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CONVERGENCE THEOREMS OF MULTI-STEP ITERATIVE
ALGORITHM WITH ERRORS
FOR GENERALIZED ASYMPTOTICALLY
QUASI-NONEXPANSIVE MAPPINGS IN BANACH SPACES

GURUCHARAN SINGH SALUJA

ABSTRACT. The purpose of this paper is to study and give the necessary and
sufficient condition of strong convergence of the multi-step iterative algorithm
with errors for a finite family of generalized asymptotically quasi-nonexpansive
mappings to converge to common fixed points in Banach spaces. Our results
extend and improve some recent results in the literature (see, e.g. [2, 3, 5, 6, 7, 8,
11, 14, 19)).

1. INTRODUCTION

It is well known that the concept of asymptotically nonexpansive mappings was in-
troduced by Goebel and Kirk [1] who proved that every asymptotically nonexpansive
self-mapping of nonempty closed bounded and convex subset of a uniformly convex
Banach space has fixed point. In 1973, Petryshyn and Williamson [1 1] gave necessary
and sufficient conditions for Mann iterative sequence [J] to converge to fixed points
of quasi-nonexpansive mappings. In 1997, Ghosh and Debnath [3] extended the re-
sults of Petryshyn and Williamson [11] and gave necessary and sufficient conditions
for Ishikawa iterative sequence to converge to fixed points for quasi-nonexpansive
mappings.

Liu [%] extended results of [3, 1 1] and gave necessary and sufficient conditions for
Ishikawa iterative sequence with errors to converge to fixed point of asymptotically
quasi-nonexpansive mappings.

In 2003, Zhou et al. [21] introduced a new class of generalized asymptotically
nonexpansive mapping and gave a necessary and sufficient condition for the modi-
fied Ishikawa and Mann iterative sequences to converge to fixed points for the class
of mappings. Atsushiba [I] studied the necessary and sufficient condition for the
convergence of iterative sequences to a common fixed point of the finite family of
asymptotically nonexpansive mappings in Banach spaces. Suzuki [15], Zeng and
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Yao [20] discussed a necessary and sufficient condition for common fixed points
of two nonexpansive mappings and a finite family of nonexpansive mappings, and
proved some convergence theorems for approximating a common fixed point, respec-
tively.

In 2006, Lan [6] introduced a new class of generalized asymptotically quasi-
nonexpansive mappings and gave necessary and sufficient condition for the 2-step
modified Ishikawa iterative sequences to converge to fixed points for the class of
mappings.

Recently, Tang and Peng [1%] give the necessary and sufficient condition of strong
convergence of common fixed points for a finite family of uniformly quasi-Lipschitzian
mappings in banach spaces for the following iteration scheme:

Let {T; :i=1,2,...,k}: K — K, where K is a nonempty subset of a Banach
space F, be a finite family of uniformly quasi-Lipschitzian mappings. Let z; € K,
then the sequence {z,} is defined by

Tyl = QknTn + Ok T3 Y(k—1)n + CrnlUin,
Yh-)n = Ak—1)nTn + Og—1)n T 1Y(k—2)n + Ch—1)nU(k—1)n;
Yk-2n = Ah—2nTn + Ok—2n T} 2Uk—3)m + Ck—2)nUk—2)n,
Yo = QA2pTp + anTQnyln + ConUop
Yin = Q1pTpn + blnTlnxn + CinUin, n=>1, (]-]-)

where {a;,}, {bin}, {cin} are sequences in [0,1] with a;, + by, + ¢, = 1 for all
i=1,2,...,kandn > 1, {uy, t=1,2,...,k, n> 1} are bounded sequences in K.

Remark 1.1. The iterative algorithm (1.1) is called multi-step iterative algorithm
with errors. It contains well known iterations as special case. Such as, the modified
Mann iteration (see, [13]), the modified Ishikawa iteration (see, [L7]), the three-step
iteration (see, [19]), the multi-step iteration (see, [5]).

The purpose of this paper is study the multi-step iterative algorithm with bounded
errors (1.1) for a finite family of generalized asymptotically quasi-nonexpansive map-
pings to converge to common fixed points in Banach spaces. The results obtained in
this paper extend and improve the corresponding results of [2, 3, 5, 6, 7, 8, 11, 14, 19]
and many others.

