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Abstract

The classical Black-Scholes model fails to capture crucial market features such as memory effects and non-Markovian
behavior. The time-fractional Black-Scholes equation (TFBSM) has emerged as a powerful alternative that incorpo-
rates these phenomena through fractional calculus. However, accurate numerical solution of TFBSMs remains chal-
lenging due to the non-local nature of fractional derivatives, complex boundary conditions, and the singularity in
fractional operators. This paper introduces a novel hybrid framework that synergistically combines Physics-Informed
Neural Networks (PINNs) with the Deep Galerkin Method (DGM) architecture. Our approach leverages the PINN
methodology to directly embed the TEFBSM governing equation, initial conditions, and boundary conditions into the
optimization objective through a carefully designed loss function. The DGM network, with its specialized architecture
resembling Long Short-Term Memory (LSTM) networks, provides enhanced capability for capturing long-term tem-
poral dependencies essential for fractional calculus. The Caputo time-fractional derivative is accurately implemented
using Gauss-Legendre quadrature with 100-300 nodes. Comprehensive numerical experiments on two benchmark prob-
lems demonstrate the effectiveness of our approach. For Example 1 (fractional ODE), the method achieves relative
L? errors as low as 3.06 x 1072 at t = 1.0 with a = 0.5. For Example 2 (TFBSM with nonhomogeneous boundary
conditions), relative L? errors remain below 2.40 x 1072 across the entire time domain with a = 0.7. This work
presents the first successful integration of PINNs with DGM for solving time-fractional Black-Scholes equations. The
key innovations include a novel PINN-DGM hybrid architecture tailored for fractional PDEs, accurate implementation
of Caputo derivatives using Gauss-Legendre quadrature, and establishment of a robust, mesh-free paradigm for finan-
cial PDEs with memory effects. The numerical results confirm that the proposed method accurately approximates the
solution with improved stability and convergence.
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1 Introduction

Despite its initial success, numerous empirical studies have demonstrated that the classical Black-Scholes model fails
to accurately reproduce several key market features, including heavy-tailed return distributions, volatility clustering,
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and non-Markovian behavior. In response to these shortcomings, various generalizations of the Black-Scholes model
have been proposed, replacing the classical simplifying assumptions with more sophisticated tools. These include jump-
diffusion models [21] [30], stochastic volatility models [I3] [16], and combinations of the two. It was also observed that
standard Brownian motion is not an adequate tool for modeling skewness and kurtosis in asset return distributions.
Consequently, models based on Lévy processes [29], KoBoL processes [4, 20], the CGMY model [5], and other non-
Gaussian processes were introduced. Later, it became evident that financial markets exhibit nonlocal and non-
Markovian behaviors. This led to the development of fractional Black-Scholes models, which incorporate memory
effects and historical dependencies via fractional-order derivatives [6, 8, [I7, 36]. In the time-fractional Black-Scholes
model, a time-fractional derivative is introduced into the equation to account for the historical influence on asset
prices. This derivative is usually defined in the Caputo sense, which is more suitable than the Riemann—Liouville
form when dealing with problems involving initial conditions. As a result, the model leads to a nonlocal partial
differential equation that generally lacks closed-form solutions, necessitating the use of advanced numerical methods
for practical applications. Among these methods are the Mittag-Leffler function, infinite series approaches such as
LHPM, Laplace and Legendre wavelets, LHAM, finite difference techniques, Caputo methods, and neural networks
[7, 02, 18] 22] 26, BT, [36], B9]. A recent review article [38] provides a summary and comparison of these techniques.

On the other hand, in recent years, machine learning—particularly neural networks—has made significant advances
in diverse fields such as image classification, speech recognition, digital advertising, medicine, and fraud detection.
Recent studies and publications have also demonstrated that neural networks possess strong capabilities in modeling
phenomena and approximating functions. From a mathematical standpoint, according to the Universal Approximation
Theorem, a sufficiently deep multilayer neural network with enough neurons can approximate any continuous function
to an arbitrary degree of accuracy [I5, 28]. One crucial approach for solving differential equations via machine learning
is the direct use of the strong form of the equation [3] 111 23] 24 B2] B3] B4, 27]. The term ”Physics-Informed Neural
Networks” (PINNs) for this approach was first introduced by Raissi et al. in [32], and has since gained broad adoption
in the scientific literature.

