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Abstract

In this paper, the problem of stability for the subclass S£ of analytic univalent functions in Ts-neighborhoods is
studied. Also, the lower and upper bounds of the radius of stability are obtained.
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1 Introduction

Assume that A is the class of all holomorphic functions f in the open unit disc U with the normalization f(0) =
0, f'(0) = 1. We say that f is subordinate to F in U, written as f < F if and only if f(z) = F(w(2)) for some
holomorphic function w such that w(0) = 0 and |w(z)| < 1, for all z € U. The class SL of shell-like functions is the
set of functions f € A satisfying the condition

2f'(2) -
72) < p(z) (1.1)
where ) s Y
1 _

was investigated by J. Dziok, R.K. Raina and J. Sokdét in [8]. The function (1.2) has some nice properties. The name
attributed to the class SL is motivated by the shape of the curve

W = {ﬁ(e”),t € [0,2m) \ {n}},

which is a shell-like curve and a simple transformation converts it into a curve called the conchoid of de Sluze (René
Francois Baron de Sluze 1622-1685). Moreover, the coefficients of (1.2)) are connected with the Fibonacci numbers as
explained in Lemma [1.2| and in the next section. A geometric description of the conchoid of de Sluze is given here as
follows:

A ray OB is drawn from the point O (0,0) and it cuts the directrix = a, where a > 0 at the point B(a,b). From
the point B(a,b), segments BM and BN are laid off in either direction along the ray such that |OB||BM| = k? and
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Figure 1:

|OB||BN| = k%, where k > 0 is given. As B changes, the ray revolves and the point M describes a curve (called the
conchoid of de Sluze) given by
a(r —a)(z® +y?) + k*2? =0, (1.3)

while the point N describes a curve (called the conjugate of the conchoid of de Sluze) given by
a(r —a)(z® —y?) — k*2? = 0. (1.4)

Definition 1.1. The function f € A belongs to the class SL if it is satisfies the condition following

< p(2) (2 € V), (1.5)

where the function p is defined in (|1.2)).

The radius of univalence and several other properties of the function p were found in [I0]. Let us recall some of
them.

Lemma 1.2. [3] Let the function p be given by (L.2)), then it satisfies the following:

1. p is univalent in the disc |z| < 3’—2‘/5 ~ 0.38, any increase in the greater side makes the assertion false,

2. p(2) =14+ 307 (U1 + Unt1)T"2" = 1+ 72+ 37222 + 47323 + 7742 + 11752° + ..., where u,, is the sequence
of Fibonacci numbers uy = 0,u; = 1,
Upta = Up + Unt1(n=0,1,2,3,...),

3. limy, .- Sm [p(e’)] = —o0 and lim,_, .+ Sm [p(e’?)] = oo,

4. Rep(e'¥) = %’)T\/Eow) > Y2 =aforall p€0,27).

2 Preliminary lemmas

We note that if f(z) € SL then Z;ég) lies in the region G, see Fig {1l For some in-depth understanding of the class
SL it would be worthwhile here to find the shape of the curve W = {p(e'),t € [0,27) \ {w}}. We begin our study
by noting that p(0) = p(—5=) = 1 and p(?) = Y5, Moreover because p(eEarecos(1/4)) — % = 2a, so the curve W
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intersect itself on the real axis in the point 2a. If we denote Rep(e'¥) = x and Im(e’?) =y, ¢ € [0,2m) \ {7}, then
after simple calculations, we get

1—27 sinp(4cosp — 1)

“o 2(3—2cos )’ v= 2(3 —2cos)(1 +cosp)’ ¢ € [0,2m) \ {r}. (2.1)

Note that the boundery of p(z) is W = x + iy where x and y are in (2.1]). It is useful here to use (2.1) to find the
corresponding Cartesian equation of the curve W. This curve is described by the equation

(10z — V5)y? = (V5 — 2z) (Vb — 1)2. (2.2)
It is worthy to point out that for k = 2a, the conchoid of de Sluze (1.3]) becomes the trisectrix of Maclaurin (Colin
Maclaurin 1698 — 1746):
2% — 3az* + (z — a)y* = 0. (2.3)
while the conjugate of the conchoid (1.4]) becomes the conjugate of the trisectrix of Maclaurin given by

23 — 5a2® 4 (x — a)y® = 0. (2.4)
If we rewrite (2.2)) in the following form

V5
5

35

ST

(\/5x)2+[(\/g \/5] f=0.