2. PRELIMINARIES
In the sequel, we need the following definitions and lemmas for our main results

in this paper.

Definition 2.1. (see [10]) Let E be a real Banach space, K be a nonempty subset of
FE and F(T') denotes the set of fixed points of 7. A mapping T: K — K is said to be
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(1) nonexpansive if

[Tx =Tyl < |lz—yll, (2.1)
for all z,y € K,

(2) quasi-nonexpansive if

[Tz =Tyl < [le—yl, (2.2)
for all x € K and p € F(T),

(3) asymptotically nonexpansive if there exists a sequence {r,} C [0,00) with
r, — 0 as n — oo such that

[Tz =Tyl < (1+r)llz—yl, (2.3)
for all x,y € K,

(4) asymptotically quasi-nonexpansive if (3) holds for all z € K and y € F(T);

(5) generalized quasi-nonexpansive with respect to {s,}, if there exists a sequence
{sn} C [0,1) with s, — 0 as n — oo such that
[Tz —pl| < |lz—pll+snllz—T "z, (2.4)
forallz € K, pe F(T) and n > 1,

(6) generalized asymptotically quasi-nonexpansive with respect to {r,,} and {s,} C
[0,1) with 7, — 0 and s,, — 0 as n — oo such that

7"z —pll < (Lt [z —pll + s [l =Tz, (2.5)
forallz € K, pe F(T) and n > 1.

Remark 2.1. From the above definition, it is clear that:

(i) a nonexpansive mapping is a generalized asymptotically quasi-nonexpansive
mapping;

(ii) a quasi-nonexpansive mapping is a generalized asymptotically quasi-nonexpansive
mapping;

(iii) an asymptotically nonexpansive mapping is a generalized asymptotically
quasi-nonexpansive mapping;
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(iv) a generalized quasi-nonexpansive mapping is a generalized asymptotically
quasi-nonexpansive mapping.

However, the converse of the above statements are not true.

Lemma 2.1. (see [10]) Let {a,}, {b,} and {0,} be sequences of nonnegative real
numbers satisfying the inequality

An1 S (1+5n)an+bm nZ 1.

If >, 8, <ooand Y > b, < oo, then lim, . a, exists. In particular, if {a,}
has a subsequence converging to zero, then lim,, .., a, = 0.

Lemma 2.2. (see [0]) Let K be nonempty closed subset of a Banach space E and
T: K — K be a generalized asymptotically quasi-nonexpansive mapping with the
fixed point set F(T) # (). Then F(T') is closed subset in K.

3. MAIN RESULTS

In this section, we prove strong convergence theorems of multi-step iterative al-
gorithm with bounded errors for a finite family of generalized asymptotically quasi-
nonexpansive mappings in a real Banach space.

Theorem 3.1. Let E be a real arbitrary Banach space, K be a nonempty closed
convex subset of E. Let {T; :i=1,2,...,k}: K — K be a finite family of gener-
alized asymptotically quasi-nonexpansive mappings with respect to {r;,} and {s;,}

such that Y o7 | mat2i < oo for all i € {1,2,...,k}. Let {z,} be the sequence de-

fined by (1.1) with >>7 ¢ < o0, i=1,2,..., k. If F =N} F(T;) # 0. Then the
sequence {x,} converges strongly to a common fixed point of {7} : i =1,2,... k}if
and only if liminf d(x,,,F) = 0, where d(z, F) denotes the distance between = and

the set F.