Nowadays, PINNs are a prominent machine learning approach for solving a variety of equations, including fractional
differential equations, integro-differential equations, and stochastic differential equations. A PINN is an unsupervised
learning method, as it does not require labeled data generated from experiments or simulations. It is also a mesh-free
algorithm that reformulates the differential equation problem (PDE) into an optimization problem. In this framework,
instead of simply fitting data, the loss function is explicitly constructed based on the analytical form of the governing
differential equation along with initial and boundary conditions. The neural network is then trained to minimize this
loss, such that the output function approximates the proper solution of the equation, rather than merely fitting to
observed data [9]. A typical PINN consists of three main components: a base neural network (usually a feedforward
neural network, FNN), a physics-informed component that embeds the differential equation into the loss function,
and a feedback mechanism for evaluating and minimizing the error. Raissi and collaborators mainly used FNNs in
their works, but to explore the impact of different network types, other architectures such as CNNs (convolutional
networks), RNNs (recurrent networks), GANs (generative adversarial networks), BDL (Bayesian deep learning), and
DGM (Deep Galerkin Method) have also been explored [11 2} 25| 35] [33], 40].

The DGM network, which has a structure similar to Long Short-Term Memory (LSTM) networks, is particularly
well-suited for modeling time-dependent differential equations. It can be viewed as a natural combination of Galerkin
methods and machine learning. Instead of forming a solution as a linear combination of basis functions, the solution
is approximated using a neural network [33], hence the name Deep Galerkin Method (DGM).

In this study, the physical constraints of the problem—namely the equation, initial, and boundary conditions—are
enforced through the PINN loss function. At the same time, the DGM architecture is used to approximate the solution
space. The time-fractional derivative is implemented in the Caputo form, and its integral component is evaluated using
Gauss-Legendre quadrature. To assess the model’s performance, analytical benchmark examples are considered, and
the implementation is carried out in Python using deep learning libraries such as TensorFlow.

The numerical results demonstrate that the combined DGM-PINN model is capable of accurately capturing the
nonlocal and complex behavior of option pricing in the time-fractional Black-Scholes equation. The model also exhibits
good stability concerning variations in the model parameters. Figures and tables supporting these results are reported
in Section 5. The structure of this paper is as follows: Section 1 presents the introduction and a brief history; Section
2 outlines the theoretical background of the time-fractional Black—Scholes equation along with the two employed
learning methods; Section 3 describes the proposed hybrid approach, including network architecture, loss function
formulation, and training strategy; Section 4 reports the numerical implementation, numerical results, encompassing
output plots, error comparisons, and sensitivity analyses; and finally, Section 5 provides conclusions. To the best of our
knowledge, this is the first study to integrate PINNs with the DGM framework for solving TFBSMs. While previous
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works primarily relied on standard feedforward PINNs, which often struggle with long-term temporal dependencies,
our approach benefits from the recurrent-inspired structure of DGM to efficiently capture memory effects. In addition,
fractional derivatives are discretized using Gauss—Legendre quadrature for improved accuracy. Together, these features
yield a mesh-free and computationally efficient solver that is well-suited to the challenges of fractional financial models.

2 Preliminaries
2.1 The Classical Black-Scholes Equation and Caputo Derivative
Definition 2.1. [I9, [10] The classical Black-Scholes equation for option pricing is written as:

WV 1,0V OV
E+505ﬁ+7"5%*7"v—0,

Where V is the option price, S is the underlying asset price, r is the risk-free interest rate, and o is the volatility.

Definition 2.2. the Caputo fractional derivative with respect to time, for a function f(¢) defined as:

C na _ 1 ¢ f(n)(T) r
DE(t) = | /O : d

I'n—« t—r)a-ntl T

where n = [a/] and I'(+) is the gamma function.

2.2 Problem Formulation: The Time-Fractional Black-Scholes Equation

Definition 2.3. [0 [36] The problem addressed in this work is the following time-fractional Black-Scholes equation
for pricing a European option:

1 oV oV
C Ha 2 o2 _
D}V (S,t) + 50 S 3592 +7"S—as —rV =0, S>0,t€[0,T] (2.1)
where 0 < a < 1 is the order of the Caputo time-fractional derivative.

