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Abstract

For a normalized analytic multivalent function f defined in the open unit disk {z € C : |z| < 1}, let A(r, f) and L(r, f,p)
denote the Dirichlet integral and the integral mean of f respectively. In this research article, we consider a subclass
S, (A, B, \) of normalized analytic multivalent functions in the open unit disk and solve the Yamashitha’s conjecture
for this subclass. Also, we determine the extremal function for which the integral mean L(r, f,p) is maximum.
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1 Introduction

In Geometric Function Theory, the branch of Complex Analysis which deals with the interplay of analytic functions
and the geometry of the images of certain domains in the complex plane under these functions, an interesting problem
is to determine the maximum value of the area of the image of a subdisk inside the unit disk and that of a length of
an arc under these analytic functions. The conjecture of Yamashita [20] regarding the maximum of area and length
for univalent functions has been a driving force for the researchers working in univalent function theory to solve the
extremal problems of this type for various subclasses of univalent functions defined in the open unit disk. For more
details in this regard, one may refer to [10, 1T, 12} T3] [I8].

Theory of univalent functions had been a central object of study in Geometric funcion theory for more than a
century since the appearance of the Bieberbach conjecture in the year 1916. Many tools to study various aspects of
several subclasses of univalent functions have been developed in the past [4]. Denote by A the class of all normalized
analytic functions f in the unit disk A = {z € C: |z| < 1} with normalization f(0) =0 = f’(0) — 1. These functions
have the form

f(z) :erZanz”. (1.1)

Let S be the subclass of A consisting of univalent functions [4]. A nice way to compare the ranges of two members
of the class S is through subordination, which we recall now:
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Definition 1.1. [4] Given two functions f and g, analytic in A, we say that f is subordinate to g if there exists a
function w analytic in A with w(0) =0 and |w(z)| < 1 such that f(z) = g(w(z)) for z € A. We denote this by f < g.
In particular, if the function ¢ is univalent in A, then f < g if and only if f(0) = ¢g(0) and f(A) C g(A).

It is worth recalling a remarkable result proved by Hallenbeck and Ruscheweyh proved in 1975 regarding subordi-
nation of analytic functions.

Theorem 1.2. [8] Suppose that f(z) = zp + ap412PTt + -+ and F(z) = 2P + Ap112PT + -+ are analytic in A
and that g(z) = zf'(2)/f(2) < 2F'(2)/F(z) = G(z). If G(z) is univalent and starlike with respect to w = p, then

f(2)/27 < g(2)/2".
The following result of Rogosinski established in the year 1943 will be used in proving our results.

Theorem 1.3. [15] Let f(z) = > ", an2™ and g(z) = Y.~ byz™ be analytic in A and suppose g < f. Then,
Z |bk|2 < Z ‘a’k?|27 n= 1727"'
k=1 k=1

We now recall the concept of Dirichlet integral for analytic functions defined in the open unit disk.

Definition 1.4. [20] For each analytic function g defined in the open unit disk and for each 0 < r < 1, the area of
the image of the disk A, under g, denoted by A(r,g) is defined as

A(r,g) //| 2)|2dxdy, z =z +iy.
<r

The above integral is called the Dirichlet Integral of g. A function g is said to be Dirichlet finite if A(1,g), the
area of the image of the open unit disk under f is finite.

If g(z) = >°.° o bnz™, then, by the Parseval-Gutzmer formula,
o0
Alr,g)=m Z n|by[*r?".

An univalent function f : A — C is a function which assumes each of its values exactly once. A generalization of
the univalent function is the concept of multivalent function. A function f defined on the open unit disk and analytic
is said to be multivalent if it assumes each of its values more than once. This is equivalent to saying that the number
of roots of the equation f(z) = w in A for any w does not exceed p.

Let A, denote the class of all multivalent functions having Taylor’s series
f(z) =2+ Z Antp?" P pEN (1.2)
n=1

Various subclasses of multivalent functions were introduced and studied in the past by several researchers. A detailed
theory about multivalent functions can be found in 2} Bl [7, [17].

