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Abstract

We study an interesting class of Banach function algebras of infinitely differentiable functions on
perfect, compact plane sets. These algebras were introduced by Honary and Mahyar in 1999, called
Lipschitz algebras of infinitely differentiable functions and denoted by Lip(X, M, a), where X is a
perfect, compact plane set, M = {M,}°°, is a sequence of positive numbers such that My = 1 and
(](';If:' < (Mﬂ;)(](}[—;) for m,n € NU {0} and « € (0,1]. Let d = lim sup(%)% and X; = {z € C:
dist(z,X) < d}. Let Lippq(X, M,a)[Lipra(X, M,a)] be the subalgebra of all f € Lip(X, M, «)
that can be approximated by the restriction to X, of polynomials [rational functions with poles off
Xa]. We show that the maximal ideal space of Lippq(X, M, a) is )/(\d, the polynomially convex hull
of X4, and the maximal ideal space of Lipg (X, M, «) is Xy, for certain compact plane sets.. Using
some formulae from combinatorial analysis, we find the maximal ideal space of certain subalgebras
of Lipschitz algebras of infinitely differentiable functions.
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1. Introduction and preliminaries

Let X be a compact Housdorff space. We denote by C(X) the complex algebra of all continuous
complex-valued functions on X. For f € C(X) and a closed subset E of X, we denote the uniform
norm f on E by ||f||g; that is, || f||g = sup{|f(z)| : x € X}. A function algebra on X is a subalgebra
A of C(X) that separates the points of X and contains the constant functions on X. If there is an
algebra norm ||.|| on A such that A is complete under the norm ||.|| and ||1|| = 1, then A is a Banach
function algebra on X, and if the given norm is the uniform norm on X, then A is a uniform algebra
on X.

Let A be a Banach function algebra on X. We denote by M(.A) the maximal ideal space of A.
We know that M(A) with the Gelfand topology is a compact Hausdorff space. For each z € X,
the map e, : A — C, defined by e,(f) = f(z), is an element of M(A) and called the evaluation
character on A at x. This fact implies that || f|x < ||fHM(A) for all f € A, where f is the Gelfand
transform of f. The map J : X — M(A), defined by J(x) = e,, is injective and continuous, and
so X is homeomorphic to a compact subset of M(A). If the map J is surjective, then A is called a
natural Banach function algebra on X and we write M(A) ~ X. In this case, ||f||x = ||f||M(A) for
all f e A.

It is known that if A is a Banach function algebra on X, then A, the uniform closure A in C'(X),
is a uniform algebra on X and M(A) C M(A). The following result is proved in [9] and we will use
it in sequel.

Theorem 1.1. Let X be a compact Hausdorff space and let A be a Banach function algebra on
X. Then M(A) = M(A) if and only if ||f||ma) = ||flIx, for all f € A, where f is the Gelfand

transform of f.

For a compact plane set X, we denote the set of all complex-valued continuous functions on X
that are analytic on int(X) by A(X), and the set of all complex-valued functions on X having an
analytic extension to a neighborhood of X by Hy(X). We denote the set of restriction to X of
rational functions with poles off X by Ry(X), and the restriction to X of polynomials by Py(X).
The polynomial convex hull of X is denoted by X. By the coordinate functional on X we mean the
function Z on X that maps any point to itself. We denote by H(X), R(X) and P(X) the uniform
closure of Hy(X), Ro(X) and Fy(X), respectively. It is known that R(X) = H(X), R(X) is natural
and M(P(X)) ~ X (see[g]).

Let X be a perfect, compact plane set. We say that complex-valued function f on X is complex-
differentiable at a point a € X if the limit

oy~ 43 = fla)
T B e
ze X

exists. We call f’(a) the complex-derivative of f at a. We denoted the nth derivative of f at a € X by
f™(a). We denote the set of n times continuously complex-differentiable functions on X by D"(X)
and the set of infinitely complex-differentiable functions on X by D>(X).
Let M = {M,}>°, be a sequence of positive numbers. We say that M is an algebra sequence if
My =1 and
(m+n)! < m! n!
Mm+n o Mm ]\4117
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for all m,n € NU{0}. Let M = {M,}°°, be an algebra sequence and let d(M) = lim sup (ﬁ—;)%

n—oo

We say that M = {M,,}5°, is an analytic algebra sequence if d(M) > 0 and a non-analytic algebra
sequence if d(M) = 0.
We need the following result about an algebra sequence M = {M,,}>° .

