna’s pioneering work laid the foundation for value distribution theory, introducing key concepts such
as the First and Second Main Theorems. These results open the door for further investigation of uniqueness theorems
based on shared values. Mathematicians such as Hayman, Gundersen, Yi, and others have extended these ideas
by developing new uniqueness criteria and refining the classification of value-sharing into types, such as ignoring
multiplicities (IM) and counting multiplicities (CM), to be more general. Later, the study included weighted sharing,
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difference sharing of polynomials, etc., and their role in uniqueness theory. Researchers have examined how value-
sharing properties of functions extend to their derivatives and algebraic combinations, leading to differential and
functional equations; one can refer to [I} [12] 17, 241 [32] 30, [3T), 29] [39, [40].

Subsequently, a number of authors have shown interest in finding the uniqueness of entire and meromorphic
functions whose differential polynomials share certain values or fixed points and obtained some remarkable results (see
[2, 8, 14, 20} 26]). In recent years, some mathematicians worldwide have begun to study the uniqueness questions of
meromorphic functions sharing values with their shifts, differences, and difference polynomials, and have produced
many works; for example, see ([B] [6] 10, 18] 19] 21, 22| 23] [36], [38]).

Since then, a number of improvements and generalizations have been made by mathematicians regarding the
uniqueness of f*) and P[f]. In 2014, Banerjee and Majumder [4] explored the weighted sharing of f™ and (f™)®)
and demonstrated the following:

Theorem A. [4] Let f be a non-constant meromorphic function, k,n, m € N and [ be a non-negative integer. Suppose
a(# 0, 00) is a meromorphic function satisfying T'(r,a) = o(T(r, f)) as r — oo such that f* and (f™)® share (a,l). If

(i) I >2and
(k+3)0(c0, f)+ (k+4)0(0, f) >2k+7—n, or

(i) I =1 and

<k+;> O(o0, f) + <k+g> 0(0,f) > 2k +8 —n, or
(iii) I =0 and

(2k +6)O(co, f)+ (2k+7)O(0, f) > 4k + 13 — n,

then f» = (f™)®),

In 2016, regarding the uniqueness of p(f) and P[f], the authors Kuldeep Singh Charak and Banarsi Lal [7]
demonstrated the following result:

Theorem B. [7] Let f be a non-constant meromorphic function, a(# 0,00) be a meromorphic function satisfying
T(r,a) = o(T(r, f)) as r — 00, and p(z) be a polynomial of degree n > 1 with p(0) = 0. Let P[f] be a non-constant
differential polynomial of f. suppose p(f) and P[f] share (a,{) with one of the following conditions:

(i) 1> 2and
(Q +3)0(c0, f) +2n0(0,p(f)) + d(P)(0, f) > Q + 3+ 2d(P) — d(P) +n,
(ii) =1 and

(@+5) 000, 1)+ F00.5() + AP0 1) > Q+ 5 +2(P) - dP) + 5,
(iii) 1 =0 and
(2Q + 6) O(o0, ) + 4nO(0, p(f)) + 2d(P)(0, f)) > 2Q + 6 + 4d(P) — 2d(P) + 3n,
then pl(f) = PIf]

In 2018, Harina P. Waghamore and Naveenkumar S.H. [25] established the uniqueness of meromorphic functions
of the form P(f) = fYP(f1) — a and H[f] — a and obtained the following result:

Theorem C. [25] Let k(> 1),n(> 1),p(> 1) and m(> 0) be integers, f and fi = f — w, be two non-constant
meromorphic functions and H[f] be a non-constant differential polynomial generated by f. Let p(2) = aminz™™" +
st apz™ + -+ ag, Gmtn # 0 be a polynomial in z of degree m + n such that p(f) = fYP(f1). Also, let a(z)(% 0)
be a small function with respect to f. Suppose p(f) —a and H[f] — a share (0,1) with one of the following conditions.
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(i) I >2and

(Q + 3)@(00, f) +:u25,u§ (wpa f) +E(H)5k+2(07f) > Q +3+ M2 +E(H) —p, or
(ii)) I =1 and

(Q + Z)%o, )+ 285 (s 1) + A0, 1) + 50wy, f)

m4+n—3p

>Q+4+po+d(H) + 5

, or
(iii) I =0 and
(2Q +6)O(o0, f) + 20(wp, f) + p2du; (wp, f) + d(H )0r42(0, f)
+ d(H)0k41(0, f) > 2Q + 8 + p2 + 2d(H) + 2(m + n) — 3p,

then p(f) = HI[f].