A .
5 5 10
then the image of the unit circle under the function p is translated into a trisectrix of Maclaurin (2.3) (with a =

1;37 = %) Therefore the curve W has a shell-like shape, see Fig

Let the Hadamard product (or convolution) of two functions f(z) = z+ Y-, a,2" and g(2) = 2z + Y pey bp2z™ |
be given by (f * g)(z) =z+ Y., anb,z" and the integral convolution be given by

oo

anbn
(oo =2+ 2
n=2
Also note that if I denotes I(z) = z then f*xI =T and f® I =1.

The convolution has the algebraic properties of ordinary multiplication. In convolution theory, the concept of
duality is important. Many authors have used the powerful method of duality for study properties of analytic function
(for example, see [7, [I1l 20]. The concept of duality in geometric function theory was stated by Ruscheweyh in the
book[I9]. Denote the dual set of v C A by v* then according to definition in [I8] we have

V*Z{QEAZ%#O,JCEV,ZEU}.

Let D C A be given such that D* = SL. Then it is easy to see that
(f *9)(2)

z

fesc iff £0, (g€ D,zeU)}

If f(z) =24 .. ,a,2", then Tj - neighborhood of the function f is defined as
TNs(f) ={g(z) =2+ bnz" € A: > Tplay —by| < 8},
n=2 n=2

where § > 0 and T = {T,,}22, is a sequence of positive numbers.
In[20] 6] authors investigated Ts - neighborhood for various subclasses of analytic functions.

We also define TNs(A) = Uspca TNs(f), (A C A). St. Ruscheweyh in [I7] considered T" = {T,,}72, and showed
that if f € IC, then TNy /4(f) C S*.

Assume that A, B are subclasses of the class A. Then the set of all functions f * g and f ® g, where f € A and
g € B, will be denoted by A* B and A® B, respectively. Let Ax B C C', the Hadamard product is called T-C-stable
on the pair of classes (A, B) if there exists § > 0 such that T'Ns(A)*T Ns(B) C C. Stability of the integral convolution
is defined in a similar way. The constant é7 which characterizes the stability of Hadamard or integral convolution is
called the radius of stability and it is defined as follows.
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Definition 2.1. Let A, B, C be the subclasses of the class A and Ax B C C. Then the constant d7(Ax* B, C), defined
by
dr(A = B,C) = sup{d : TNs(A) *+ TN;(B) C C},

is called the radius of stability of the convolution on the pair (A, B). The constant ér(A ® B, C), defined by
dr(A® B,C) = sup{d : TNs(A) @ TNs(B) C C},

is called the radius of stability of the integral convolution on the pair (A, B).
Bednarz in [3] studied T-C-stability for certain classes of analytic functions. Also, Bednarz, Kanas, Sok6t, Aghalary
and Shams et al. [Il 4[5 20] recently investigated the problem of stability for various subclasses of analytic functions.

In this paper we investigate the problem of stability for the class S£ in T - neighborhoods and we find the lower and
upper bounds for radius of stability.

3 Preliminaries

For obtaining our results we need the following definitions and lemmas to prove our main results.

Lemma 3.1. Let H,(z) be given by

z Wz

Hy(z) = (1—2)2_1—2

[(L=W)

where W = z 4+ iy and z , y are introduced in (2.1), then a function f € A is in SL if and only if for all z in U,
(f = Hy)(2)

# 0.
z
H,
Proof . Let us assume that for f € A, M #0, (2 € U), then we have
(f*Hy)(z) 1 z Wz
=[f'(2) =Wf(2)] /(1 - W)
#0
" 7(2)
zf'(z
w
) 7
. . . z2f'(2) .. . o
since boundry of region G can be taken as W of the form , this means that ) lies completely either inside
! /
G or complement of G for all z € U. At z =0, Z;((j) =1 € G so that Z;((j) € G for all z € U, which shows that
z z

f € SL. The converse part follows easily since all the steps can be retraced back. This completes the proof of Lemma

B10O

Using the definition of dual set and Lemma [3.1] we can easily obtain the following result.

1
Corollary 3.2. Let D = {h € A:h(z)= sy — &} } where W of the form (2.1]) then D* = SL.

1w {(172)2 1—-

Lemma 3.3. If h(z) =2+ > .7 ,¢,2" € D. Then

T

+

20n +47+3 5, T
4 2

1—27—2(3—2cosp)] (1+cosp)’