This equation is subject to initial and boundary conditions. For a European call option with strike price K, these
conditions are defined as:

e Initial Condition (Payoff at Maturity):

V(S,T) = max(S — K, 0) (2.2)
e Boundary Conditions:
V(0,t) =0
lim V(S,t)~ S — Ke (T (2.4)
S—o00

The objective is to find the function V'(S,t) that satisfies both the governing equation (2.1) and these constraints

£33z

2.3 PINN Method

Before the official introduction of physics-informed neural networks, some studies utilized approaches where partial
differential equations (PDEs) were directly incorporated in their strong form into neural networks, employing automatic
differentiation techniques to compute gradients. These methods were able to avoid errors caused by discretization and
numerical integration in variational formulations [3, [Tl 23] 24 33| [34].

One of these methods, the Deep Galerkin Method (DGM), was proposed before the formal introduction of the PINN
framework in [32], leveraging the strong form of the PDE and automatic differentiation. Although these methods did
not have a specific name at that time, conceptually, they were very close to what is now known as PINNs. Therefore,
methods like DGM can be considered as conceptual precursors or foundational works for the development of PINNs.

For the first time, Raissi et al. [32] introduced the term ”Physics-Informed Neural Networks” (PINNs) for this
approach, which uses the strong form of PDEs.
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Definition 2.4. [32] The mathematical structure of the PINN method is as follows. Consider a partial differential
equation with initial and boundary conditions:

9u 4 Nu)(z,t) =0, (z,t) € QCR? % [0,T]
u(z,0) =up(x), x€N (2.5)
u(z,t) = g(z,t), (x,t) € 02 x[0,T]

Where N[ is a differential operator (including spatial derivatives) and u(z,t) is the unknown solution of PDE that
must be found. In the PINN method, a neural network with parameters 6 approximates the unknown function wug(x,t).
The required derivatives are computed using automatic differentiation.

The total loss function is defined as:
L(0) = Lrpr + Lic + Lpc

Where the components are as follows:

PDE Restdual Loss:.
Loon = — 52 (2, 1) + Nuo] (x: t»)2
PDE — Nr i at [PRZ% 0 iy b

Initial Condition Loss:.
Nric

1 2
Lic=— E ,0) — i
1e N[C j=1 ‘ue(xj7 ) uo<x])|

Boundary Condition Loss:.
Npc

Lpc = rm kZ:l |ug(zg, tr) — g(xk-atk)|2

Finally, by minimizing £(#) using optimization algorithms like Adam or L-BFGS, the parameters 6 and the
approximate solution ug(z,t) are obtained.

2.4 DGM Method

The DGM method, introduced by Sirignano and Spiliopoulos in 2018, is a deep learning—based approach for solving
partial differential equations (PDEs) in a mesh-free manner. Unlike classical numerical methods, this approach defines
a deep neural network as an approximation to the PDE solution and trains it directly by minimizing the PDE residual.
The network used in DGM has a special architecture designed to overcome the vanishing gradient problem in deep
networks. Its structure resembles LSTM [14] but is adapted for continuous spatiotemporal data.

A prominent feature of DGM is its unique neural network architecture tailored for effectively solving PDEs. This
architecture is designed to capture complex temporal and spatial dependencies better. The DGM network combines
fully connected layers and recurrent neural network (RNN) cells, especially Long Short-Term Memory (LSTM) units.
Fully connected layers extract nonlinear features and model complex relations among input variables (such as time and
space). At the same time, LSTM cells enable the network to capture long-term dependencies by storing and retrieving
information over extended periods.This is particularly important for PDEs with multi-dimensional or time-dependent
variables.

Typically, the DGM architecture includes one or more LSTM layers interleaved with fully connected layers. In brief,
the data flow is as follows: inputs (e.g., spatial and temporal coordinates) enter the network and first pass through
one or more fully connected layers. Then the data is fed to LSTM layers to extract sequential and spatiotemporal
dependencies. Finally, the network output is generated through additional fully connected layers that provide the
approximate solution function. This design enhances DGM’s ability to model complex differential equations while
being computationally efficient. Furthermore, automatic differentiation is used during training; Training to compute
PDE derivatives accurately, reducing numerical errors.