In 2019, Harina P. Waghamore and Vijayalakshmi S. B. [27] proved the following result concerning the uniqueness
of meromorphic functions sharing a small function:

Theorem D. [27] Let f be a non-constant meromorphic function and M|f] be a differential monomial of degree dj;
and weight T'j; and k(> 1) is the highest derivative in M[f]. Let P[f] be a non-constant differential polynomial of f.

Also, let a(z)(# 0,00) be a small function with respect to f. Suppose M|[f] — a and P[f] — a share (0,1) with one of
the following conditions:

(i) I >2and
(Q + 3\ +3)O(00, ) + AO(0, f) + 2dpr0141(0, f) + d(P)6(0, f)
> Q + 4\ + 34 dy + 2d(P) — d(P), or
(i) I =1 and
<2Q+27A+7> (00, f) + AO(0, f) + 565” 5100(0, ) + A(P)5(0, f)

20Q + 9 d _
> Q+29 +7+32M+2d(13)—¢(13), or

(iii) I =0 and

(2Q + 5) +6)0(00, f) + AO(0, f) + 4darS141(0, f) + 2d(P)d(0, f)
> 2Q + 6\ + 6 + 3dys + 4d(P) — 2d(P),

then M|[f] = P[f].

The results presented above naturally lead to the question of whether further generalizations are possible. Inspired
by numerous investigations into various forms of Bruck’s conjecture, we try to broaden the scope of these results.
Our focus extends the results to include both homogeneous differential polynomials and non-homogeneous differential-
difference polynomials of meromorphic functions, which we have defined as follows:

Definition 1.6. [I3] We define a homogenous differential polynomial as

B2 = zn:aT ﬁ (z(s))trs 7
r=1 s=0

where n(>1),p(> 0),r,s,t € ZT U {0} and the degree of ®[z] is dp where do = Y »_ t,s. We define D by

p

D = max Stpg.
1<r<n
- 7 s=0
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Definition 1.7. [4I] The difference polynomial in f(z) and its shifts is defined as
o[z, f] = ZGA(Z)f(Z)iA’Of(Z o)t (24 o),
el
where d(¥g) = rilaic{d()\)}, is its degree, where I is a finite set of the index A = {iro,- - ,ixx} and ax(z) are
€

meromorphic coefficients satisfying T'(r,ax(z)) = S(r, f),A € I and f(2)*0 f(z 4 ¢1)?e1 -+ f(z + ¢)* is monomial
in f(z) and its shifts f(z +c1), -+, f(z + cx), where ¢y, -, ¢x are distinct non-zero complex constants and d(\) =
ixo+ -+ ik

We now give the definition of the general differential-difference polynomial of f(z) and its shifts which is given in
[42] as follows.

Definition 1.8. [42] The general differential-difference polynomial of f(z) and its shifts denoted by ¥|z, f], is defined

as
k m
Uz, f] =Y (@) [T 1+ e,
Al i=0 =0
where I is a finite set of multi-indices A = (Ao,0,-* , Ao,ms s Mymy > Ak0s > Akm ), Co(= 0) and ¢1, ¢, . .., ¢ are

distinct complex constants. We assume that the meromorphic co-efficients ay(2), A € I of [z, f] are of growth S(r, f).

k. m kE m
We denote the degree of the monomial [[ [] fY (2 + ¢;) by d(A\) = 3> 3 A\ij. Then we denote the degree and
i=0 j=0 i=0j=0
the lower degree of ¥z, f] by d(¥) = r/r\la?{d()\)}, and d*(¥) = I{llr]l{d()\)} respectively.
€ €

In particular, ¥[z, f] is called a homogeneous differential-difference polynomial if d(¥) = d*(¥). Otherwise, ¥[z, f]
is a non-homogeneous differential-difference polynomial.

The following are the main results of our paper which extend and generalize the earlier results.