For a function f € A, the integral mean is given by,

1 (7 r2p
bt =5 | e

and the Dirichlet integral is given by,

// 2)| dxdy—wpr2p+7rz (14 p)|anp>r2"HP) ) 2 =2 iy
lz|<r

n=1

where A, = {z € C: |z| < r}. Computing this area for various subclasses of analytic functions is known as the area
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problem for the functions of type g. All polynomials are Dirichlet-finite. In general, all functions g € A for which ¢’
is bounded on A are Dirichlet-finite.

Special functions has good connections with Geometric Function Theory. Among special functions, the hyperge-
ometric functions play a very important role in the univalent function theory since its surprising appearance in the
proof of Bieberbach conjecture by Loius de Branges in the year 1985 [6]. We now recall hypergeometric functions.
For complex numbers a, b and ¢ with ¢ neither zero nor a negative integer, the Gaussian hypergeometric function
oF (a,b; ¢, z) is defined by

o0
Fi(a,b; In( <1
oF1(a,b;¢, 2) Z: o —, |z

Observe that the function o F} (a, b; ¢, z) is an analytic function in A. The notation (a),, is the Pochammer symbol
defined by
(a)p=ala+1)(a+2)---(a+n—-1), n>1
with (a)o = 1 if a # 0. Further the hypergeometric function oFi(a; z) is defined by

oo

()FlCLZ Z

P

For more details about special functions, one may refer to [, 14, [19]. In the year 1973, Janowski generalized the
family of starlike functions using subordination by introducing the subclass defined below:

Definition 1.5. [9] For —1 < B < A < 1, the subclass of functions f € A satisfying the condition

zf'(z) 1+ Az
7z) 1+B:z

Sahoo et.al. in [16] verified the Yamashita conjecture for the above subclass in the year 2015. In 2017, N.L. Sharma
[18] solved the problem of maximal area integral for a subclass of multivalent Janowski type starlike functions which
is defined as :

For -1 < B<0and A €C, A# B Sharma considered the subclass of all functions in the class A satisfying

z2f'(z) - 1+ Az
pf(z) 1+ Bz

He showed that for functions f in this subclass,

| w

mazess(a,p)A(r, 7) = Ea,p(r,p),

f

where -
EA,B(Tap) = 7T|14 - B|2p27'2 2F1(p01 + lapa+ 17 27 Bzrz)'

Motivated by the work of N.L. Sharma, in this research paper, we consider a more general subclass of multivalent
Janowski type starlike functions defined in the open unit disk and for functions in this subclass, we solve the maximal
area integral problem and find an estimate of the length of image of an arc inside the unit disk.

We first define our subclass:

Definition 1.6. For -1 < B <0, A€ C and 0 < X <1, a function A, is said to be in the subclass S;(A, B,\) if

2f'(z) 1+ Az
(1=XNpf(z)+Azf'(z) 1+ Bz
(553a)
ZP (1 + Bl__’\)\Az> ifB#0
If k‘A,B)\(Z’) = %

then ka p x plays the role of extremal function for the subclass Sy (A, B, \).
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Remark 1.7. When A = 0, the subclass S5 (A, B, A) reduces to the class S (A, B) considered by Sharma [I8§].

Remark 1.8. If A, and % #01in A, then

D (oo}
27 =1+ buip-12", z€A. (1.3)
n=1

Note that the non-vanishing condition above is ensured whenever f € S.

2 Results on Maximal Area Integrals for f € S;(A, B, )
Lemma 2.1. Let f € S;(A4,B,)) for A€ C, -1 < B <0, A# B, p€Nand f be of the form (3). Then

[(1 =)k = (B = AA)k + (A = B)p[*]|brsp-1]* < [A — BI*p*.

M8

=~
Il

1

Proof . If f € S;(A, B, ), then
zf'(z) p(1+ Az)

=< . 2.1
) " 1+ B >y
Let g(z) = ?, Then (4) becomes
29'(z) _ _ (B=A)zw(z)
pg(z)  1—A+ (B —AA)zw(2)
where w : A — A with w(0) = 1. Using the series representation (3) for f we obtain
n 0 n—1
Z(l — Nkbgp12571 + Z Chap12" = <(A — B)p+ Z((B — M)k +(A- B)p)bk+p_1zk>w(z).
k=1 k=n+1 k=1
Since |w(z)| < 1, for |z| = 7, by Clunie’s method [5]+ we find
n n—1
> (= N2 E2 brppon r?F 72 < |A = BIPp* + ) [(B — M)k + (A — B)p|?|bpsp—1|*r?
k=1 k=1
which is equivalent to
n n—1
D (U= N)?R2 by [’r?72 = 3 T |(B = Ak + (A = B)pPlbrp1 [*r®* < |A— BI*p”. (2:2)
k=1 k=1