Lemma 1.2. Let M = {M,}>2, be an algebra sequence. Then
(i) the sequence {(%)%};’fzo is convergent and

n!

sl
I
3l

A(M) = Tim (-5)% = inf{(

n—oo n M,

)% :n e NU{0}),

(ii) the series M"!pn is convergent, if p > d(M).
n=0""

To see the proof of Lemma [1.2)(7), we refer to [6, Proposition A.1.26].
For a perfect compact plane set X and an algebra sequence M = {M,,}2°, a Dales-Davie algebra
associated with X and M is defined by

(B
M,

D(X,M)={f €D>(X): ) < oo},

where the norm on D(X, M) is given by

R A
PRI D vat
n=0 n

Since Z € D(X, M) and M is an algebra sequence, D(X, M) is a normed function algebra on X.

A compact subset X of the complex plane is connected by rectifable arcs if any two points of
X can be joined by a rectifiable arc lying within X. For such a set, let §(z,w) denote the geodesic
distance between z and w; that is, the infimum of the lengths of the arcs joining z and w. Clearly §
defines a metric, the geodesic metric, on X.

Definition 1.3. Let X be a compact plane set which is connected by rectifiable arcs, and let §(z, w)
be the geodesic distance between z and w in X.

(i) X is regular if for every z € X there exists a constant C, such that d(z,w) < C,|z — w|, for all
we X.
(i) X is uniformly regular if there exists a constant C' such that 6(z, w) < C|z—w|, for all z,w € X.

Dales and Davie in [6] proved that if X is finite of union of uniformly regular sets, then D(X, M)
is complete. In fact, if X is a finite union of regular sets, then D'(X) with the norm || f||p:(x) =
| fllx + |If'||x is complete and so D(X, M) with the norm || - || p(x,a) is complete. For some further
results see [4].

We sometimes require the following condition on X which is called the (x)-condition.

(%) There exists a constant C' such that for every z,w € X and f € D!(X),

f(2) = fw)] < Clz = w[ (Ifllx + /%)

For example, every uniformly regular set satisfies the (x)-condition (see [6]). The completeness of
D'(X) is also concluded from the (x)-condition.
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Let X be a compact plane set and let a € (0, 1]. We denote by Lip(X, ) the complex algebra of
complex-valued functions f on X for which p,(f) = sup{% cz,w € X,z # w} is finite. For
each f € Lip(X,a), set ||f|la = l|fllx + pa(f). Then ||.||o is an algebra norm on Lip(X,«) and
Lip(X, ) with the norm ||.||, is a natural Banach function algebra on X. These algebras are called
Lipschitz algebras of order av and were first studied by Sherbert in [13, 14].

We denote the complex algebra of complex-valued functions f on a perfect compact plane set X
whose derivatives of all orders exist and f™ € Lip(X, ) for all n € NU {0}, by Lip®(X, a).

For a perfect compact plane set X, an algebra sequence M = {M,}32, and « € (0, 1], a Lipschitz
algebra of infinitely differentiable functions associated with X , M and « is defined by

+ pa(f™)
M,

o (n)
Lip(X,M,«a) ={f € Lip™(X, «) :Z I/ HX < o0},

where the norm on Lip(X, M, «) is given by

> N F™ -+ pa(f™)
Hf”Lz’p(X,M,a) - Z H HXJW '
n=0 n

Since Z € Lip(X, M,«) and M is an algebra sequence, Lip(X, M, «) is a normed function algebra
on X. If D'(X) under the norm ||f||pr(x) = ||f|lx + [|f/||x is complete, then Lip(X, M, ) with
the norm || - ||Lip(x,0,q) is complete and so a Banach function algebra on X [10]. Some properties of
these algebras have studied in [3,10, 11, 12].