Proof. The necessity is obvious and it is omitted. Now we prove the sufficiency.
Let p € F, then it follows from (2.5) and for all i € {2,3,...,k}, we have

[Y-1n = Pl + (| T Y-1)n = |

[9-vn = oIl + (14 73,) [[Y-1n — 1|

+Si, Hy(i—l)n - Tinfl/(z‘—nnH

2+ 73,) [y = Pl + i [96-10 = T7Y-1al|

Hy(i—l)n - Tin?/(i—nnH <
<

IN

which implies that

2+Tin
1 — Sin

Hy(i—l)n - ﬂ”y(i—l)nH < ( ) Hy(i_l)n — pH . (3.1)
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and

S ||$n _pH + ||T1nxn _pH
< ||:L’n—p|| +(1+Tln> ||In—p|| + Sin Hxn_Tlnxn”
< 24 7r) (|70 = pll + 10 |20 — T 24|

|zn — 12|

which implies that

n 2 + Tin
oo = Tl < (5722 llow =l (3:2)
Sin
Since {uy,, i = 1,2,...,k, n > 1} are bounded sequences in K, therefore there

exists a M > 0, such that
M:max{supﬂum—pﬂ, = 1,2,...,k}.
n>1
Using (1.1), (3.1) and (3.2), we note that

”yln - p” - ||a1nxn + blnTlnxn + CipUin — p”
= Haln(xn - p) + bln(Tln'Tn - p) + Cln(uln - p)H

S A1n Hwn - pH + bln HTlnxn - PH + Cin ”uln - pH
10 20 = Tl | + c1n [[un — o
14 T1n + Sin
< ain o = pll+ b (0 — g
— Sin
+Cln Huln _pH
14+7r,+s
< (an + bin) (#) |20 — pl|
— Sin
+Cln ”uln _pH
1+ T1in + Sin

= (=) () e sl

+C1p || U1, — p|
S (1+T1n+51n

n - nM
) Nl =l + e

Tin + 2515
= [1 + ;] |lxn — pl| + c1aM
1 - Sin
= (L+tw) [lzn = pll + c1nM (3.3)
where ty, = % Since > 7, % < oo for all i € {1,2,... k}, it follows

that »_ 7 | t1,, < oo. Again from (1.1) and (3.3), we note that
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”y2n - pH - ”a2n$n + anTQnyln + ConpUan _p”
= ||a2n(xn - p) + an(Tznyln - p) + CQn(U2n - p)”

S Q2n, Hxn - pH + b2n HTQHyln - pH + Con, Hu2n - p”
<l = Pl + bon | (14 720 1 — 1
+32n Hyln - TQTLylnH ] + Con ”u2n - pH
1+ Ton + Son
< aan llon = pll + b (=2 g —
— Son
+can |[u2n — D]
Ton + 2Sop,
< azn o = pll + b (14 222 [(1 4 1) 2 —
— Son
+ClnM + Con Hu2n - p”
S Qon, Hxn - pH + b2n<1 + th) (1 + tln) Hxn - pH
+ClnM + Con ||u2n - p”
< @ llo = pll + ban. (1 + o) | (1 + t10) 0 = ] + c10M |
+Can |[u2n — D]
S (a2n + bZn)(l + tln)<1 + t2n) ”:En - p” + ancln(l + t2n)M
+CQnM
= (1 — an)(l + t1n>(1 + tgn) ||In - p|| + bgncln(l + t2n>M
+CQnM
S (1 + tln + tgn) ||]In — pH + (Cln + an)M
2 2
= 1D thn] Nl = pll + MY (3.4)
k=1 k=1
where to, = % Since > 7, % < oo for all i € {1,2,...,k}, it follows

that Y07 | te, < 0.
Repeating the above process, we get
J J
lysm =2l < (14D tin] llzw = pll + MY . (3.5)
k=1 k=1

for j =1,2,...,k— 1. In fact, (3.5) holds for j = 1 via inequality (3.3). By using
induction, suppose that (3.5) holds for j, then for j + 1, we see that
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—pll =llagryn(@n — ) + b1 (T( 11y Yin — P)

+ ¢(41n(Ur1yn — D)
Sa(j-i-l)nH:Un - pH + b(j+1)nHT(7;+1)yjn — pH

+ ¢nnlltgrnn — pll
<aglln = pll+ bsn | (L + 7400 930 — I

+ 5(j+1)n||?/jn - T@H)yjnﬂ + C(j+1)n||u(j+1)n -l

1+ T(j+1)n + 8(j+1)”> Hy B pH
in

<agj+iynllzn — pll + b(j+1>n< ——
j+1)n

+ crvnlltGrn — Pl

T(j+1)n + 25<j+1>n)
L= sG41m

{ 1 + Ztkn ||xn p” + MZCkn} + C]-H)n”u (J+1)n — p”