Taking » = 1 and allowing n — oo, we obtain

SOOI = AH? — (B = AV + (A — B)pPllbpspa[? < A — B2,
k=1
O
Lemma 2.2. Let f € S;(A4,B,A) with A€ C,-1<B<0, A# % and 0 < A < 1. Suppose that for |z] <r, 0 <7 <
1,
2P > &
7 =1+ Zbk.ﬂ,_p_lz
k=1
and (A
B —)\A \ 'Bak >
<1+ Y z) :1+de+p_1zk,0<r§1.
k=1
Then,

N N
D K1 [P <Ykl dgyp o Pr7. (2.3)
k=1 k=1
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Proof . By Lemma 1.1, we have
n
> (1= XK brppo1 1+ (1= X0 by pa [P
k=1
n—1
= (B = AA)k + (A = B)p|?[bryp1|*r** T2 < |A - BI?p?
k=1

which can again be rewritten as

n—1
Z[k2 _ |k‘ +p0¢|2,627"2]|bk+p_1|27'2k + n2\bn+p_1\2r2" < a2p2ﬁ27’2 (24)
k=1
7( ;:AEA )p
where a = % and 8 = Bl%AAA. It is clear that equality in above is attained for the function (1 + BI_A\A z)
as n — 00 With byip_1 = Cryp—1-
The rest of the proof is divided into the following steps:
Step-1: Crammer’s Rule.
For each n =1,2,--- , N, the n — th coeflicient of (7) is multiplied by a factor A, ;y which are chosen in such a way
that the addition of the left sides of the modified inequalities results the left side of (7) giving raise to
N
Zk|bk+p,1|2r2k < B2p*r?|al* AN
k=1
From (6) and above inequality, we have
N
B2p*r?|al* AN < Zk\dk+p,1|2r2k7 n=1,2--- N
k=1
k
and hence dj 4,1 = B(}%)’“. In the computation of the factors A, ny we obtain the following system of linear equations
N
k=kXMon+ Y Aan(k?—[k+pal*8r?),k=1,2,--- N. (2.5)
n=k+1

The matrix of this system is an upper triangular matrix with positive integers as diagonal elements, the solution
of this system is uniquely determined. Using Crammer’s rule, the solution of the system (8) is given by

|

_ 2
Dy = DY

(N1)?
where A, n is the (N —n+ 1) x (N —n + 1) matrix
n n? —|n+pal?B?r? . . . n? — |n + pal?B2r?
n+1 (n+1)? oo (n+ 12— |n+ 1+ paltpie?
Apn = . . S .
N 0 L N?

We obtain the determinant of the above matrix by expanding using the Laplace’s rule with respect to the last row
wherein the first coeflicient is N, the remaining NV — n — 1 entries are zeros and the last entry is 0. Expanding the
determinant of the above matrix and usage of Mathematical Induction yields the following :

2 N-1
627‘2) H

~y=k+1

2
1 po pe 2 2
—denvot— (1122 1422 .
Ak, N = Ak, N—1 N( ‘—i—k + Br
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2

Call B, =1-— ’1 + B2| B%r%. Then, we obtain

1 N-1
Ak, N = Ap,N—1 — NEk,p H (’1
~y=k+1

2
+ ZB 627'2> . (26)

Observe that Ej , in (9) may be positive as well as negative for all k¥ € N.

Case (i): Suppose Uy, is negative. From (9), we see that for fixed k € N, k < N — 1, the sequence {\z n} is
strictly non-decreasing, i.e. A,y — Ag,n—1 > 0 so that

1
)\ka>/\k7N—1>"'>)\k,k:E>O

and thus Ay xy > 0 when N — oo as required.
Case (ii): Suppose Uy, is positive.

For fixed k € N, N > k, the sequence {\; n} is strictly non-increasing, i.e. Ay v — Mg, n—1 < 0 with

Ak = limN—)oo)\k,N =—-—FE, Z H (’1 + — pa

n= k+1 y=k+1

i ) (2.7

For all N € N, 1 <k < N, to show that Ay 5 > 0, it is enough to prove A; > 0 for k£ € N. This will be proved in
the following step:
Step-11I: Positivity of Multipliers.