NOTATION. Let X be a compact plane set. For a point ( € C, the distance between ¢ and
X is defined by dist((,X) = inf{|( — z| : = € X}. For a non-negative real number d, we set
Xy ={C € C:dist((,X) <d}. Forze€ Candr > 0, D(z,r) = {( € C: |( — 2| < r} and
A(z,r) ={C € C:|¢ — z| <r} are the open and closed disc with center at z and radius .

Abtahi and Honary studied some properties of certain subalgebras of Dales-Davie algebras in
[2]. In this paper we introduce certain subalgebras of Lipschitz algebras of infinitely differentiable
functions and determine their maximal ideal spaces.

2. Certain subalgebras

Throughout this section, we assume that X is a perfect compact plane set, M = {M,}32, is an
algebra sequence and « € (0, 1].
Clearly, Lip(X, M, «) contains the polynomials on X; that is,

P0<X) C LZP(X7 Mu Oé).

Proposition 2.1. Suppose that d = d(M) and X satisfies the (x)-condition. Then Hy(Xy4) is con-
tained in Lip(X, M,«) and, moreover, the embedding of Ho(X4) in Lip(X, M,«) is continuous in
the sense that if f € Ho(Xq) and {f,}52, is a sequence in Ho(X) and f, — [ uniformly on a
neighborhood U of Xg4, then f, — f in Lip(X, M, «a) .

Proof . Let f € Hy(Xy). Then, there exists a neighborhood U of X, such that f and f’ are analytic
on U. Choose p > d so that X, C U. Suppose that z € X. Then C(z,p) C U, where C(z, p) is the
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circle with center at z and radius p. Let n € NU {0}. By the Cauchy integral formula, we have

() = L / %dc,

211

-z
2,p)
n n! /()
FOD (2) =5 / o dg.
C(zp)
Hence,
n! | fllx n L f'll
[fM) < —=2 [f" )| < —
p p
Therefore,
. n! [ fllx n nf
R e 21)

Since X satisfies the (x)-condition, there exists a positive constant C' such that for each g € D*(X)
and for all z,w € X,

9 (2) =g (w)| < Clz —w(llgllx + llg']lx)- (2.2)
Applying (2.2) for f and then (2.1), we obtain
[f(2) = Pl < Cle = wl(1F™lx + 1) 1x)
= Clz —w|*lz = w|" (I F™x + 1))
nt|fllx, N ntfllx,

p P
n!C(diamX ) )
) )1, + 1,

< Clz — w|*(diamX)'~*(

)

= == ul*(

for all z,w € X with z # w. This implies that
n!C(diamX )=

po() < (I, + ) (2.3
From (2.1) and (2.3), we give
170t pa () o ml o cldiamxy (i, + 1)l (24)
M, =M, i Yook '

Since the series p”rj\l/l is convergent by Lemma 1.2(ii) and (2.4) holds for all n € N U {0}, we
n=0 "

Nl Apa (£)
My,

00 (n
conclude that the series » [E is convergent and

n=0

=™ x + pa (f™) >l

where

A= |fllx, + CdiamX)(|fllx, + [l.f']lx,).
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This implies that f € Lip(X, M, ) and

n!

I Lipex ar.a) < A -
LP(X’M’ ) nZ:O pnM

n

(2.5)

Therefore, Hy(X,) is contained in Lip(X, M, «).

Now, suppose that f € Hy(Xy) and {f,}52, is a sequence on Hy(Xy) such that f,, — f uniformly
in a neighborhood U of X,. By [5, Theorem VII1.2.1], f,,’ — f’ uniformly on every compact subset of
U. We can choose p > d such that X; C X, C U, so that nlglgo [fn = fllx, = 0and 7}1}20 £ = Fllx, =

0. Let n € N. Then f,, — f € Lip(X, M, «) and, by above argument, we have

[oe)
m!