Sa(j+1)nllxn — Pl + b 1yn (L + t11)n)

{ 1+Ztk‘n ||‘Tn p||+MZCkn} +C]+1 ||u]+1)n p”

<agsynllTn = pll + bt n<1 + t(j+1)n)

{ 1 + Ztkn |z — pll + Mchn} + c+nllugryn — pll
(a G+1)n + b+1) > (1 + Z t,m) (1 + t(j+1)n) |zn — Pl

+ Mb(j_H) (1 + t(j+1 > Z Ckn + C( j“rl)?’L

J
<(14 D ton) (14 tn) o = 2

Sa(j+1)n||xn —pll + bij+1)n <1 +

k=1
J
+ M(l + t(j+1)n> Z Crn + C(j+1)nM
k=1
J
<(1+ 3 i+ tenn) ln —
k=1
J
+ M(Z Ckn + C(jt1)n)
k=1
J+1 Jj+1

91

—(14 Y tn) = w4 M ). (3.6)

k=1 k=1
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Hence (3.5) holds. It follows from (1.1) and (3.5) that

| @rn (@0 — ) + Ve (TR Yt—1)n — P) + (i — )|

L+ 7k + Sk
R g |

241 —

IN

IN

+Ckn Hukn - pH

e | (|

IN

+Crn ||tk — |

k—1
aton [n = DI+ b (1 i) [ (14D i) e = 2
=1

IN

e

-1
+M Cln] + Can
=1

k—1

(g + b,.m> (1 + t;m> (1 + Zt@ 2 — 2|

=1

IN

e

-1

M (14t ) (3 ) + e
=1
k—1
=1
+M(1 + tkn) ( Cln) + Can

-1
=1

N———

N

k—1
(1427 tin -t ) o =
=1
k—1
+M( Z Cin + C]m>
=1
k
= [1 + Ztln] |zn — pl| + M(Zcm)
=1 =1
= (14+0,) |zn —pll + M, (3.7)

where 0,, = Zle tin, and N\, = Zle Cln. Since > 07 by, < oo and Y 07 ¢, < oo for
all ] =1,2,... k, it follows that > > 6, < oo and Y - A, < oo. Therefore from
Lemma 2.1, we know that lim d(z,,F) = 0.

n—o0

VAN

Next, we will prove that {z,} is a Cauchy sequence. Notice that when z > 0,
1+ 2z <e”, from (3.7) we have
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(1 + en—l-m—l) ||xn+m—1 - pH + M>\n+m—1

69n+m—1 ||xn+mfl - p” + M>\n+m71

0 +m — pll

IA A

IN

O [eewm |tz — Pl + MAnrm—2]
+M)\n+m71

|:0n+m71 +9n+m72:|
€

IN

||~’17n+m—2 —PH

+M€9n+m71 ()\n+m—1 + /\n+m—2)

ININ TN

n+m 1
( I Yl —

n+m—1

+M< s "+1 ) Z Ak
< (emh )||:cn—p||

n+m—1
+M< SEnhe ) Z M\
n+m—1
< Mz, —pl+MM Y N (3.8)
k=n

where M’ = eXi2n %% and for all p € F, m,n € N. Since lim d(z,,F) = 0, for

n—oo

given € > 0, there exists a natural number n; such that for n > ny,

n+m
€ €
d(xn, F) < ——= and E Ap < . 3.9
(@ ) <ty 1) ™ ES oMM (3.9)
k=nq1+1
Hence, there exists a point ¢ € F such that
o, = all < 5777 (3.10)
Tp, — S .
LTV

By (3.8), (3.9) and (3.10), for all n > ny and m > 1, we have
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|Zrtm = 2nll < NTngm — ql] + |20 — ¢l

n+m—1
< M’ me - C]H +MM, Z /\k + me - q”
k=n1
n+m—1
< (M4 1) o, —qll + MM Y N
k=n1
< M+ MM = (3.11)
2(M"+1) 2M M’

This implies that {z,} is a Cauchy sequence. Thus the completeness of E implies
that {z,} must be convergent. Let lim, ..z, = p, that is, {z,} converges to p.
Then p € K, because K is a closed subset of E. By Lemma 2.2 we know that the
set F is closed. From the continuity of d(x,,, F) with

d(x,,F)—0 and z,—p as n— oo,

we get
dip, F)=0

and so p € F = N¥_ F(T;), that is, p is a common fixed point of {T} : i = 1,2,...,k}.
This completes the proof.

