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BILINEAR FOURIER INTEGRAL OPERATOR AND ITS
BOUNDEDNESS

M. ALIMOHAMMADY !, F. FATTAHI 2

ABSTRACT. We consider the bilinear Fourier integral operator

_ i61(2,6) s () FeVa
0= [ [ e ot ) f€)atnde dn

on modulation spaces. Our aim is to indicate this operator is well defined on
S(R?) and shall show the relationship between the bilinear operator and BFIO on
modulation spaces.

1. INTRODUCTION

The notion of bilinear pseudodifferential operator

0= [, [ owemf©ameodcan

has considered by many authors [3], [4], [5], [6] and [7]. The purpose of this paper
is doing in more general case:

_ / / (1@ id2 @) 5 (1 ¢ ) (€)d(1)dE dn,
R4 JRdA

as a mapping from . We prove S, is well defined on Schwartz spaces.and it is
bounded on modulation spaces. Moreover, we obtain boundedness results for some
operators with symbols which are not necessarily smooth.

2. PRELIMINARIES

2.1 we will be working on the d — dimensionalR space R .We let S = S(R?) be
the subspace of C°°(R?) Schwartz rapidly decreasing functions, with its dual topol-
ogy.its dual is S’ = S’(R9) ,the set of all tempered distributions on R% Translation
and modulation of a function f with domain R? are ,respectively,

T.f(t) = f(t —x) and M, f(t) = ™ f(t).
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Fourier transform: The fourier transform of f € L'(R?) is

flo = [ e sar, g ewe

short time fourier Transform: The short time fourier Transform (STFT)of a
function f with respect to a window g is

Vifa) = [ e Gi=a o

Weight functions: Given s > 0 a positive, continuous, and symmetric function v
is called an s-moderate weight if there exists a constant C'such that

viz+y) <C(l+ ]x\Q)gl/(y), Vr,y € R%

Definition 2.1. (modulation space):

Given 1 < p,q < 00, a window g € S and a moderate weight v defined on R??,
the modulation space MPE? is the space of all distributions f € S’ for which the
following norm is finite:

e = ([ ([ WartepPuta,dn)tdn’t = [Vl

(Refer [8] for more details.)

3. MAIN RESULTS

Definition 3.1. Here, we study the natural bilinear

Sf.)@) = [ [ eoecneno(a, ¢ ) fie)gnds dn.,
rRe JR
where it’s symbol satisfies now the estimate
‘3?8?630(13, 0,6)| < Comypr <€ > m1—|Blé+|aly - n >mz*\p|’y+\a|l’7

where z,£,7 € R", «, 8,7 are multi-indices and C, . x is a positive constant de-
pends on «, 3,v. We denote by ;’;YI’Z"Q(X x R™) or simply S;f;f” for the class of all
symbols satisfying this estimate.

Proposition 3.2. Let
St = [ [ et ena e f©smdean (31
R4 JR

be a bilinear pseudodifferential operator on S(R?) and assume that there is a constant
¢ > 0 satisfying the condition:|0%¢'®*@m)| < C, Then S, is well defined.
Proof. One can verified that

Sulf. 9)(x) = / @90 (1, €) F(€)de

Rd
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and refer to [2, lemma 1.1] for more detail and one can substitute (Li)* e instead
of €' and integrate by parts ki times. Then,

Su(f,9)(x) = / ¢ g, (2, €) F(€)de

Rd

refer to [2, Exercise 1.3]. Therefore, L oy (x, ) f(€)] € S™ P if p> 0, oy(x,€) €
Ssy, then this integral is absolutely convergent.
Now prove that o1(z,§) € S5

n@6) = [ Dol n)itnn
using again [2, lemma 1.1] and
ni@§) = [ SN o(a € n)gn)ldn
R

for & > 0, this integral is absolutely convergent and [La*o(x,&,m)g(n)] € Smima—h?,
Now according to the definition 5.1,

— 1816+ |alv,ma—pk
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and
oi(z,§) € S5,

Then the operator 3.1 is well defined.

Bilinear operators: We use bilinear operator associated with kernel K € S’(R3¢),which
is a mapping By from S(R?) x S(R¥)to S'(R?) by

Butfa)@ = [ [ Ko@)
for f,g € S(RY).