‘Cn| S [ COSSD¢713
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Proof . From the power series expansion of the function h(z) € D in Corollary [3.2| also from (2.1]) we obtain

n—W
1-W

Cp =

and therefore

2
‘C ‘2 — |n — W|
T wp
2
1—27 sin (4 cos p—1)
. (n - 2(372cos<p)) + (2(372coscp)(1+cos<p))
- 2 2
1-27 sin ¢(4 cos p—1)
(1 - 2(372cos<p)> + (2(372cos<p)(1+cos<p)>
2 2
1-27 sin p(4 cos p—1)
(n B 2(3—2cosga)> + (2(3—2f0s¢)(;p+cosga)>
= 1-271 2
(1 - 2(3—2cos<p))
_ (14cosp)?[2n(3 — 2cos ) + 27 — 1% + sin? (4 cos @ + 1)2
[2(3 — 2cos @) + 27 — 1]° (1 + cos )2
4(10n —1+27)2 +25
T [2(3 = 2cos @) 4 27 — 1% (1 + cos )2
< (20n + 41 + 3)2
T [2(3 = 2cos @) 4 27 — 1 (1 + cos p)?
and so
o] < 20n + 47 + 3 cosp 1517
"1 —27—2(3 —2cosp)] (1 +cosp)’ 4 42
O

Corollary 3.4. g(z) = z+ Az"™ € SL if and only if

[1—27 —2(3 —cosy)] (1+ cosy)
20n +47+3

|A| <

Proof . First we prove the sufficient condition. Since for every h € D we have

@) g ae
> 1—|e,Az|
> 11—z
> 0

so Corollary gives g € D* = SL. For necessity suppose that g € SL, and

o0

20n +47+3

h(z) = "eD.
) Z+nz=:2 [1—27—2(3—-2cos¢p)](1 —I—COS@)Z
Then
M:l—i—A 20n+47+3 n1
[1—27—2(3—2cosy)](1+ cosep)
—or_2(3— h
Then for [A] > =27 Q(Q%nfjfl];lﬂos 2) there exist a point £ € U such that (9*5)(5)

inequality [3.2] must hold. OJ

= 0, this shows that the
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Corollary 3.5. Let f(z) =24+ .-, a,2" € A If

i 20n + 47+ 3 an < 1
= [1 =27 —2(3 = 2cosp)] (1 +cosp) e

then f € SL.

Proof . Let h(z) = 2+ >~ , cy2™ € D, since for all n > 2,

20n +47+3
1—27—2(3—2cosy)] (1+cosy)’

|cﬂ| S [

then we have

|(f*g)<z)| _ |1+iancnzn_1‘
n=2

o
> 1= laglleall2]
n=2

> 1= |an]lcn]
n=2
> 0. (3.4)

h
Then MG and from Corollary a we have f € D* = SL. [
z

Lemma 3.6. if for f € A and every ¢ € C such that || < d, Fe(z) = %_:_GZ € SL, then for every h € D,
€
U205 5,z ew.
(Fexh)(z)

Proof . Let F. € SL, then by Corollary for every h € D we have # 0 z € U. Equivalently,

U@ e ginmor LG L Chich shows that |53 5 5 0
(1+e€)z z z
Lemma 3.7. [19] Let f(z) and g(z) be in the class K and S* respectively. Then for every function F(z) analytic in
U, we have
f(2) x F(2)9(2) _ =
——————=cCo(FU)), z€U,
FGeglz) < W)

where Co denote the closed convex hull.
Lemma 3.8. If f € SL and g € K. Then f*xg e SL.

Proof . It is sufficient to prove that

‘We have

g% )'(2) _ g(z) x2f'(2)
(g« HE) 9@+ f2)
g(2)« ()

9@ flz)

(3.5)
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where F(z) = 22 Since

f(2) ,
Rezf (2) >0,
f(z)
so using Lemma3.7] we obtain
2% f)(z) _ 5

Then fxge SL. O

Definition 3.9. A function f € A is said to be in the class N if for all z € U,

2f'(2) € SL.
. 1
Lemma 3.10. If f € NV, then for e with |¢| < T
R = 1B cop
1+4+e€
Proof .Let f(z) =2+ ..~ ,anz". Then
f(z) +ez
F(z)=12T%
(2) = =7
2l 4+ D0 an”
- I+e
_fE) [0+ + D one2 2"
1+4€
_ 1i 22
= () — = f(2) xh(2) (3.6)
__¢ 2
where h(z) = %.Diﬂerentiating logarithmically we obtain,
—z
h(z) 2o 2
h(z) _z—lj_ezQ 1—2
— 1
=P
1l—pz 1-2z
B 1 1 1
where p = 1;_'_6 Hence Rezh(ij) > 0if [p] < 3 then |e| < 1 Therefore h is starlike in U if |e] < Zand S0
* h(t) o B 2"
—4dt = =h 1
[ = = o)
. 1
is convex for |e| < 1 Also we have,
Fo(2) = (fx h)(2) = 2f'(2) * (h(2) * log 7— Z) € SL.
O
h 1
Lemma 3.11. If f € N and h € D, then |M| > 1
z
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)+ e