0< M= Fixana) < D Sagrs

m=0
where
Yo = Ifa = fllx, + CldiamX)' (|| fu = fllx, + I1fa" = fllx,)-
Clearly, lim ~, = 0. Therefore,
n—oo
nlgrolo | fn — f”Lip(X,M,oc) =0,

and so the proof is complete. []

Proposition 2.2. Suppose that X satisfies the (x)-condition. If d is a real number with d(M) < d,
then Ro(Xy) is contained in Lip(X, M, a).

Proof . Since M = {M,}2, is an algebra sequence, X satisfies the (x)-condition and « € (0, 1],
we conclude that Ho(Xqar)) € Lip(X, M, ) by Theorem 2.1. Now, let d be a real number with
d(M) < d. Then Ry(X4) € Ro(Xg4n). On the other hand, Ro(Xamr)) € Ho(Xgar)). Therefore,
Ro(Xy) is contained in Lip(X, M, «). O

Corollary 2.3. Ifd(M) =0, then Ry(X) ic contained in Lip(X, M, a).

Abtahi and Honary in [2] proved that if X is a perfect compact plane set such that (D(X, M), || -
| p(x,a)) is complete, then
(i) Ho(X4) € D(X, M), when d = d(M),
(i) Ro(Xq) € D(X, M), if and only if d(M) < d,
(iii) Ro(Xawar)) € D(X, M) if and only if d(M) = 0.
They also defined the closed subalgebras Dpg(X, M), Dr (X, M), and Dy 4(X, M) of D(X, M) to
be the closure of Py(Xy), Ro(X4) and Hy(X,) in D(X, M), respectively (see [2 Definition 2.4]).

Similarly, we introduce certain subalgebras of Lip(X, M, «) as the following.

Definition 2.4. Let d = d(M) and let X satisfying the (x)-condition. We define Lippq(X, M),Lip
ra(X, M), and Lipg (X, M) to be the closure of Py(Xy), Ro(X4), and Ho(X,) in Lip(X, M, a),
respectively.

It is clear that Lippq(X, M, ), Lipra(X, M, «), and Lipg .(X, M, «) are Banach function algebras
on X with the norm || - || Lip(x,0m,0)-

Definition 2.5. Let Y be a plane set and let zg € Y. We say that Y is star-shaped with respect to
2o, if for each z € X the closed segment [zp, z] is contained in X.
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Lemma 2.6. Let zy € X and let X be star-shaped with respect to zo. Suppose that p > 0. If
f € Hy(X,), then there exists a sequence {p,}5>; of polynomials such that

: _ ~ TR
Tm fIp, = fllx, =0, and  lim |p,' — f']lx, =0.

Proof . Let f € HO()/(\p). Then [’ € Ho(j(\p). By Runge’s theorem, there exists a sequence {g,}>°,
of polynomials such that

. / _
Iim flgn, — f'l|, = 0.

Let {p,}5>; be the sequence of polynomials with p,’ = ¢, on X, and p,(z9) = f(z) for all n € N.
Let z € X,. Then there exists w, € X such that |w, —z| = p. We assume that C, = [z, w.] + [w., 2].
Then

P (2) = f |—|fqn () dC + pn (20)] ff’ ) d¢ + f (20)]]
!f (€) = (O] d]
(Iwz — 2| + |z —wa]) lgn = F'llx,
< (/H— dzamX) lgn — f,HXp ;

for all n € N. This implies that ||p, — f||x, < (p+ diamX)||g, — f||x, and so lim ||p, — f| . = 0.
n—00 p

Hence, the proof is complete. [

Theorem 2.7. Suppose that X satisfies the (x)-condition, zy € X and X is star-shaped with respect
to zo. If d =d(M), then Hy(Xy) is contained in Lippg (X, M, ).

Proof . For f € HO()/(;), there exists p > d such that f € Ho()/(\p). By Lemma 2.6, there exists a
sequence {p, 22, of polynomials such that

. _ ~ P
Tim [lp, = fllx, =0, and  lim |p," = f'l|lx, = 0.