Definition 2.5. [33] In a single DGM layer, mini-batch inputs in the form (z,t), together with the previous layer
output, are transformed through the following operations:
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Slza(w1x+b1)

Z' =0 (ul -z +wl- St +0b) (=1,...,L
G =0 (uf -z +wy- S +b)) (=1,...,L
R'=0(ul-z+wl-S"+0!) (=1,...,L
H =0 (up -z +uwp, (S"OR)+b) £=1,...,L
St =—1-GHoH' +Z' 0 S* (=1,...,L

The model output is then.

ftz:0)=w- ST+

where ® denotes element-wise (Hadamard) product, ¢ is the activation function, and L is the number of layers.
The parameters ug, w§ and bﬁ are components of 0, initialized with random values and subsequently optimized during
the training process.

This structure allows the network features to be recursively passed to higher layers with gradient control, which is
particularly effective for solving time-dependent PDEs. A schematic overview of this architecture is shown in Figure

!

Input z

Figure 1: A schematic of a single layer of the DGM network architecture

3 Application of the PINN-DGM Method for Solving Time-Fractional Black-Scholes
Equations

In this section, we utilize the combination of the physics-informed training philosophy of PINN and the structural
capabilities of DGM networks to solve fractional differential equations. For the fractional part involving Caputo
derivatives, we employ the Gauss—Legendre numerical integration method to handle the integral term. Specifically,
the interval [0,¢] is divided into N, quadrature points, and the integral is approximated as follows:

t
f™ () FARICD)
/0 (tha n+1d7—~zwl t?,r a—n+1

Where 7; are the quadrature points and w; are the corresponding Gauss—Legendre weights, In the implementation,
standard libraries such as numpy.polynomial.legendre.leggauss are used to obtain these nodes and weights. The
loss function is then defined accordingly, and the network is trained. The Caputo fractional derivative of order «
for the function V(t), being an integral operator, is computed using the Gauss-Legendre quadrature numerical
method. This method is known for its high accuracy in approximating integrals and is particularly suitable for singular
kernels (such as (t — 7)™ in the Caputo derivative). In this approach, the interval [0,¢] is discretized into N, points,
and the integral is approximated as a weighted sum of the function values at these points [10].
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3.1 Overall Architecture of the Combined PINN-DGM Model

The total loss function is defined as a weighted sum of three distinct loss components:
Liotal = ApDE - LPDE + A1c - Lic + Ac - LBC
where:

e PDE Residual Loss: This term penalizes the deviation from satisfying the governing equation at collocation
points sampled from the domain 2.

N, 2
_ LS epaviig gy Lo2g2dVe oy OV o oy -
Lepe = 3 ; DVo(Siti) + 505 Sy (Sisti) + 1815 < (S, ti) = Vo (Sis 1)

e Initial Condition Loss: This term ensures the network approximates the payoff condition accurately at the initial

time.
Nic

1 2
= — E T — i — K
Lic Nio P “/:9(5]7 ) maX(SJ a0)|

e Boundary Condition Loss: This term enforces the boundary constraints.

1 Ngpc

Lpc = N730 kZ:1 |‘/0(Sk:7tk) _Q(Skatk)|2

Here, g(S,t) represents the boundary condition value. The coefficients Appg, Aic, and Agc are scaling factors
chosen to balance the contribution of each loss term to the total error, thereby facilitating stable training convergence.

3.2 General Algorithm of the Proposed Method

While the DGM network was previously applied to solve classical PDEs such as European and American Black—Scholes
equations [33], in this paper, our goal is to solve fractional differential equations, for which the implemented model
achieved satisfactory results.

Additionally, through various experiments, we found that the swish activation function outperforms sigmoid; hence,
unlike previous studies, we employ swish as the activation function in our network.

The overall algorithm consists of:

Defining the spatial and temporal domain and generating random training samples.

Defining the hybrid DGM neural network architecture comprising fully connected and LSTM layers.
Implementing the Caputo fractional derivative via Gauss—Legendre numerical integration.

Defining the total loss function including PDE, initial, and boundary condition terms.

Sl W=

Training the network using optimization algorithms.