Theorem 3.2. Let E be a real arbitrary Banach space, K be a nonempty closed
convex subset of E. Let {T; :i=1,2,...,k}: K — K be a finite family of gener-
alized asymptotically quasi-nonexpansive mappings with respect to {r;,} and {s;,}
such that > 7 % < oo for all i € {1,2,...,k}. Let {x,} be the sequence
defined by (1.1) with >°7 ¢ < 00,4 =1,2,..., k. If F =N F(T;) # 0. Then
the sequence {z,} converges strongly to a common fixed point p of the mappings
{T; :7=1,2,...,k} if and only if there exists a subsequence {z,,} of {z,} which
converges to p.

Proof. The proof of Theorem 3.2 follows from Lemma 2.1 and Theorem 3.1.

Theorem 3.3. Let E be a real arbitrary Banach space, K be a nonempty closed
convex subset of E. Let {T; :i=1,2,...,k}: K — K be a finite family of gener-
alized asymptotically quasi-nonexpansive mappings with respect to {r;,} and {s;,}
such that > 7, % < oo for all i € {1,2,...,k}. Let {x,} be the sequence
defined by (1.1) with Y>> ¢;, < 00,i=1,2,..., k. If F =k F(T;) # (). Suppose
that the mappings {7; : ¢ = 1,2,..., k} satisfy the following conditions:

(C) limy oo ||Tn — Tizy|| = 0 for all i € {1,2,..., k};
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(Cy) there exists a constant A > 0 such that {||z,, — T;z,||} > Ad(z,,F) for all
ie{l,2,... k} and for all n > 1.

Then {x,} converges strongly to a common fixed point of the mappings {7} : i =
1,2,...,k}.

Proof. From condition (C4) and (Cy), we have lim, . d(z,, F) = 0, it follows as
in the proof of Theorem 3.1, that {z,,} must converges strongly to a common fixed
point of the mappings {T; : i =1,2,..., k}.

Remark 3.1. Theorem 3.1 extends the corresponding result of Khan et al. [7]
and Tang and Peng [15] to the case of more general class of asymptotically quasi-

nonexpansive or uniformly quasi-Lipschitzian mappings considered in this paper.

Remark 3.2. Theorem 3.1 also extend and improve the corresponding results

of [7, 8, 12, 14, 19]. Especially Theorem 3.1 extend and improve Theorem 1 and 2
in [3], Theorem 1 in [7] and Theorem 3.2 in [11] in the following ways:
(1) The asymptotically quasi-nonexpansive mapping in [7], [3] and [14] is replaced

by finite family of generalized asymptotically quasi-nonexpansive mappings.

(2) The usual Ishikawa iteration scheme in [7], the usual modified Ishikawa itera-
tion scheme with errors in [8] and the usual modified Ishikawa iteration scheme with
errors for two mappings are extended to the multi-step iteration scheme with errors
for a finite family of mappings.

Remark 3.3. Theorem 3.2 extend and improve Theorem 3 in [%] and Theorem 3.3
extend and improve Theorem 3 in [7] in the following aspects:

(1) The asymptotically quasi-nonexpansive mapping in [7] and [3] is replaced by
finite family of generalized asymptotically quasi-nonexpansive mappings.

(2) The usual Ishikawa iteration scheme in [7] and the usual modified Ishikawa
iteration scheme with errors in [3] are extended to the multi-step iteration scheme
with errors for a finite family of mappings.

Remark 3.4. Theorem 3.1 also extends the corresponding result of [12] to the case
of more general class of uniformly quasi-Lipschitzian mapping and multi-step iter-
ation scheme with errors for a finite family of mappings and also it extends the
corresponding result of [19] to the case of more general class of asymptotically non-
expansive mappings and multi-step iteration scheme with errors for a finite family
of mappings considered in this paper.
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