Proof .Let f(z) = 2+ .. ,a,2" € N and h € D, then from Lemma(3.10|for |e| < i we have F,(z) = T+e € SL.
Thus 1 1
SIhe) « R £0, 1 < ¢
Now from the properties of Hadamard product we obtain
e L2 o e )+ o)
= L[ # f)] e #0. (37)

Hence for |¢| < (/ h)(2)| > i O

T é[h(z) * f(2)] # —e, and so |f

Theorem 3.12. [9] If f € SC and f(z) =2+ > .—,a,2" then
Jan| < 7" un,

P B
where u, = T\)/g T or=1 2*/5.

4 Main Results

Throughout this section T' = {T},}52, will always be the sequence given by

20n +47+3
[1—27—2(3—2cosp)](1+cosp

Tn = Un
)

where cosp # —1, % + %, unless otherwise mentioned.

Theorem 4.1. For

V<5< V(397 + 472 — 43)2 — (43 + 47)(1 + 27) — (397 + 472 — 43)
- 1427 '

we have
TNs(SL)RTNs(K) C SL.

Proof .. Let fo(z) = z4+ > o yaonz™ € SL and go(z) = 2z + >,,o,bonz™ € K. Also suppose that f(z) = z +
Yoo sanz™ € TNs(fo) and g(z) =2+ > oo 5 bpz"™ € T'Ns(go). We want to show that

CETELIC I
By the identity

f@gxh=fo®@g*h+fo®(g—g0)xh+(f—fo)®go*xh+(f—fo)@(g—go)*h,
we obtain

|(f®g*h)(z)| > |(f0®90*h)(z)| _ |(f0®(g_90)*h)(z)|

From Lemma [3.8]it follows that fy * g9 € SL, also we have

2(fo®g0)'(2) = 2+ Z apnbonz" = (fo * go)(z) € SL,

n=2
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thus fo ® go € N. Now from Lemma [3.11] for all h € D we obtain

‘ (fo ® go* h)(2) > (4.2)

»M»—*

z

Also making use of Theorem and Lemma for fo(z) =2+ > 0. yanz" and h(z) = z+> .-, ¢, 2" we obtain
laon| < 171" tn, en] < [1_2T_2(§(l7§tﬁ;:i(l+cos - Now from the definition of T'Ns(fo) and T'Ns(go) we have

|aon [bn bOann\ s Z 20n +47 +3
Z — un|bn - bOnl
[1—27r—2

o (3—=2cosp)] (1 + cosyp)

T
n=2

o]7]
=Ty
(4.3)
Similarly, we get
i|bon||an—a0n||cn| < li 20n + 47 +3 (an — don|
o n T 244 [1-27 =203 —2cosp)] (1 +cosp) mo o
1 & 20n + 47 + 3
< = _
- 2;[1—27—2(3—2(:0590)](1+cosg0)un|an aon]
< li Tylan — agn
= 2 n On
n=2
5
< 3
(4.4)
Finally we have
2 an — aon||bn — bonllca] _ 61 =27 —2(3 —2cos )] (1 + cos ) =
> = 2(40 + 47 + 3) ;‘C” on|
S[1—27 —2(3 —2cos )] (1 + cos ) ~—
< n| Un|bn — bon
= 2(40 + 47 + 3) ;\cm\ on|
§[1 =27 —2(3 —2cos )] (1 + cos ) —
< Tn bn_bn
= 2(40 + 47 + 3) nz:; | on|
<62[1—27'—2( —2cos )] (1+ cosp)
= 2(40 + 47 + 3)
—82(1 +27) (4.5)
T 434471 '
By virtue of [£.2], [£.3], [£.4] and [£.5] , inequality [£.1] gives
f®gxh)(z) 1§76 &% (1+27)
JOI*RRE), s = o0 0 9T AT 4.
| z |_4 2 2Jr 43 4 471 (4.6)

The right side of [£.6]is positive whenever

V(397 + 472 —43)2 — (43 + 47)(1 + 27) — (397 + 472 — 43)

<4
0<o< 1+ 27
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T+472— — T T)— 472 —
Corollary 4.2. épr(SL® K,SL) > V/(39rHATe —43)7 (43Ti21(1+2 )= (@87 47 —43)

Theorem 4.3. For

V(437 +472)2 — 4(1 4 27)(86 + 87) — (437 + 472%)

<6
0<o< 2(1+27) ’

we have

TNs({I}) ® TNs(SL) C SL.