Let,
%) 1 n—1 o 2
| (‘Hp W), kel
n=k+1 n y=k+1
We show that )
L, < .
"= kEg,

From (10) we have

1 2
AkkLkJr(‘ler [321"2)Lk, keN

1
Mk:k+<’1+p

Set

It is enough to show that
1

M, < . 2.8
e (28)
To show this, we use the inequality
1 1

> 2.9
nEn,,  (m+1)Epii1p (29)

and the identity

2
1 po 2.2
1 _1+(’+”ﬁr) (2.10)
nky n nky '

which are valid for each n € N. Repeated applications of (12) and (13) for n = k,k+1,--- | R results in the inequality

1+22
_|_IE 262r2> + H’y i (‘
RER,

52 2)
=Ly r+ Ur, for k<R.
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Since Uy g > 0, taking the limit as R — oo, we have

and we complete the proof of the inequality (11).
Step-111:

We now prove that

N
Pl An N < kldpgpo Pr?
k=1

for N=2, n=1 and using the inequality (9), we obtain,
Fir2lal e = #3rlal (Ma - 1/201 - [1+ pal 6%

pEp*r2lal? | B rtaf?|l 4+ pal® |
— , since A1 =1

2 2
ﬂ 2,],.4 a 2 1 +p0[ 2
§ﬂ2p2r2|a|2—|— | ‘2| |
2
=y Ml k| k\z B2k,
k=1

Since djtp—1 = il (pa)’“ then the inequality

N
Pl Ann <D kldigpoa|Pr?
k=1

(2.11)

holds for N=2, n=1. Now we can complete the proof by induction method. Assume that the inequality (12) is true

for N=, (i.e)
(2.12)

v
B2l Ay <D Kldipa*r*
k=1

Then for N =~ + 1 using (9) we deduce that
pa
h

)

1+

Do 2 Yy
+ It ﬁQTZ) H

h=n+1

1
2. 2.2 2 2. 2.2 2
B |al* A y1 = Bl </\nw_,y+1(1_’1

2l 2l 2
1 a o
< § : ‘dk+p 1| T <1‘1+p r ) I | +p ‘ 52T2)52p2r2|a2
k=1 ’Y+ 1 h=n+1 h
Y 1o pa 2
= Kldiyp [ - | | (‘1 +7 ‘ 52r2>52p2r2|a|2+
k=1
I 2,2 52,2 2ol
~ L1 «a

Wk:\(pa)k|2 - 04222 2.2 2| 12
<2 "y U(‘ 7| ) gt

k
%. The last inequality implies that,

.

kl(pa)i|? 1 p
2520212 <§: 2k Il 14+ 2=
Frriel TS (k)2 B+ T

since dy4p—1 =

2
IB2T2> 62p27,2|a|2

h=1
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or equivalently,

22202 Kl o DB L pal o
o < 3G O T (o B i
)2 2,.2y7+1 7
> M on o T T 0 ool
k=1 v+l1 h=1
v o) |2 2,.2)7+1
- Z k|((ll)€|))2k| (Br)** + Ok t)l()f-rl ) |(P06)’y+1‘2
k=1 v
v+1 2
- o

Hence we have the obtained the desired inequality. O

Theorem 2.3. Let f € S;(A,B,\) for A€ Cwith -1< B <0, A# %,
peNand 0 < A< 1and % be a non-vanishing analytic function in A. Then, for 0 < r <1,
P

o (7 7) = Banateo

where B p_xa Alrp)

A-B2 ,, A-B A-B B—-2A\?,
=g L R (—= 1 = 1;2; ( =—55 :
71—(17)\)22)74 241 B_ A p+7 B_ A p+ ) 4y 1\ T

The maximum is attained for the function

B— ) (£=2)p
kapa(z) = (1 + T z) .