The next proposition establishes the relationship between a bilinear integral operator
and a bilinear Fourier integral operator.
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Proposition 3.3. Let S, be a bilinear Fourier integral operator associated to a
symbol. Then S, coincides with a bilinear integral operator By with kernel

K(z,y,2) = FsFao(x,y, 2)e® (=8 gid2(n)

Proof. For f,g € S(R?),

St = [ [ elwsni@imenoenendcan

:(////?@@mV@mafmwﬁmwﬁmﬂﬁmmm&@w

::Adwny)ﬂ)(W@ﬂ@

— Bu(f.9)@).
Therefore,
Bu(fa)w) = [ [ Kw @)
= [ [ Haw 7 fw)F (e duds
= [ [ Keaemefeemgimae)
Hence,

oz, n)e @) = / / k(z,y, 2)e*™ ™2 d(y)d(2)
= Fy Fy k(x,&m).
In the sequel, considering

K(x,y,z) = F3Fa0(z, v, z)ei‘lﬁl(9375)61'452(96777)7

proof is complete.

Remark 3.4. Considering
AXY) = (21, —y2, —Y3), (Y1, T2, 73))

in the next Proposition we show that the symbol of the bilinear Fourier integral
operator is in M, (R*) if and only if the corresponding integral kernel be as in

Proposition 3.3, where B = A~

Proposition 3.5. o € M, (R*) if and only if K (z,y, z) = FsFoo(z,y, 2)e' P @8 eivz2(@m),
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Proof.
Let G € S(R3). For u = (uy,uz, us),v = (v1,v9,v3) and t = (t1,ts,t3) € R
VoK (u,v) = / e UG (t — u) K (t)dt
R3d

:/ / FsFao(ty, to t3>€i¢1(tl,ﬁ)€i¢2(tlm)e—%i(t1v1+t2v2+t3v3)X
R4 JRd JRR4 n

G(tl — Uy, tQ — U2, t3 — u3)dt1dt2dt3
— / / f*lé_(tl t2 t3)€i¢>1 (tl,f)ei(bg (tl,n)6727T’i(t11)1+t2’l)2+t31}3) %
Rd JR4 JR4 ! Y

tl — Uy, t2 Ug, t3 — Ug)dtldtgdtg

/ / / / 6 (1, b, 1)1 (1) gi62(H1.0) =2tz tisus) 2ty (e—v1) o
Rd JRE JRE JRE

tl — Ui, t2 U2, t3 — Ug)dtldtzdtg

/ / / / i1 (ur—t1,8) iz (ur—t1,n) 5 (JJ to t3) —2mi(tava+t3vs)
Rd JR4 JRE JRA ’

tl, tQ Ua, t3 — Ug) 2mi(ur—t1)(@—v1) dtldtgdtgdl'

/ / / / Z¢1(U1 t1,8) l¢2(u1 t1,n) » (x to ng) —2mi(tava+tsvs)
R4 JR4 JR4 JR4 ’

I — U1, t2 Ug, tg — U3 —2miua (v1— w)dtgdtgdl'

_ 61'(;31(u1—t1,§)+i¢2(u1—t1,n)—27riu11)1 I’ t27t3 —2mi(x.t2,t3)(—u1,v2,v3)
R4 Rd

JflG(iL', tg, tg) — (’Ul, Uz, U3)dt2dt3dm
— e’i(bl(’LLl7t1,£)+’i¢2(ulftl,?7)727riulv1 / 6_(2/)6727@(2)(7’[1‘1,1)2,1)3)

R4
Fi1G(z — (v1,ug,u3))dz
- eid)l (ul_t1’§)+i¢2 (ul—tl,ﬂ)—Qﬂ'iulvl V.'F1Gé-((vl7 Usa, u3>a (_ula Vg, U3))
— eid)l (U1_t17€)+i¢2(U1_t17n)_2Wiulvl VH6<(U1) U, u3)7 (_ulu Vg, U3))7

where H = F,G. Since |V, f(x,y)| = |Vof (—y, z)| whenever the STFT can be de-
fined, we have

Ve K (u,v)| = |[Vuo((v1, uz, uz), (—ur, va, v3))|
= |Vizo((u1, —va, —vs3), (v1, ug, us))|
= |Vgo(A(u,v))|.

/ / Ve K (u, v)| (u, v)dudv
R3d JR3d

/Rgd /Rgd Vo (A(u, v))[€(u, v)dudv
/de /Rad Vo (A(u,0))[Q (u, v)dudv

Therefore,
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/ / |Vgo(u,)|QF (u,v)dudv < oo
R3d JR3d
and the proof is complete.

Remark 3.6. In [I] Beny and Okoudjou proved that a bilinear integral operator
with kernel in the modulation space is bounded. We showed that S, is a pseu-
dodifferential operator and established the relationship between a bilinear integral
operator and S,. Now we have prepared conditions for following directly Theorems
2,3 and 4 in [!] to deduce the boundedness of S, under the assumptions in Propo-
sition 3.5.
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