Proof .. Let fo(z) = 1(z) = zand go(2) = 2+, — 5 bonz" € SL. Also suppose that f(z) = 2+ -, anz™ € TNs(fo)
and g(z) =z + Y oo 5 bp2" € TNs(go), then we have Y~ , Ty la,| < 8§ and Y7, Ty |by, — bon| < 6.
We want to show

U006 Lo e
We have

observe that, (fo ® go * h)(z) = z and (fo ® (9 — go) * h)(z) = 0. Moreover we have

|((f*f0)@z)go*h)(2)| i |an||b2n||0n|
2

n—
7l <
B} Zun lcnl an]

<
n=2
7] <
= 5 D Tulanl
n=2
|7
< 0= 4.7
< ol (1.7
and
((f = fo) ® (9 — g0) * h)(2) Si lan||bn — bonl|cnl
z n
n=2
<1 5™ leallanllbn — bou]
=9 n n n On
n=2
<1§:T|a lbn — bon|
72n:2 n|Un n On
§[1—27 —2(3 —2cos )] (1 + cos ) —
< Tp|bn, — bon
= 2(43 + 47) nz::z | onl
<(52[1—27—2(3—2005@)](1—}—005@)
- 2(43 +47) ’
O

Now, following the same techniques as in the proof of theorem [4.1] we conclude the result and we omit details.

Corollary 4.4.

/(437 +472)2 — 4(1 + 27)(86 + 87) — (437 + 472)

or(({I}) ® SL,SL) > 301+ 27) ;
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Theorem 4.5. (i) for

5 43 + 47
AV =27 =23 = 2cos )] (1 + cos )’

TNs,({I}) * TNs, ({I}) C SL,
(i) for

5 _\/ 2(43 + 47)
2TV =271 —2(3—2cos )] (1 + cos )’

TNs,({I}) ® TNs,({I}) C SL.

The result is the best possible in each case.
Proof . (i) Let
oo
f(z) =2+ anz" € TN;, ({I})

n=2

and

9(2) =2+ Y bp2" € TNs, ({I}).

n=2
By making use of definition T'Ny, ({I}) we have
n=2
and -
> Tolba| < 61 (4.9)
n=2
Since T,, = [172T72(§(1”2ti;;)3](1+ms ) is an increasing function of n so that from we get
i lan| < [1—27—2(3—2cosg)] (14 cosp)d
Ap| S )
43 4 471
n=2
which implies that
lan] < [1—27—2(3—2cosy)] (1+ cosyp)d (n>2).

43 + 41
Using the above inequality, it follows that

— _ — > — _ — 2
[1—27—2(3—2cosg)] (14 cosp)d Z|an||bn| < [1—27—2(3—2cosp)] (14 cosp)di _1

43 + 47 = 43 + 47

which in view of Corollary [3.5],(f * g)(z) € SL.
The proof of (i¢) is similar to part (¢) and we omit the details. To see that the containment relation in () is the
best possible, we consider the function f and g defined in U by
B B [1—27—2(3—2cosg)] (14 cosp) 4
& =g =2+ o 2
clearly, f,g € TNs, ({I}) and (f *x g) € SL. Also considering the function f and g defined in U by
B B 2[1—=27—2(3—=2cosy)] (1 +cosy) ,
f(z)—g(z)—z—i—\/ 43 + A7 Z5
it is easily seen that the result in (i¢) is the best possible. This evidently completes proof. [J
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Corollary 4.6. (i)

43 + 4t
3—2cosp)| (1+cosp)’

(i)

2(43 + 47)
— 27 —2(3—2cosp)] (1 +cosyp)

sr({I} e {1}, 8L) = \/ 0

Proof . (i) From Theorem [4.5| we have

43 + 4t
> = . .
or({1} « {1}, 8L) 2 o \/[1 — 27 —2(3 —2cos )] (1 + cos ) (4.10)
Moreover, let
_ _ 5(43 +47) 5
J(2)=g(z) =2+ [1—27—2(3—2cos¢)] (1 + cos cp)z € TN (1}).
Then we have 5(43 + 47)
. + 4T 9 9
(Fx9)(z) =2+ ([1 — 27 —2(3—2cosp)] (14 cosy) °
B 5(43 4 47) 9
Let ¢(9) = ([1 — 27 —2(3—2cosp)] (1 + cos ga)) , then
B 0(43 + 47)
#(0) > @(01) = [1—27—2(3—2cos¢)](1+ cosep)
for § > 6;. Therefore, by Corollary [3.4], (f * g)(z) ¢ SL when 6 > ;. This means that
or({1} *{I},SL) < é1. (4.11)

The relation and give the result. The proof of part (i7) is similar to part (i) and we omit the details. [J
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