Let n € N. Since HO(X ) € Hy(X,) and X satisfies the (x)-condition, we conclude that p, — f €
Lip(X, M, ) by Proposition 2.1 and

= m!
_ . < E
”pn f”sz(X,M,a) =T — pmMm’

by given argument in the proof of Proposition 2.1, where
M = [P = fllx, + C(diamX)' =*(|lp, = fllx, + llpa = f'llx,)-
Since lim 7, = 0, we conclude that
n—oo
nh_{lgo |pn — f”Lip(X,M,oz) =0,
and so f € Lippq(X, M, a). Therefore,
Ho(Xa) C Lippa (X, M, a),

and the proof is complete. [
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3. Extensions of infinitely differentiable Lipschitz functions

Throughout this section, we assume that X is a perfect compact plane set, M = {M,}22, is an
analytic sequence with d = d(M) > 0.
Let f € D(X,M) and z € X. By Lemma 1.2,we have

f®(z) w o IFPlx e 1P ®)x
A S — < <
Ay e M,

for all ¢ € A(z,d) and for all £ € NU{0}. This implies that the power series Z f( ) (¢ — 2 is
uniformly convergent on A(z,d). Therefore, the function F, : A(z,d) — C deﬁned by

> FE) (4
:Zf k;'( )((—z)k, (3.1)
k=0 ’

is continuous on A(z,d) and analytic on D(z, d).
Abtahi and Honary obtained the following result in [2].

Theorem 3.1 (see [2, Theorem 3.2]). Let X be a perfect, compact plane set such that (D(X, M), ||-
| pex,any) is complete. Then every f € Dy (X, M) has a unique extension F in A(Xy) and ||F||x, <
A1l pexany-

Theorem 3.2 (see [2, Corollary 3.3]). Let X be a perfect, compact plane set such that (D(X, M), ||-
| pex,an)) s complete. Then every f € Dpq(X, M) has a unique extension F in A(Xq).

Theorem 3.3 (see [2, Corollary 3.5]). Let X be a reqular set such that (D(X, M), || ||px.m)) %5
complete. Then D(X, M) is contained in Hy(X).

Since Lip™(X, o) € D®(X) and || f|[x < [[f™)|x+pa(f™) for each f € Lip™(X, @) and for all
n € NU{0}, we conclude that Lip(X, M, «) C D(X, M). Hence, Lippy (X, M,a) C Dy (X, M) and
Lippa(X, M, ) C Dpg(X, M), when X satisfies the (x)-condition. Therefore, we give the following
results.

Theorem 3.4. Suppose that X satisfies the (x)-condition. Then every f € Lipyqa(X, M, a) has a
unique extension F in A(Xy) and

1Elxa < Ifllpecan < (1 llzimee -

Theorem 3.5. Suppose that X satisfies the (x)-condition. Then, every f € Lippa(X,M,a) has a
unique extension F in A(Xy) and

1Fllg, < [ fllpeeany < N llzipeeasa)-

Theorem 3.6. Let X be a reqular set satisfying the (x)-condition. Then Lip(X, M, «) is contained
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4. Maximal ideal space

Throughout this section, we assume that X is a perfect compact plane set, M = {M,}22, is an
algebra sequence and « € (0, 1].

Dalse and Davie in [6] proved that if d(M) = 0, then D(X, M) is complete and M (Dg(X, M)) ~
X and M(Dp(X, M)) ~ X. Honary and Mahyar proved [8] that if d(M) = 0, then Lip(X, M, a) is

complete and Lipg (X, M, a) is natural and M (Lip, 4(X, M, a)) =~ X.
Abtahi and Honary obtained the following result in [2].

Theorem 4.1 (see [2, Theorem 4.1]). Let X be a perfect, compact plane set such that D(X, M)
is complete. Then M(Dpga(X, M)) =~ X4 and M(Dpa(X, M)) ~ X4, where d = d(M).

We now determine the maximal ideal space of the Banach function subalgebras Lipg 4(X, M, ) and
Lippa(X, M, a) of Lip(X, M, ).

