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Abstract

This paper presents an efficient method for solving time delay two-point boundary value problems. A combination of
the Continuous Runge-Kutta method and the Newton shooting method has been used for solving this problem. The
efficiency, high accuracy and the rate of convergence of the proposed method are illustrated by an example.
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1 Introduction

Delay Differential Equations (DDEs) have played the important role in modeling the real issues, because the pres-
ence of time delay in many phenomena around us cannot be ignored. So to express the behavior of such phenomenawe
need more complex systems. Some applications of these problems can be seen in chemistry, electronics, medicine,
engineering, biology, economics, etc. Also, obtaining an analytical solution for these systems is associated with many
complications. Therefore, from the distant past researchers are always trying finding approximate solutions to answer
these problems. You can see some of this works in [2] B} 4 [6] [7] and [8]A wide class of such equations is represented
by the following general form:

z(t) = f(t,z(t),z(t — 7(¢)), t > tg,
z(t) = ¢(1), to — 7(to) <t < to,

where f: RxR" xR™ — R", 7(t) > 0 and ¢ € C°[tg — 7(to), to] represents the initial information of the state variable
x.

(1.1)

One of the most famous and efficient methods for solving DDEs, is the Continuous Runge-Kutta (CRK) methods
[4]. CRK methods was originally designed to treat initial value problems for ODEs. For the first time, Zennaro [5]
showed that for every discrete s-stage RK method of order p, there is a CRK method of degree d, if there exist s
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polynomials b;(6),i = 1, ..., s of degree < d, independent of the f, as follows,

i=1
S
ki = f(th, @n + hnya Zaijkj)7 t1=1,...,s,
j=1
where ¢; = Z;:l aij, th =ty+cihny1,i=1,...,5 and h, 1 = t, 41 —t, and {c;, a;;}’s are the same as the coefficients

of the discrete Runge-Kutta method. This idea was then generalized to DDEs by Baker and Paul [I] for a general
DDE of the form (1.1)) as follows

Wty + 0hni1) = T + o1 D bi(0)ki, 0<0 <1, (1.2)
=1
ki = f(th, Xo,u(t, —T(t1)), i=1,...,s, (1.3)
S
X; :x,L+hn+1Zaijkj, 1=1,...,s. (14)
j=1

When the delay is constant and h, 11 < 7, then u(t!, — 7) is known from the previous steps for any i (0 < ¢; < 1),
so this method is an explicit CRK method. The aim of our paper is to use the CRK methods to solve the delay
Two-Point Boundary Value Problems (TPBVPs). For this pupose we combine Newton Shooting Method with CRK
metods(NSCRK). We present the main results of our research in the next section and we show the efficiency of proposed
method by an example in Section [3] In[d] conclusions and suggestions for future works are presented.

2 NSCRK for problem

Consider the following basic form of a first order linear TPBVP with time-delay,

(t) = fi(t,z(t),y(t), z(t —7),y(t — 7)), to <t <ty
§(t) = Solt,2(0),y(0), 2t = 7).yt = 7)), to <<ty 2.)
a(t) = (1), to — 71 <t <to, '
yty) =4

For solving this problem we need to solve the following initial value problem,
o(t) = fi(t, x(t),y(t), z(t — 7),y(t = 7)), to <t <ty
y(t) = fg(t,x(t),y(t),x(t—T),y(t—T)), to <t <ty (2.2)
x(t) = (1), to —7 <t < to, ’
y(to) = 2

involving a parameter z. We do this by choosing the parameters z = zj, so that
li t =y(tr) =
Am y(tr, z) = y(ty) = B,

where y(t, z;;) denotes the solution to the IVP (2.2]) and y(¢) denotes the solution to the BVP (2.1]). We try to make
the value of y(ty, z;) as close to 3 as possible by adjusting the value of zj. This technique is called Shooting method.
For determining the parameters zx, k = 1,2, ..., we must solve this problem:

y(tfvz) _5 = Oa

To solve this equation, we can use the secant method and for more accurate appoximations in nonlinear systems,

we can use the more powerful Newton’s method to generate the sequence {zy}, the iterations are generated by newton
y(tr,ze)=B k =292.23..