4 Numerical Results and Model Analysis

In this section, the performance of the PINN-DGM model for solving fractional differential equations is evaluated.
Two numerical examples with known analytical solutions are considered: first, a fractional ODE, and then a fractional
Black—Scholes equation. The numerical results include plots comparing the numerical and exact solutions, relative
error analysis, and stability evaluation over time.
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Comparison of DGM-PINN and Analytical Solution Error Between Approximation and Exact Solution
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Figure 2: Comparison of numerical and exact solutions for a = 0.5 in Example 1

4.1 Example 1

Consider the following fractional differential equation:

273/2
C Nna 2
DYU(T)= =———-U
() = fgr ~ V) + 7
U(0) =0,
the exact solution is:
U(t) = t%

To solve this example, samples are taken from the domain ¢, and the network is trained as described above. Figure[2]
shows the network prediction and analytical solution on the same plot, demonstrating good agreement, along with the

absolute error between them. Figure [3] presents the logarithmic plot of the loss function, whose smoothness indicates
the stability of the method. Relative errors at different times for Example 1 are reported in Table[l] For this numerical

experiment, a total of 50 sampling stages, each consisting of 25 steps, were utilized. The neural network was designed
with two hidden layers, each comprising 25 neurons, and the learning rate was fixed at 0.009. In addition, 100 nodes

were employed in the Gauss—Legendre quadrature scheme.

4.2 Example 2

Consider the following time-fractional Black—Scholes equation with nonhomogeneous boundary conditions:

2
o —|—ba—U—cU+f(m,T),

C Nna _

DTU(Z',T) —(IW 83;‘
U,7)=(t+1)?2 UQl,7)=3(t+1)%
U(z,0) =2® + 2> +1,

where the source term f is defined as:

fe <F2T2—a n 9rl-a ) (x3 L2 1) —(t+ 1)2 [a(Gx +2) + b(3x2 4 o) — C(x?, a2 1)]

B_a) T(2-a)
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Figure 3: Logarithmic loss curve for Example 1

Table 1: Relative Lo error between numerical and exact solutions at various times in Example 1

Time Relative Lo Error

t=0.1 5.30 x 102
t=0.2 2.16 x 1072
t=0.3 6.05 x 1073
t=04 9.72 x 1073
t=0.5 7.42 x 1073
t=0.6 4.22 x 1073
t=0.7 4.04 x 1073
t=0.8 4.14 x 1073
t=09 2.97 x 1073
t=1.0 3.06 x 1073

And is chosen such that the exact solution is [37]:

U= (t+1)7>*®+2*+1).

The parameters are set as:

r=05, aa=07 a=1, b=r—a, c=r, T=1.

We solve this example using the PINN-DGM method as described earlier. Sampling from the spatiotemporal
domain, the DGM network is trained to approximate the option price using the Adam optimizer, implemented in
TensorFlow. This example is two-dimensional and more complex; therefore, the number of mini-batches as well as the
Gauss—Legendre quadrature points are increased. In this setting, 100 sampling stages, each consisting of 15 steps, are
utilized. The neural network architecture consists of two hidden layers with 25 neurons in each layer, and the number
of Gauss—Legendre nodes is set to 100. The learning rate is fixed at 0.0019.”

Figure [4] compares the 3D numerical solution with the exact solution at different times, showing close agreement.
For a more detailed error analysis, Figure [5| depicts the solution comparison at various times, demonstrating the
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Analytical Solution V(S,t) Neural Network V(S,t)

Figure 4: 3D comparison of numerical and exact solutions for a = 0.7 in Example 2

model’s high accuracy up to maturity. Figure [6] presents a heatmap of the absolute error, while Figure [7] shows the
logarithmic loss curve indicating stable training behavior with Adam optimization. Relative errors at different times
for Example 2 are reported in Table

Table 2: Relative Lo error between numerical and exact solutions at various times in Example 2

Time Relative Lo Error
t=0 1.11 x 1072
t=02 2.40 x 1072
t=0.4 1.47 x 102
t=0.6 1.43 x 102
t=0.8 1.44 x 102
t=1 7.59 x 1073

In all tests, the hybrid DGM-PINN model demonstrated satisfactory convergence and stable behavior over various
time intervals. The training loss decay over time is shown in Figure

4.3 Comparison with Standard PINN

To demonstrate the advantage of the DGM architecture within our hybrid framework, we conducted a comparative
analysis between the proposed PINN-DGM model and a standard Physics-Informed Neural Network (PINN) with a
conventional feedforward neural network (FNN) architecture. Both models were trained on the same problem under
identical conditions.