Theorem 4.2. Suppose that X satisfies the (x)-condition. If d = d(M), then M(Lipra(X, M, o)) ~
Xy

Proof . Let ( € X,;. We define h¢ : Lipg (X, M,a) — C by he(f) = F((), where F is the
unique extension of f in A(Xy) given by Theorem 3.4 We deduce that he € M(Lipga(X, M, )) by
Theorem B.4]

Let h € M(Lipr (X, M,a)) and let ¢ = h(Z), where Z is the coordinate functional on X. We
claim that ¢ € X,;. Since (1 — Z € Lipra(X, M,«) and h((1 — Z) = Ch(1) —h(Z) = (- ( = 0,
we conclude that the function (1 — Z is not invertible in Lipg (X, M, a). Now, we assume that

¢ € C\ Xg. Then 5 € Ro(Xa) C Lipra(X, M, a). Hence (1 — Z is invertible in Lipra(X, M, ).

This contradiction implies that our claim is justified. It is easy to see that h(f|x) = f(¢) for all
f € Ro(X4). Now, let f € Lipg (X, M, a). Then there is a sequence {f,,}22, in Ryo(Xy) such that

Tim ([ fulx = fllzipox ey = 0. (4.1)

This implies that f,|x — f uniformly on X. Since f € Lipy (X, M, a), we conclude that f has
a unique extension F'in A(Xgy) and ||F||x, < [|f||Lip(x,M,a), Dy Theorem . Then f, — F is the
unique extension f,|x — f in A(Xg) and so || f, — F||x, < |[falx — f||zip(x,0.q, for all n € N. Hence,

lim £,(0) = F(0). (42)
by (4.1). From (4.1), continuity of h on Lipg (X, M, «) and (4.2), we deduce that

B(f) = Tim h(falx) = Tim fu(C) = F(C) = he(f).

Since f assumed that an arbitrary element of Lipg 4(X, M, ), we conclude that h = h;. Therefore,
M(Lip}%d(X, M, Oé)) g {hc . C - Xd} Hence, M(Ll.pad(X, M, Oé)) =~ Xd. ]

Theorem 4.3. Suppose that X satisfies the (x)-condition, zy € X, and X is star-shaped with respect
to zo. If d =d(M), then M(Lippa(X, M, a)) = X .

Proof . Let ¢ € X;. We define he @ Lippa(X, M, a) = C by he(f) = F(C), where F is the unique

extension of f in A()/(\d) given by Theorem 3.5. We deduce that he € M(Lippq(X, M, «)) by Theorem
3.5. Let h € M(Lippa(X, M, «)) and let ( = h(Z), where Z is the coordinate functional on X. We
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claim that ¢ € X,. Since (1 — Z € Lippa(X,M,a) and h((1 — Z) = Ch(1) —h(Z) = (¢ —( =0,
we conclude that the function (1 — Z is not invertible in Lippq(X, M, «). Now, we assume that
¢ e (C\Xd Then =—— Cl > € HO(Xd) and so Cl 7 € Lippq(X, M, a) by Theorem 2.7. This contradiction
implies that our claim is justified. It is easy to see that h¢(p ) p(C) for all p € Po(Xd) Now let
f € Lippa(X, M, ). Then there is a sequence {p, }>°, in Po(Xd) such that

nlglgo [Pnlx — f”Lip(X,M,a) = 0. (4.3)

This shows that p,|x — f uniformly on X. Since f € Lippq(X, M, a), we conclude that f has a
unique extension F' in A(Xq) and [|F||g, < |[f[rip(x,m,0) by Theorem 3.5. Therefore, p,|g. — F is

the unique extension p,|x — f in A(X,) and so that Pl — Fllix, < llpnls, = fllzip(x 0,0y, for all
n € N. Hence,

lim p,, (¢) = F(¢), (4.4)

n—oo

by (4.3). From (4.3), continuity of f on Lippq(X, M, «) and (4.4), we deduce that

h(f) = lim h(pa|x) = lim pa(C) = F () = he(f).

n—

Since f assumed that an arbitrary element of Lipp 4(X, M, o), we conclude that h = h((). Therefore,
M (Lippa(X, M, ) C{h¢: ¢ € Xq}. Hence, M(Lippa(X, M, o)) =~ Xy. O