Theorem 1.9. Let f(z) be a non-constant meromorphic function of finite order and a(z) be a small function such that
a(z)(# 0,00). Let ®[z] be a homogenous differential polynomial and ¥[z, f] be a non-constant differential-difference
polynomial. Suppose ®[z] and ¥[z, f] share s(a,t) and if one of the following holds:

(i) t > 2 and
(Q" +4)0(c0, f) + (d"(¥) + da)0(0, f) > Q" +d(V) + 4, (1.1)

(i) t =1 and
(Q" +4)0(c0, f) + (d" (V) +ds)0(0, f) > Q" + d(¥) + 4, (1.2)

(iif) t =0 and
(2Q" +2D +7)O(o0, f) + (2d* (V) + ds)0(0, f) > 2Q" + 2d(V) + 2D + 7, (1.3)

then, either ®[2]. W]z, f] = a? (or) ®[z] = V|2, f].

Theorem 1.10. Let f(z) be a non-constant meromorphic function of finite order and a(z) be a small function such
that a(z)(# 0,00). Let ®[z] be a homogenous differential polynomial and [z, f] be a non-constant differential-
difference polynomial. Suppose ®[z] and ¥[z, f] share s(a,2)* and (2dg + d*(¥))d(0, f) + (D + Q* + 5)0(o0, f) >
Q* + D +dg + d(¥) + 5, then one of the conclusions of Theorem holds.

2 Auxiliary Lemmas

In this section, we will present some lemmas that will be used to prove the main results.
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Lemma 2.1. [I5] Let F and G be two non-constant meromorphic functions sharing s(1,¢) where ¢t € ZT U{0} U {oo}
and let,
F// 2F/ G// 2G/
o=(2 - ) (L - ). 2.1
(F’ Fl) (G’ Gl) 21)

(i) T(r,F) < N3 (r,0; F) + N3 (r,0; G) + Na(r,00; F) + Na(r,00; G) + S(r, F') + S(r,G), when 2 < t < o0;

If Q % 0, then,

(i) T'(r, F) < Ny (r,0; F) + No (r,0; G) + Na(r,00; F) + Na(r,00;G) + N (r, 1; F) + S(r, F) + S(r,G), when t = 1;

(iii) T(r, F) < Ny (r, %) + Na (r, &) + No(r, F) + Na(r,G) + 2N (r,1; F) + N1 (r,1;G) + S(r, F) + S(r,G), when
t=0;
and the same inequality holds for T'(r, G).

Lemma 2.2. [33] Let F' and G be non-constant meromorphic functions sharing s(1,1). Then,

_ 11—
Np(r,;F) < N(T,O;F)+§N(r,oo;F)+S(r,F).

DN | =

Lemma 2.3. [33] Let F' and G be non-constant meromorphic functions sharing »(1,0). Then,

Np(r,1;F) < N(r,0; F) + N(r,00; F) + S(r, F).

Lemma 2.4. [3] Let F' and G be two non-constant meromorphic functions that share s(1,2)* and € # 0. Then

T(r,F) < No(r,0; F) + No(r,0; G) + No(r,00; F) + Na(r,00; G) + N(r,0; F) + N(r,00; F)
—m(r,1;G) + S(r, F) + S(r,G),

and the same inequality holds for T'(r, G).

Lemma 2.5. [I3] Let f be a non-constant meromorphic function and ®[z] is defined as above. Then,
(i) T(r,®[2]) = doT(r, f) + DN(r,00: f) + S(r, f);
(i) N(r,0;®[z]) < T(r, ®[2]) — doT(r, f) + doN(r,0; f) + S(r, f) < DN(r,00; f) + deN(r,0; f) + S(r, f).

Lemma 2.6. [28] Let f be a transcendental meromorphic function. Let W[z, f] be defined as in Definition If
Uz, f] # 0, then we have

Nr,0: 0z, f1) < T(r, W[z, f]) — T, 740) 1 (d(W) — d ())m ( 1) N0 4 4 S, ).

T, —
f
_ 1
N(r,0; W[z, f]) < QN (r,00: f) + (d(¥) — d*(¥))m ( f) N0 F40) 4 S, ),
where Q* = ogggf\el{/\i’l +2Xi2 4+ mAim )
3 Proof of Main Theorems
3.1 Proof of Theorem 1.7.

