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BILINEAR FOURIER INTEGRAL OPERATOR AND ITS
BOUNDEDNESS

M. ALIMOHAMMADY 1, F. FATTAHI 2

Abstract. We consider the bilinear Fourier integral operator

Sσ(f, g)(x) =
∫

Rd

∫
Rd

eiφ1(x,ξ)eiφ2(x,η)σ(x, ξ, η)f̂(ξ)ĝ(η)dξ dη,

on modulation spaces. Our aim is to indicate this operator is well defined on
S(Rd) and shall show the relationship between the bilinear operator and BFIO on
modulation spaces.

1. Introduction

The notion of bilinear pseudodifferential operator

Tσ(f, g)(x) =

∫
Rd

∫
Rd

σ(x, ξ, η)f̂(ξ)ĝ(η)eix(η+ξ)dξ dη,

has considered by many authors [3], [4], [5], [6] and [7]. The purpose of this paper
is doing in more general case:

Sσ(f, g)(x) =

∫
Rd

∫
Rd

eiφ1(x,ξ)eiφ2(x,η)σ(x, ξ, η)f̂(ξ)ĝ(η)dξ dη,

as a mapping from . We prove Sσ is well defined on Schwartz spaces.and it is
bounded on modulation spaces. Moreover, we obtain boundedness results for some
operators with symbols which are not necessarily smooth.

2. Preliminaries

2.1 we will be working on the d − dimensionalR space Rd.We let S = S(Rd) be
the subspace of C∞(Rd) Schwartz rapidly decreasing functions, with its dual topol-
ogy.its dual is S ′ = S ′(Rd) ,the set of all tempered distributions on Rd.Translation
and modulation of a function f with domain Rd are ,respectively,
Txf(t) = f(t− x) and Myf(t) = e2πiy.tf(t).
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Fourier transform: The fourier transform of f ∈ L1(Rd) is

f̂(y) =

∫
Rd

e−2πiy.tf(t)dt, y ∈ Rd

short time fourier Transform: The short time fourier Transform (STFT)of a
function f with respect to a window g is

Vgf(x, y) =

∫
Rd

e−2πiy.tg(t− x)f(t)dt,

Weight functions: Given s ≥ 0 a positive, continuous, and symmetric function ν
is called an s-moderate weight if there exists a constant Csuch that

ν(x + y) ≤ C(1 + |x|2)
s
2 ν(y), ∀x, y ∈ Rd.

Definition 2.1. (modulation space):
Given 1 ≤ p, q ≤ ∞, a window g ∈ S and a moderate weight ν defined on R2d,

the modulation space Mp,q
ν is the space of all distributions f ∈ S ′ for which the

following norm is finite:

‖f‖Mp,q
ν

= (

∫
Rd

(

∫
Rd

|Vgf(x, y)|pν(x, y)dx)
q
p dy)

1
q = ‖Vgf‖Lp,q

ν
.

(Refer [8] for more details.)

3. Main Results

Definition 3.1. Here, we study the natural bilinear

Sσ(f, g)(x) =

∫
Rd

∫
Rd

eiφ1(x,ξ)eiφ2(x,η)σ(x, ξ, η)f̂(ξ)ĝ(η)dξ dη, ,

where it’s symbol satisfies now the estimate

|∂α
x ∂β

ξ ∂γ
η σ(x, η, ξ)| ≤ Cα,γ,β,k < ξ >m1−|β|δ+|α|ν< η >m2−|ρ|γ+|α|ν ,

where x, ξ, η ∈ Rn, α, β, γ are multi-indices and Cα,β,γ,K is a positive constant de-
pends on α, β, γ. We denote by Sm1,m2

δ,γ,ν (X ×Rn) or simply Sm1,m2

δ,γ,ν for the class of all
symbols satisfying this estimate.

Proposition 3.2. Let

Sσ(f, g)(x) =

∫
Rd

∫
Rd

eiφ1(x,ξ)eiφ2(x,η)σ(x, ξ, η)f̂(ξ)ĝ(η)dξ dη, (3.1)

be a bilinear pseudodifferential operator on S(Rd) and assume that there is a constant
c > 0 satisfying the condition:|∂θ1

x eiφ2(x,η)| ≤ C, Then Sσ is well defined.
Proof. One can verified that

Sσ(f, g)(x) =

∫
Rd

eiφ1(x,ξ)σ1(x, ξ)f̂(ξ)dξ
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and refer to [2, lemma 1.1] for more detail and one can substitute (L1)
k1eiφ1 instead

of eiφ1 and integrate by parts k1 times. Then,

Sσ(f, g)(x) =

∫
Rd

eiφ1(x,ξ)Lk1
1 σ1(x, ξ)f̂(ξ)dξ

refer to [2, Exercise 1.3]. Therefore, Lk1
1 [σ1(x, ξ)f̂(ξ)] ∈ Sm1−k1ρ. if ρ > 0, σ1(x, ξ) ∈

Sm1
δ,ν then this integral is absolutely convergent.