Proof . Suppose f € S;(A, B,A) with -1 < B <0 and A # % with 0 < A < 1. Set g(z) := 2P/ f(2). By the definition
of S5 (A, B, \), we obtain
zf'(2) L1+ Az 2K pa(2)

pf(2) 14+ (E2%)2  pkapa(2)

By Hallenbeck and Ruscheweyh’s result [8] and subordinate principle, we find that

P B — )\ ~(5=5p ZP
zZ)= < (14 ——2 =
99 = 703 ( =) ) V)
A 1+§:b Foand — 2 1+§:d Bl <
= k _1Z n - k —12, |Z r
f(z) R 4,8.1(2) ot

then from Lemma 1.2 for each N € N it follows
N N
D kb1 < kldyp [P0 <r <1,
k=1 k=1

which implies that

oo oo
T Kby [ <Y k|dppo [Pr?
k=1 k=1

2P 2P
Alr,— )| <Alr,——
( / ) ( kA,B,A>

ie.,
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Note that
(=1)*B%(pa)y,

dk+p71 = k!

B-)A . . »
- Applying the area’s formula for ﬁ, we have

_ _A-B _
where o = £= and 3 =

ka,Bx P
A—B A-B

ik((B-Wp>k<(B—M)p) (B2

2 k(1) 1— X

R e (= N =0 )
"B—AA p<1A>rkZ_0 @)L
[A-BpP ,, A-B A-B L (B—2AN?,
7(1—A)2pr 2F1 B_)\A p+1a B*)\Z p+172) 1—A r

from which the required result follows. [
Remark 2.4. When )\ = 0, the above lemmas and theorems reduces to those obtained by Sharma et.al. [18§].

Lemma 2.5. Let f € S;(4,0,)), 0 <|A| < 1. For |z| <r, Suppose that

2P =
=14 bpyp17”
f(z) ,; *”

and

Az \ 2 > &
(1—1_)\> :1+’;ck+p,1z ,r e (0,1].

Then for all N € N

N N
> klbrgpo1 P <> klerspoa [P (2.13)
k=1 k=1
Proof . It is enough to prove the result for 0 < A < 1. From Lemma 1.1 for B=0, we get
n—1 2
> [(1 —A)%k? — (A(p — )Jc)) rﬂ bk tp1 27272 4 02 |by gy 2272 < AP (2.14)
k=1

Multiplying (17) throughout by 72 and dividing by (1 — )2, we get

n—1 _ Ak‘ 2 n 2 A 2
Z {k2 — (pl — ) AQTQ] |bk+p—1|27‘2k + (1 — )\> |brp—1[Pr?" < <1_)\) p’r? (2.15)
k=1

D
A

Equality in (18) is attained with bgyp,_1 = cxyp—1 for the function (1 — A= AAz) . The remaining part of the
proof is split into three parts:

Step 1: Crammer’s Rule
For each n = 1,2,--- , N, the n — th coeflicient is multiplied by a factor A, x which are chosen in such a way that
the addition of the left sides of the modified inequalities results the left side of (16) and hence from the modified
inequalities we get

N Nk 2
> klbgypo1[Pr?F < A <”1_A) 2\ N (2.16)
k=1
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First we shall evaluate the suitable multipliers A,, 5 by Cramer’s rule. Secondly, in step-II, we will prove that these
multipliers are all positive. Finally from (16) and (19), we will prove the inequality

N

VA
A2(p1 — > PAan <Y Klergpoi 2 (2.17)
k=1

in step III. Here cyqp—1 = — 57—
For the calculation of the factorb An, N, We get the following system of linear equations,

N 2

Y

k= kAN + E )\n’N<k2—A2(p1 A) r2)7k::1,2,...N (2.18)
n=k+1

Since the matrix of this system is an upper triangular matrix with positive integers as diagonal elements, the
solution of this system is uniquely determined. Cramer’s rule allows us to write the solution of the system (21) in the

form ,
n—1)!
AnJV:: (( ]V!) ) l)etAnJv’
where A, n is the (N —n+ 1) x (N —n + 1) matrix constructed as follows
2 2
n n2 _ (PI—AAk) A27“2 o n2 o (pl—A)\k) AQTQ
2
n+1 (n+1)2 B (RSN DL (ﬁ‘_ﬁ’“) A2p?
fLuN =
N 0 R N?