Let us consider F' = % and G = @ Since F' and G share s(a,t), then it immediately follows that F' and G
share »(1,t), except at the poles and zeros of a. We prove the result through following three cases.
Case 1. Assume that © # 0. Now, we consider the following three subcases:
Subcase 1.1. Suppose that 2 < ¢ < co. We deduce from Lemma [2.T]

T(T7F) S NQ(Tvo;F) +N2(7’,0,G) +N2(TaOO;F) +N2(T700;G) +S(er) +S(Ta G)
< 2N(r,00; f) + N(r,00 : f) 4+ Na(r,0; F) + Na(r,0; G) + S(r, F) + S(r, G).
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Now, with the help of Lemmas [2.5] and [2.6]
T(r,F) <4N(r,00; f) + T(r,F) — doT(r, f) + de N(r,0; f) + Q*N(r,00 : f)

+ N(r,0; fd(‘lj)) + (d(¥) — d*(¥))m (r, }) + S(r, f),
hence
daT(r, ) < (Q° + )N (r,00: f) + (d(T) + da)N(r.0; f) + (d(¥) — d*(¥))m ( " }) S f)

< Q"+ V(001 )+ daN(r0:) + d(VT( ) = 0" (W) (15 ) + 5(0.)
< (Q" + N (r, 001 )+ da N (0 ) + d(W)T(r, ) +d (WN (0 f) — d*(W)T(r, ) + S0, f),
which implies that
(do — d(W) + A (O))T(r, ) < (@ + ON(r, 005 f) + (d"(¥) + da)N(1,0; ) + 51, f).
Therefore, we have
(Q° + 1800, £) + (& (V) + da)d(0, f) — Q° — d(¥) — T(r, ) < S(r, ),

which contradicts
Subcase 1.2. When t = 1. We deduce from Lemmas 2.1 and [2.2]

T(r,F) < Na(r,0; F) + Na(r,0; G) + Na(r,00; G) + Na(r,00; F) + N (r,1; F) + S(r, F) + S(r,G)
< AN(r,00; f) + N(r,0; F) + N(r,0;G) + Np(r, 1, F) 4+ S(r, f).

Now, with the help of Lemmas [2.5] and [2.6] we get
T(TaF) < 4N(7”,oo;f)—|—T(T7F) _déT(rvf)'i_d@N(TvO;f) +Q*N(r,oo;f) +N(Ta0;fd(ql))
+(d(T) - d())m (r, ch) + 5N 0:F) + N (r, 00, F) 4 S(r, ),
(0 ) < (Q°+ ) Wooi ) + daN (0. ) + AT ) - (0 (1.7

+
)N(roo £ 2aaN (.0 £) 4 dOWT(r, £) + & (DN (0 ) - (O )+ S(r. ).

which implies that

(de — d(O) +d* () T(r, f) < <Q* + g + Z;) N(r,o00; f) + <2dq> + d*(\If)> N(r,0; )+ S(r, f).

Therefore, we have

(@ +5+3) 0+ (Sao+a®)50.0) - @ —atw) - 25 7, p) < 500,),
which contradicts

Subcase 1.3. When t = 0. We deduce from Lemmas [2.1] and 2.3
T(r, F) < No(r,0; F) + No(r,0; G) + No(r,00; F) + No(r,00;G) + 2N (r,1; F) + N1 (r,1;G) + S(r, F) + S(r,G)
< 4N(r,00; f) + N(r,0; F) + N(r,0; G) +2N(r,0; F) 4+ 2N (r, 00; F)
+ N(r,0;G) + N(r,00; G) + S(r, f).
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Now, with the help of Lemmas 2:5hnd 2.6, we get
T(r,F) < TN(r,00; f) + T(r, F) — doT(r, f) + da N(r,0; f) + Q"N (r, c0; f)

+(ﬂW)—dWWDn103})+JVHth“m)+2@ﬂxnf)+2DAMnmxﬂ

QN (005 ) + (d(T) — d* (¥))m ( 1) N0 ) £ S(r, ),

f

hence
d¢TﬁJﬁS(2D+2Q*+7ﬂV&¢mJﬁ+d¢NOy&f)+2Awnmf“m)+2QKW)—d%@»nzcn})4n%nfL

which implies that
(do — 2d(W) + 2d* (V) T(r, f) < (2D + 2Q* + 7)N(r,00; f) + (2d* (V) + do)N(r,0; f) + S(r, f).