To continue we need some formulae from combinatorial analysis. For m,n € N with n > m, we
take S(m,n) as the set of all a = (ay, ..., a,) € (NU{0})" such that Y~ _, ap =m and > ;_, ka, = n.
For any m € N and any sequence {Ay}32, of positive numbers, by [1, Formula B3, P. 823],

A=y ; kngAm- (45)
k=1 n=m g€S(m,n) 1}

The following equality for higher derivatives of composite functions is known as the Faa di Bruno’s
Formula (See[1, P. 823]):

- n o k)
(Fof)™ =Y " (F'™of) Y | n(fk! )% (neN).  (4.6)

(| k=1
m=1 aeS(m,n) kHI ak! -

The following lemma is useful and found in [2].

Lemma 4.4 (see [2, Lemma 4.2]). Let K > 0 and let {,,}2_, be a sequence of positive numbers
with lim ¢, = 0. Then

m— 00

lim sup (Z( ﬁ; )(em)pr_m> ' < K.

p—0o0 m=0

Lemma 4.5. Let X be a perfect, compact plane set such that Lip(X, M, «) is complete. Suppose
that A, = {f € Lip>®(X,«) : f' € Lip(X, M, «a)}.

(i) The set A is a subalgebra of Lip(X, M, «) containing 1x and separating the points of X.

(1) If d(M) = 0, then || f||mzipix.a0)) = [ fl[x for all f € AL



Certain Subalgebras of Lipschitz Algebras ...5 (2014) No. 1,9-22 19

Proof . (i) Clearly, C1 C A;. Let f € Ay and g = f.
have

n+1 <
M+

G for all n € NU {0}, we

mH

1™l \Um IU

_ |f\la +Z ||f"“
n+

_ uma §:n+ng|m
MO 0 Mn—H n+1

flle  ~= 1 (g™
A%+;MM7H1
oMl T = 1 lg™]]a
_A%+Mz%+1m

(n)
< HfH ZHQ I
M, M1

< 0o0.

Nl

1

IN

Hence, f € Lip(X,M,«) and so that A, C Lip(X, M,«). It is clear that Z € Ayp. Thus, Ap
separates the points of X. Moreover, Ay contains the constant functions on X. We now show that
Ay is a subalgebra of Lip(X, M, «). Let f,g € Ap. Clearly, Ay is closed under the addition and
scalar multiplication. Let f,g € Ap. Since f', ¢’ € Lip(X, M, «) and Ay, C Lip(X, M, «), we deduce
that f,g € Lip(X, M,«). Thus, f'g+ fg' € Lip(X, M,«) and so (fg) € Lip(X, M, «). Therefore,
fg € Ap and so Ay is a subalgebra of Lip(X, M, «).

(ii) Let d(M) = 0. We deduce that Lip(X, M, «) is a Banach function algebra on X. Let f € A and
j € N. Suppose that F(z) = 2/ (z € C). Then f/ = F o f. By the Faa di Bruno’s formula (4.6), we
have

1 Lip(x .00
= ||F o fllLip(x,Ma)

1F o flla |~ I(F o £l
MO - z_: Mn

_1§§(ﬂm> n o (FN
Mnmzl Of) Z H ]i]' Ha

oo min{jn} . j—m ‘ n (k) \ @k
<X X m(n) i ¥ ()
n aeS(m,n) H ak! k=1
k=1
oo min{jn} . j—m | n (k) ag
g ||ffuoé+Z > IERL o H(ka'\\a) |
" aeS(m,n) H ay! k=1 )
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After interchanging the order of summation, we have