Determinants of these matrices can be obtained by expanding, according to Laplace’s rule with respect to the last
row, wherein the first coefficient is N, and the last entry is N2. The rest of the entries are zeros. This expansion and
a mathematical induction lead to the following formula: if k < N —1

1 P 2 A2 Nt (p%_)\)\k)QAQTQ
=AN_1——|1—[=— —_ — .
Ml = kN1 N< (k A) (1—A>2> 11 7
y=k+1

We see that the sequence Ay n is strictly decreasing in N when £ € N is fixed and k < N, i.e., Ay, v < Ag,n—1 With
2 o 242,.2
, 1 P A2 2 ) A?r
_k+1 y=k+1
To prove that Ay vy > 0 for all N € N, 1 < k < N it is adequate to show that A\; > 0 for £ € N. This will be

completed in step II. But before that we want the remark that the proof of the said inequality is sufficient for the
proof of the theorem, since, as we remarked for (18), equality holds for byyp—1 = Crtp—1-

Step-II: Positivity of Multipliers. In this step, we show that
)2 A2p2
> LI 2
A2p2
()

n= k+1 ~y=k+1

LS ()Y

"k k (1- )2
n=k+1
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which is indeed easy to prove i.e from (22) Ax > 0.

Step-I1I Since the sequence A, y is strictly decreasing in N for each fixed n, n < N, i.e., Ay v < Ap n, so that

_ 2 _ 2 P=AkN2 42,2
<(p1 _AAk> A2T2)A”’N = <<p1 —AAk) AQTQ) o <( s )

n

Thus the inequality (20) holds. O

Theorem 2.6. Let f € S;(A,0,A) for 0 < A< 1and p €N, be of the form

z

ﬁi)' Then for 0 < r < 1, we have

Zp
AlrnZ)=E
fess(ADN) (T’ f ) A0(r:P)

where

Eaox(r,p) = w<1_AA)2 (p — Ak — 1)>27‘8F1 (2, (%)2 <p — Mk — 1)>2r2>.

The maximum is attained by the rotations of the function

Mz \
— P —
kaoa(z) =z (1 T )\> .

>

Proof . Let f € S;(A
0,

definition of S (A4,

,0,A) for 0 < A <1 and p € N. It is enough to prove the theorem for 0 < A < 1. By the
’ )7 we get

zf'(2) 1+Az zkly 0.2(2)

pf(z) 1=222 7 Fu0a(z)

Let g(z) = fz(Z)' Then using Theorem 1.1 (see [8]) we get

Az \ X ZP
g9(z) < (1 1 A) TN (2.20)

By rewriting (23) in power series form, we have

> Az \ X >
1 +;bk+p—1zk < (1 1 )\) =1 —s—;ckﬂ)_lzk

k
. 1)\) . Now, by lemma (1.3) for r € (0, 1], we have

()
where cpqp_1 = (—1)kk( AA

N N
Zk\bkﬂa—ﬂ% < Zk‘ckﬁnfl‘%»N eN
k=1 k=1

If we assume N — oo, then it follows that,

N N
Wzk|bk+p—1|2k < 7TZ:k|6k+p71|2k;]\7 eN
k=1 k=1

2P 2P
Alr,— ) =Ar,—— ).
( f > < k‘A,o,A>

ie.,
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We claim that
N

m Z Elckip-11"* = Eaoa(r,p).
k=1

To prove the claim, we have

zP N
7T1A< > = klekspal*
k=1

T7
ka0

_ ’i . <§ — (k- 1)>(’i)(; — (k- 1))k <1)\_A/\>2k7“2k

2 2 0 (K- (k=1) §-GF-1 2
() g L ) e
<1_A)\>2(p)\(k1))27"2§ <§_(k_1)>+(12)>:((1)§_(k_1)>+1>k<1>\_A)\>2k B
= (1_AA>2(p = Ak = 1)*rgFy <2, (1_AA>2(p — Ak — 1))%«2)

A(r, k;;) = 7r<1_A>\)2(p Mk —1)*r2 R (2, (1_‘4A>2(p — Ak — 1))2r2> = Ea0x(r,p)
O

Corollary 2.7. Let f € S;(1,—1,\) with 0 <A <1 and p € N. Then for 0 <r <1,

Ar 5 [ —2p —2p 1+A\?,
= Al—2 41, 2L p0 (22
)= Tt 1<1+)\+’1+)\+” 1-x) "

z

max  A(r, =

FeSE(1,~1,0) f

and the maximum is attained by the rotation of the function

—2p

14+ X T
= P —
ki _1a(z) =2 (1 T /\z) .