Therefore, we have
[(2Q" +2D +7)0(00, f) + (24 (W) + dx)5(0, f) —2Q° — 2(¥) — 2D — 7T(r, f) < S(r. f).
which contradicts (1.3]).
Case 2. We now assume that 2 = 0. Now, integrating (2.1]) twice, we get,

1 U

G-1 F-17"

where U(# 0) and V' are two complex constants. Which implies that,

V+1)F+U-V-1)

¢= VF+(U-V)

and (3.1)

V-U)G+(U-V—-1)
VG- (V+1)

F =

Now, we discuss the following subcases:
Subcase 2.1.

Let V # 0,—1. We obtain from (3.2), N (r, %; G) = N(r,00; F). Using Lemma on Nevanlinna 2°¢ funda-
mental theorem, we have

V+1
V

T(r,G)§N(r,0;G)+N(r,oo;G)+N<r, ;G>+S(T‘,G)

< 2N (r,00; f) +d(O)T(r, f) + d* (P)N(r,0; f) — d*(9)T(r, f) + S(r, f),
which implies that
d*(U)T(r, f) < 2N (r,00; f) + d*(P)N(r,0; f) + S(r, f). (3.3)

Now, we assume that U —V —1 # 0, then it follows from 1) that N (r, —UV++V1—1 ; F) = N(r,0; Q). Using Lemma
on Nevanlinna 279 fundamental theorem, we have

—U+V -1

T F) < ¥ (10 F) 4§ (rows )+ (n =5

;F>+ﬂnm

< (@ + DN (ro0: ) + T(rs F) — dyT(r, f) + dgN(r.0; f) + (d(P) — d*(P))m ( )

+d(P)N (r,0; f) + S(r, f),
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which implies that

dgT(r, ) < (Q" + )N (r,00; f) + dgN(r,0; f) + d(P)T(r, f) + d"(P)N (r,0; f) = d"(P)T(r, f) + S(r. f). ~ (3.4)

Combining (3.3)) and ., we get
(@ +3)6( + (dg + d*(P) + d*(¥))6(0, f) — d(P) — Q" +d(P) = 3]T(r, f) < S(r, f),

which contradicts , 1 , and . Therefore, U — V — 1 = 0, then it follows from that, N( F) =
N(r,00; G). Using Lemm 5 on Nevanlinna 2" fundamental theorem, we have

T(r,F)§N(7’,O;F)+N(r,oo;F)+N(r,;/1;F>+S(r,F)
<N(ryo0; f) +T(r, F) —d,T(r, f) + dyN(r,0; f) + N (r,00; f) + S(r, f),
which implies that

oL(r, f) < 2N (1,003 f) + dgN(r,05 f) + S(r, f). (3-5)

Combining (3.3)) and ( ., we get
[(Q" +3)O(00, f) + (dg + d*(P) + d*(¥))d(0, f) = Q" + d(P) + 3]T'(r, f) < S(r, f),
which contradicts , and .
Subcase 2.2. Let V = 71

We obtain from and that, G = U+1 +and F' = w fUA+1# 0, then N(r,U+1; F) = N(r,00; G)

and N (r, UH,G) = N(r,0; F). Now following the same argument as in Subcase 2.1, we arrive at a contradiction.
Therefore U + 1 = 0 and this implies that FG =1. Hence ®[2]. ¥z, f] = a®.
Subcase 2.3. Let V = 0. We obtain from and that, G = M and F=UG+1-U.IfU —1 # 0, then
N(r,1 —=U;F) = N(r,0;G) and N(r, "= G) N(r, 0 F) Now followmg the same argument as in Subcase 2.1, we
arrive at a contradiction. Therefore U — 1 = 0 and this implies that F' = G. Hence ®[z] = U|z, f]. This completes the
proof of the Theorem

3.2 Proof of Theorem 1.10.

By applying Lemmas [2.5] and [2.6] to Lemma [2.4] and proceeding similarly as in Theorem we can prove that
the conclusion of Theorem - holds.
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