As quantitatively demonstrated in Table [3] our PINN-DGM model significantly outperforms the standard PINN
approach across all key performance metrics:

e Superior Accuracy: The PINN-DGM model achieves a mean absolute error of 0.044922, which is approximately
3.33 times lower than the standard PINN’s error of 0.149391. This substantial improvement highlights the DGM
architecture’s enhanced capability in capturing the complex dynamics of time-fractional derivatives.

e Computational Efficiency: Remarkably, the training time for PINN-DGM is only 26.37 seconds compared to
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Figure 5: Comparison of numerical and exact solutions for o = 0.7, at various times in Example 2
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Figure 6: Heatmap of absolute error for Example 2
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Figure 7: Logarithmic loss curve, indicating stable learning using Adam optimizer in Example 2
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Training Loss over Time
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Figure 8: Training loss decay during model training for Example 2

Table 3: Comparative performance analysis between standard PINN and PINN-DGM

Metric PINN-DGM (Ours) Standard PINN Improvement Ratio
Mean Absolute Error 0.044922 0.149391 0.104469 3.33x
Training Time (seconds) 26.37 73.05 46.68 2.77%
Training Efficiency (Error/Time) 0.001704 0.002045 - 1.20x

73.05 seconds for standard PINN, representing a 2.77-fold speedup. This efficiency gain is particularly notable
given that DGM architectures are typically more complex than standard FINNs.

e Overall Performance: When considering the trade-off between accuracy and computational cost, PINN-DGM
demonstrates better training efficiency (Error/Time ratio of 0.001704 vs. 0.002045), confirming its practical
advantage for real-world applications.

The visual evidence supporting this quantitative analysis is presented in Figure [9] which clearly show that PINN-
DGM provides more accurate solutions with significantly reduced error distribution across the computational domain.

4.4 Sensitivity Analysis

To investigate the impact of the network’s architectural parameters on model performance, a sensitivity analysis
was conducted on Example 2. The influence of three key parameters was examined: (1) the number of hidden layers
(network depth), (2) the number of neurons per layer (network width), and (3) the learning rate. The final relative
L? error at t = 1 served as the evaluation metric.

e Number of Layers: Increasing the network depth from 1 to 2 layers resulted in reduced error; however, further
increasing to 3 layers did not yield significant improvement and increased training time. Consequently, an
optimal depth of 2 layers was selected.

e Number of Neurons: Varying the number of neurons per layer between 20 and 50 did not significantly impact
the final accuracy, so we have used 25 neurons for each layer.
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Figure 9: Comparison between DGM-PINN and simple PINN methods for Example 2

e Learning Rate: A very small learning rate (below 107%) led to exceedingly slow convergence. Conversely, a very
large learning rate (above 10~2) caused instability during training. The optimal rate was found to be within the
range [0.001,0.002].

To comprehensively evaluate the robustness of our proposed method, we conducted extensive experiments investi-

gating the impact of two critical parameters: the fractional order o and the learning rate.

4.4.1 Sensitivity to Fractional Order «

We tested our PINN-DGM model on Example 2 with various fractional orders « € {0.3,0.5,0.7,0.9}, while keeping

all other parameters constant. The results, summarized in Table 4] demonstrate the model’s robustness across different
fractional orders.

Table 4: results for different o (LR = 0.002)

« Mean Error Training Time Final Loss

0.3 0.052723 19.29 0.00689
0.5 0.061213 13.17 0.00478
0.7 0.030723 13.03 0.00253
0.9 0.090625 13.13 0.004730

Key observations from this analysis include:

e The model maintains high accuracy (L? error < 2.2 x 1072) across all tested fractional orders.

e Intermediate fractional orders (o = 0.5 — 0.7) yield slightly better performance, potentially due to balanced
memory effects.

e Higher fractional orders (o = 0.9) require more training iterations and time, reflecting increased complexity in
capturing near-integer order behavior.

e The method demonstrates consistent stability regardless of the fractional order, confirming its general applica-
bility to various TFBSM configurations.
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Figure 10: different learning rates with o = 0.7(right), different o with LR = 0.002(left)

4.4.2 Sensitivity to Fractional Order learning rate

The learning rate is a crucial hyperparameter in deep learning models. We investigated its impact on training
dynamics and final accuracy using Example 2 with a = 0.7.