Now prove that σ1(x, ξ) ∈ Sm1
δ,ν .

σ1(x, ξ) =

∫
Rd

eiφ2(x,η)σ(x, ξ, η)ĝ(η)dη,

using again [2, lemma 1.1] and

σ1(x, ξ) =

∫
Rd

eiφ2(x,η)[Lk2
2 σ(x, ξ, η)ĝ(η)]dη

for δ > 0, this integral is absolutely convergent and [LK2
2 σ(x, ξ, η)ĝ(η)] ∈ Sm1,m2−k2δ.

Now according to the definition 3.1,

∂α
x ∂γ

η ∂β
ξ σ(x, η, ξ) ∈ Sm1−|β|δ+|α|ν,m2−ρk2+|α|ν

|∂α
x ∂β

ξ σ1(x, ξ)| = |∂α
x (

∫
eiφ2(x,η)LK2

2 [∂α
ξ a(x, η, ξ)ĝ(η)]dη)|

= |∂α
x (

∫
eiφ2(x,η)b(x, η, ξ)dη|

= |
∫ ∑

|θ1|+|θ2|≤|α|

α!

θ1!θ2!
∂θ1

x eiφ2(x,η)∂θ2
x b(x, ξ, η)dη|,

so

|∂α
x ∂β

ξ σ1(x, ξ)| ≤ Cα,γ,β,k

∫
Rd

< ξ >m1−|β|δ+|α|ν< η >m2−ρk2+|α|ν dη

and

σ1(x, ξ) ∈ Sm1
δ,ν .

Then the operator 3.1 is well defined.

Bilinear operators: We use bilinear operator associated with kernel K ∈ S ′(R3d),which
is a mapping BK from S(Rd)× S(Rd)to S ′(Rd) by

BK(f, g)(x) =

∫
Rd

∫
Rd

K(x, y, z)f(y)g(z)d(y)d(z),

for f, g ∈ S(Rd).
The next proposition establishes the relationship between a bilinear integral operator
and a bilinear Fourier integral operator.
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Proposition 3.3. Let Sσ be a bilinear Fourier integral operator associated to a
symbol. Then Sσ coincides with a bilinear integral operator BK with kernel

K(x, y, z) = F3F2σ(x, y, z)eiφ1(x,ξ)eiφ2(x,η).

Proof. For f, g ∈ S(Rd),

Sσ(f, g)(x) =

∫
Rd

∫
Rd

σ(x, ξ, η)f̂(ξ)ĝ(η)eiφ1(x,ξ)eiφ2(x,η)dξ dη

=

∫ ∫ ∫ ∫
σ(x, ξ, η)f(y)g(z)e−2πiξ.ye−2πiη.zeiφ1(x,ξ)eiφ2(x,η)dηdξdydz

=

∫
Rd

∫
Rd

K(x, y, z)f(y)g(z)d(y)d(z)

= BK(f, g)(x).

Therefore,

BK(f, g)(x) =

∫
Rd

∫
Rd

K(x, y, z)f(y)g(z)d(y)d(z)

=

∫ ∫
k(x, y, z)F−1f̂(y)F−1ĝ(z)dydz

=

∫ ∫
k(x, y, z)e2πiξ.yf̂(ξ)e2πiη.zĝ(η)d(η)d(ξ).

Hence,

σ(x, ξ, η)eiφ(x,η,ξ) =

∫ ∫
k(x, y, z)e2πiξ.ye2πiη.zd(y)d(z)

= F−1
2 F−1

3 k(x, ξ, η).

In the sequel, considering

K(x, y, z) = F3F2σ(x, y, z)eiφ1(x,ξ)eiφ2(x,η),

proof is complete.