171 zip(x. 01,00

n (k) Ok
sW%+z( Mwmwz s o ()
n=m aeS(m,n) kl;ll ag! " k=1 )
Flla | < i L Pl
<ERE T 1[5 m! Z >, = 7 11 | o
m=1 n=m gcS(m,n) H ay! k=1
j (e} j m Pnf'm n f(k) "
sm+z()an:zTL?H@&)
m=1 n maeS(m n) kl;ll ar! k=1
e L ol no ]\
<iples s (I £ w2 o g ()
m=1 n= maeS(m n) kl;ll ar! k=1
< 1£7]]a + )||f||j M| Z Z nl H (H (k 1)” )
0 n=m aeS(m,n) H ar! g=1 \ (Pm)™ My

| J
e v (7
m=1
1

Choosing A, =

(k— 1>H(1

for all £ € N and applying Formula (4.5), we have

(Pm)ka 1
~ 1Ml = e ([
1l nipxarey < i+ (S L leym

p w2 S i
1Ml = jm“rwwm

= TJFZ m InalF. Z T
0 m=1 k=0 Pm)ka

| 1

J .
J j—m -
1(m>WH 7 U7 i)

If f' =0, then || f7||Lipx.m.0) < || f7]]a and so
A~ . . l A
Il rzinexaray < T ([[f7]la)? = [ laimecan = (1]

Suppose that f' # 0. Take K = ||f||x and define the sequence {e,,}>°_, by

m' 1
co=1, and &, = (M—)m ' Lipx .0y (M €N).

Then nll_rgo em = d(M)||f'|| Lip(x,m,0) = 0. By Lemma

lim sup (ZJ: ( ’ ) (gm)mmmy < K.

J—00 m=0

Hence,

i ;
. 1 m j—m
lmm{wmﬂ S () B0 s )SK

J—00

On the other hand, for all 7 € N we have

Hﬂm@XMa<quma+§j( )VW"“ (1 Lot
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Therefore, limsup(||fj||Lip(X’M7a))% < K =||f||x, and so

J—00

| mpipxarayy < [1Lf11x-

Since Lip(X, M, «) is a Banach function algebra on X, we have ||f||x < HfHM(Lip(X,M,a)). Conse-
quently, |[f[lmzipx.aray = [[fllx. O

Theorem 4.6. Let M = {M,}2, be a non-analytic algebra sequence, and let X be a uniformly
reqular set. Suppose that Ay, = {f € Lip®(X,«) : f' € Lip(X,M,«a)}, and By, = A_LL, the closure
of Ar in Lip(X, M, «). Then By, is a natural Banach function subalgebra of Lip(X, M, «a) on X.

Proof . By Lemma , Ay is a subalgebra of Lip(X, M, «) containing 1x and separating the points
of X. Since M = {M,}5°, is a non-analytic algebra sequence, Lip(X, M, «) is a Banach function
algebra on X. Thus, By, is a Banach function algebra on X with the norm [|.|,,, % s ) and so

9l mzivcx are)) = 119l M), Vg € Br. (4.7)

We now show that B is natural. Using Theorem 1.1, it is enough to show that B;, the uniform
closure of By, in C(X), is natural and ||f||amp,) = ||f]|x for all f € By. Since M = {M,}2 is a
non-analytic sequence, Ry(X) C Ar. It is clear that B, C D*(X). Since X is a uniformly regular
set, D}(X) C R(X) by [4,Theorem 1.5(iv)]. Thus, Ry(X) C By, C R(X) so that B, = R(X), and
By, is natural by naturality of R(X). Let f € By. Then there exists a sequence {f,}°%, in A such
that nanOlo \fo = fllLip(x,m0) = 0. Since

[ fo = fllx <|Ifo = fllmsy) = 1fa = fllm@ivcensa) < | fa = flloipeana),

for all n € N, we conclude that

nhj{)lo | frllmivx ey = [ Fllmipx aay  and 7}5{,10 [ fallxe = [1f]]x-

Since f, € AL for all n € N, we have ||fn||M(L’Lp (X, Ma)) = | fn]lx for all n € N by Lemma

Therefore, ||f||M (Lip(x,Ma)) = ||f||x. Consequently, anHM ) = ||Ifllx by (4 This completes
the proof. [

Question. Is the subalgebra A, = {f € Lip>®(X,«a) : f' € Lip(X, M, )} dense in Lip(X, M, «)?
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