formula z = 2 —
k+1 k %(tf,zkr) ’

- . and requiers only one initial approximation z;, but there isn’t one
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explicit representation for y(ts,z). In order to solve this difficulty, by assuming that the solution depends on both t
and z, we first take the partial derivative of (2.2)) with respect to z and by simplify the notations as follow:
0x(t, z) 0y(t, z)
v(t) = ;o w(t) = ;
0z 0z

and Bt
v(t—7)27x< _T’Z), w(t—71)=

Ayt —7,2)
0z '

0z
We have

: _ _Oof of of

o(t) = awétfz) v(t) + dyétlz) w(t) + 5l - iy vt —T) + By(ta — - w(t—7),

W(E) = oy 0(E) + iy W) + gl vl = )+ gyl it ), (2.3)
v(0) =0, w(0)=1.

for each iteration, IVP (2.3) should be solved with IVP (2.2)). by replacing w(ts) = % in the newton’s formula,

we have ( -
te, 2p—1) —
k= Zp_q — M7
w(ty)

Now, we present the following algorithm to solve (2.2]) and (2.3]) by shooting CRK method.

(2.4)

Algorithm 1 shooting CRK method for time-delay TPBVP

Step 1. Set N, h = %, K =1, M (the maximum number of iterations), and s (the number of stages of CRK method), choose
z1, and tolerance error bound e.

Step 2. While L < M, do

e 1o =a, y(to) = 21,0 = 0 and wo = 1,

Step 3. For k=1,2,---

e solve and ( using the delay CRK method ., . and .

Step 4. Check the stop Condltlon,
e If |[yn — B| < ¢, then the procedure is complete and jump to Step 6,
e else, go to the step 5.
Step 5. Calculate the next approximation for zyy; from , set y(to) = zk+1, and back to Step 3.

e end for
Step 6. Stop the algorithm and output (tn,Zn,yn).
e end while

Step 7. Output (maximum number of iterations exceeded) and stop.

3 Illustrative examples

In this section, we examine a delay problem of the first order.

Example 3.1. Consider the following first-order linear TPBVP with time delay
2/(t) = 10z(t — T)y(t — 7) — 32(t) — H2%(t), 0<t < ty,
y'(t) =y®)(1—yt) —z@)yt), 0<t<ty,
t)=1 —-7<t<0,
y(ts) = B.

We solve this problem by applying Algorithm 1. For this purpose, we use the explicit Runge-Kutta method of
discrete order p = 4(RK4) with the following coefficients:

(3.1)

NI 0= O
oH O ONlE O
wWiH Ol- O
wiH = O
olH O
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Moreover, for the CRK method, set

1

2
b1(6) 92+§0, bs(0) = =4,

0

_1
2
1

Wl = W

by() = %92 — 6.

We solve this problem with ¢y = 100 and we choose two delays 7 = 0.25 and 7 = 5. The approximate values of the
variables z(t) and y(t) with two delays 7 = 0.25 and 7 = 5 can be seen in the figures and [4] respectively.
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Figure 1: The approximate values of z(¢) with shooting continuose and discrete RK4 methods with 7 = 0.25 in Example
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Figure 2: The approximate values of y(¢) with shooting continuose RK and discrete RK4 methods with 7 = 0.25 in Example

4 Conclusion

We employed a combination of CRK and shooting methods to solve delay TPBVPs. The original problem is
transformed into a sequence of initial value problems with time delay then we solved these problems by NSCRK

method. For the future works the time delay equations with time dependent delay can be evaluated with NSCRK
method.
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Figure 3: The approximate values of z(t) with shooting continuose RK and discrete RK4 methods with 7 = 5 in Example 3.1
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Figure 4: The approximate values of y(t) with shooting continuose RK and discrete RK4 methods with 7 = 5 in Example
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