Remark 3.4. Considering

A(X, Y ) = ((x1,−y2,−y3), (y1, x2, x3))

in the next Proposition we show that the symbol of the bilinear Fourier integral
operator is in M1

ΩB
s
(R3d) if and only if the corresponding integral kernel be as in

Proposition 3.3, where B = A−1.

.

Proposition 3.5. σ ∈M1
ΩB

s
(R3d) if and only if K(x, y, z) = F3F2σ(x, y, z)eiφ1(x,ξ)eiφ2(x,η).
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Proof.

Let G ∈ S(R3d).For u = (u1, u2, u3), v = (v1, v2, v3) and t = (t1, t2, t3) ∈ R3d

VGK(u, v) =

∫
R3d

e−2πit.vG(t− u)K(t)dt

=

∫
Rd

∫
Rd

∫
Rd

F3F2σ(t1, t2, t3)e
iφ1(t1,ξ)eiφ2(t1,η)e−2πi(t1v1+t2v2+t3v3)×

G(t1 − u1, t2 − u2, t3 − u3)dt1dt2dt3

=

∫
Rd

∫
Rd

∫
Rd

F−1
1 σ̂(t1, t2, t3)e

iφ1(t1,ξ)eiφ2(t1,η)e−2πi(t1v1+t2v2+t3v3)×

G(t1 − u1, t2 − u2, t3 − u3)dt1dt2dt3

=

∫
Rd

∫
Rd

∫
Rd

∫
Rd

σ̂(x, t2, t3)e
iφ1(t1,ξ)eiφ2(t1,η)e−2πi(t2v2+t3v3)e2πit1(x−v1)×

G(t1 − u1, t2 − u2, t3 − u3)dt1dt2dt3

=

∫
Rd

∫
Rd

∫
Rd

∫
Rd

eiφ1(u1−t1,ξ)eiφ2(u1−t1,η)σ̂(x, t2, t3)e
−2πi(t2v2+t3v3)

G(−t1, t2 − u2, t3 − u3)e
2πi(u1−t1)(x−v1)dt1dt2dt3dx

=

∫
Rd

∫
Rd

∫
Rd

∫
Rd

eiφ1(u1−t1,ξ)eiφ2(u1−t1,η)σ̂(x, t2, t3)e
−2πi(t2v2+t3v3)

F1G(x− v1, t2 − u2, t3 − u3)e
−2πiu1(v1−x)dt2dt3dx

= eiφ1(u1−t1,ξ)+iφ2(u1−t1,η)−2πiu1v1

∫
Rd

∫
Rd

∫
Rd

σ̂(x, t2, t3)e
−2πi(x.t2,t3)(−u1,v2,v3)

F1G(x, t2, t3)− (v1, u2, u3)dt2dt3dx

= eiφ1(u1−t1,ξ)+iφ2(u1−t1,η)−2πiu1v1

∫
Rd

σ̂(z)e−2πi(z)(−u1,v2,v3)

F1G(z − (v1, u2, u3))dz

= eiφ1(u1−t1,ξ)+iφ2(u1−t1,η)−2πiu1v1VF1Gσ̂((v1, u2, u3), (−u1, v2, v3))

= eiφ1(u1−t1,ξ)+iφ2(u1−t1,η)−2πiu1v1VH σ̂((v1, u2, u3), (−u1, v2, v3)),

where H = F1G. Since |Vgf(x, y)| = |Vĝf̂(−y, x)| whenever the STFT can be de-
fined, we have

|VGK(u, v)| = |VH σ̂((v1, u2, u3), (−u1, v2, v3))|
= |VȞσ((u1,−v2,−v3), (v1, u2, u3))|

= |VȞσ(A(u, v))|.
Therefore, ∫

R3d

∫
R3d

|VGK(u, v)|Ωs(u, v)dudv∫
R3d

∫
R3d

|VȞσ(A(u, v))|Ωs(u, v)dudv∫
R3d

∫
R3d

|VȞσ(A(u, v))|ΩA−1

s (u, v)dudv
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R3d

∫
R3d

|VȞσ(u, v)|ΩB
s (u, v)dudv < ∞

and the proof is complete.

Remark 3.6. In [1] Beny and Okoudjou proved that a bilinear integral operator
with kernel in the modulation space is bounded. We showed that Sσ is a pseu-
dodifferential operator and established the relationship between a bilinear integral
operator and Sσ. Now we have prepared conditions for following directly Theorems
2, 3 and 4 in [1] to deduce the boundedness of Sσ under the assumptions in Propo-
sition 3.5.
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