Table 5: results for different learning rates (a = 0.7)

Learning Rate Mean Error Training Time Final Loss

0.0005 0.054588 13.02 0.005162
0.001 0.017092 13.10 0.003311
0.002 0.035619 13.24 0.001879
0.005 0.086008 13.35 0.001950

The sensitivity analysis with respect to the fractional order « reveals important insights into the model’s behavior.
As shown in Figure left, the solution profiles exhibit smooth transitions across different « values, indicating
consistent numerical behavior and the model maintains high accuracy across the tested range of fractional orders,
with error levels remaining within acceptable bounds. The observed patterns confirm that our PINN-DGM framework
effectively captures the memory effects inherent in fractional derivatives, regardless of the specific fractional order.

The learning rate sensitivity analysis, presented in Figures right, provides crucial guidance for practical im-
plementation. Figure [L0] shows the training dynamics across different learning rates, revealing the optimal range for
stable convergence and quantifies the relationship between learning rate and final solution quality, highlighting the
existence of a sweet spot that balances training efficiency with numerical accuracy. These findings underscore the
importance of proper hyperparameter tuning while demonstrating the robustness of our approach across a reasonable
range of learning rates.

The learning rate analysis reveals:

e Optimal Range: Learning rates between 1 x 1072 and 5 x 1072 provide the best balance between convergence
speed and final accuracy.

e High Learning Rates: Values above 5 x 1073 lead to instability and divergent behavior, preventing proper
convergence.

e Low Learning Rates: Values below 5 x 10~ result in prohibitively slow convergence without significant accuracy
improvements.
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e Robustness: The PINN-DGM framework shows good stability across a wide range of learning rates (5 x 107 to
5 x 1073), with graceful degradation rather than catastrophic failure.

These comprehensive sensitivity analyses confirm that our proposed method is robust to parameter variations and
can be reliably applied to various TEFBSM configurations with appropriate hyperparameter tuning.

This analysis confirms that the proposed model is stable across a wide range of network configurations and that
the parameter set reported in Section 4.2 represents an optimal choice.

5 Discussion and Conclusion

In this paper, a physics-informed neural network (PINN)-based model was proposed for solving the time-fractional
Black—Scholes equation. The distinctive feature of the proposed model lies in incorporating the DGM network archi-
tecture within the PINN framework, aimed at enhancing the temporal and spatial learning capability and facilitating
training in complex functional spaces.

The designed model successfully solved the fractional Black—Scholes equation with satisfactory accuracy. By
employing numerical integration based on the Gauss—Legendre quadrature to compute the Caputo fractional derivative,
a more precise implementation of the fractional part of the equation was achieved. Numerical results demonstrated
that the model could accurately reproduce option pricing behavior across different time intervals, with the relative Lo
error remaining low in all tests.

Furthermore, it was observed that the selected network architecture (utilizing the DGM structure) effectively
captured temporal dependencies, particularly in fractional derivative equations with inherent memory effects. This
capability contributed to reducing numerical error fluctuations and improving training stability.

It is noteworthy that although the DGM architecture was employed, the primary solution framework remained
PINN-based; in other words, DGM served solely as a deep neural network architecture for approximating the unknown
function, rather than as a standalone numerical method.

On the other hand, the numerical implementation also revealed that the use of accurate quadrature methods such
as Gauss—Legendre plays a critical role in the more precise evaluation of the fractional integral terms, which possess
singular kernels.

The comparative analysis reveals that our proposed PINN-DGM framework achieves a remarkable 3.33-fold im-
provement in accuracy while simultaneously reducing training time by 2.77 times compared to standard PINN ap-
proaches. This dual advantage of enhanced accuracy and computational efficiency makes our method particularly
suitable for practical financial applications where both precision and speed are critical.

The superior performance can be attributed to the DGM architecture’s inherent ability to capture long-term
temporal dependencies, which is essential for modeling the memory effects in fractional derivatives. Furthermore, the
specialized network structure enables more efficient gradient propagation during training, leading to faster convergence
without compromising accuracy.

Overall, the findings of this study indicate that the combination of the PINN framework with neural networks
equipped with temporal memory, such as DGM, offers a powerful approach for solving fractional partial differential
equations. This method is especially promising for modeling phenomena with memory effects, including financial
markets, biological dynamics, and fractional control systems, demonstrating high potential for generalization.
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