Corollary 2.8. Let f € S;((lf%), —1L,A)with0 <A< landp € N. Thenfor0<r <1, MaX e gy ((1-28),-1,3) A(r, ?)

Ap=28) \ 2
A 2, 2 2(8 —p) 2(8—p) . o. 1+ ) 2
RS R TZF1<1+A(p25> T e PEE () T
p

p
and the maximum is attained by the rotation of the function

14+ Me=20) ) > 71j§€;53m

K2 aa(2) =2 (1 - ( 1— 2\

Corollary 2.9. Let f € S5(1,0,\) with 0 <A <1 and p € N. Then for 0 <r <1,

z T2 P P A 2
Alr,=) = 2.2 (2 41 2 1 1.9. 2
pedmax A =Ty P 1( PR W ’<1—)\> r

and the maximum is attained by the rotation of the function

k P A B
Loa(z) =2 (1— 1_)\2) .
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3 Length Problem for the class S’;(A, B, )

Theorem 3.1. Let f € S;(A,B,\) for A€ C, -1 < B <0, A# B, p € Nand f be of the form (3). Then for
0 <r <1, we have

A-B A-B B-\\’
= 2p < M M 1
Ll(rvf7p) r Il(rvf7p)— 2F1<B_)\AP,B—>\AP’1’(1_)\) >71fB#O

Li(r, f,p) = r2I,(r, f,p) <o F1<(§—(n—1)>,(§ (n—1)> 1; <1A_AA)2>, if B=0

A—B
B—XA

where oo =

Proof . Let f € S} (A, B,)). By applying the theorem of Hallenbeck and Ruscheweyh theorem [§] we get,
f(2) 1

2P BoA _([?:)\BA)I)
<1+ T z)

so that (A
2P B—)\A \ 'B>ak
1 = 3.1
where A-B
P B—XA \ (A
= =1+ z
§ABAz) = NG ( T )
if B # 0 and
AAz
Eapa(z) = <1 > Zdn+,, 12" (3.2)

if B=0, with a = %. Supposing B # 0, then

and if B = 0, then

dn+p—1 =
From (24), % and €4, p » are two analytic functions and have the series representation (3) and (25) with (b,—1 =
1 =dp,_1), respectively. Then by Theorem 1.2 (Rogosinski’s Theorem [15]), we get

k

k
Z |bn+p71|2r2n < Z |dn+p71|27'2n
n=0

n=0

for 0 <7 <1 and k € N. Thus, from (24) and (25) we obtain

_\ 2n
Sheo Pl (B23) o, it B £ 0

k
b'n, _ 2r2n<
e T (R N (S P
> - 2 <AA> r?, if B = 0.

n=0 (n!)2 1-X

If we take r — 1 and allow & — oo, then we find the inequality

B—-)\A .
1+Zlbn+p i? <Z <1A> B #0
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and
. ~ (3-0-0) (3-w-v) 4
2 n n
1+nz::1|bn+p—1| Snz::o (TL')2 (1_)\> .
_  [/B-)A\?
—2F1<p047p04717< 17)\ > )7 B 7&0
and

Now, we evaluate the integral means for the function % and get

) 1 27 T2p 1 27
Li(r, f,p) = r*PIi(r, f,p) = %/0 Wd@z E/o

=1+ Z ‘bnﬂkl‘grzn <1+ Z |bn+p71|2

n=1 n=1

zP

f(2)

do

Infantina, Sunil

which establishes the desired inequality. The result is sharp and it can be easily verified by considering the function

2
ka B a(2)

Corollary 3.2. Let f € S;(1,—1,)), p€ Nand 0 < A < 1 then we have

F<1+1‘fg>
Ll(rvap) <

r2(1+12+’;>

The inequality is sharp.

Corollary 3.3. Let f € Sy((1— %),—1,)\)7 peN,0<A<1land0< < pthen we have

4 p—
r<1—1+<f§11’25)>
< P .

Ll(r? fap) —= 2(57 )

The inequality is sharp.

Corollary 3.4. Let f € S;(1,0,)), p€ Nand 0 < A < 1 then we have

T 2
<

Ll(T7f7p) =77 N
F2(1+§>

The inequality is sharp.

Remark 3.5. When A\ = 0, each of the corollaries above reduces to the corresponding corollaires obtained by Sharma

[18] in 2017.
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