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Abstract

By using Euler-Maclaurin’s summation formula and the way of real analysis, a more accurate multi-
ple Hilbert-type inequality and the equivalent form are given. We also prove that the same constant
factor in the equivalent inequalities is the best possible.
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1. Introduction

Ifp>1, % + % =1,a,,0, > 0,0 <> aP < 00,0 <> bl < oo, then a new inequality with the

n=1"n n=1"n
homogeneous kernel of degree 1 is given as (cf. [12])

1

o q
{ (nbn)q} : (1.1)
n=1
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Z Z min{m, n}a,b, < pq {Z(nan)p}

n=1 m=1 n=1
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where the constant factor pq is the best possible. Hilbert-type inequalities including are impor-
tant in analysis and its applications (cf. [I], [5], [13]).

By introducing another pair of conjugate exponents (r,s)(r > 1,% + % = 1) and a parameter
0 < A < min{r, s}, (1) has been extended as (cf. [12]):

i f: (min{m, n})*amnb, < % {inp(hri)—lag}

n=1 m=1 n=1

3=

{Zn““?)—lbz}q , (12)

n=1

where the constant factor % is the best possible. For A = 1,7 = p,s = ¢, (1.2) reduces to (1.1)).

Recently, by introducing o > g . % = —0.3681"7,0 < A < 1, Yang gave a more accurate best
extension of ([1.2) and the equivalent form as (cf. [7]):

(min{m,n} + a) amby,
n=1 m=1
1 1
oo P > a
< T+t a)p“*?)‘laz} {Zm + a>q<1+?>—1bz} , (1.3)
n=1 n=1
oo -, PY b
{ n + a 1+(p)\/s [Z min{m7 n} + a))\am] }
n=1 m=1
o 1
TS p(1+2)—1 p ’ 1.4
< D3NS naptthla b (14)
n=1

For o = 0, inequality (1.3 reduces to (1.2). Another more accurate Hilbert-type inequalities were
given by [6], [14], [10], [9], [11], [15]. Yang and Huang also considered the multiple Hilbert-type
integral inequality (cf.[8]-[3]). Recently, Huang gave a more accurate multiple Hilbert’s inequality (cf.

21)-
In this paper, by using Euler-Maclaurin’s summation formula and the way of real analysis, a
more accurate multiple Hilbert-type inequality and the equivalent form are given, which are the best

extensions of (|1.3)) and ([1.4)).

2. Some lemmas

Lemma 2.1. If n € N\{1},p;,r; > 1 (i =1,---,n),> " L =1,3" L =10< )X <1,
oz>£—— then

(m; + )G THED H =1. (2.1)

A=
1+(/\/r )
1 J=1(#9) m +a) ’

7

Proof. We find

n Pg
24D+ 1
H mz-i—oz H m +04)1+(/\/TJ)
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1

n n P
- H m; +Oé H m +Oé 1+()\/7‘J)
i=1 j=1
n n i p%-
_ ) ( )
- Tlon+ o) [H S
i= j=

and then 1s valid. OJ

Lemma 2.2. [f?’LGN,T>1,%+%:1,0<>\§1,&2%—%, then

rs [1_1(14—&)2] _ Z( (min{n, m} + «a) _ T8 (2.2)

A rn+a — (n+ a)M3(m + a)+/r) b

. minyn,xr o A
Proof . Forx € (—a, 00),Setting f(x) := (né)vi@jjgwm fi(z) = (n+a)” (:L‘—i-a) L folz) =

(n+a)r(z +a)" 7L We find (—l)zfj(z)(x) > O,f] (o) = 0(i = 0,1,2,3,4;5 = 1,2). By Euler-
Maclaurin’s summation formula (cf. [13]), we obtain

n

S hlm) < [ Ao+ 510 + A0+ 1A

1

> am) < [ plade + 3l - 15500

[
For fi(n) = fa(n), 0 < A, 2 2 <1, we have the following:

R R M IR WA ED WA
m=1 m=1 m=n

m:l

[t ) - S+ i - )
- /:O f(x)dx — { - fi(x)dx — %fl(].) + ﬁf{(l) — %(f{(n) _ fé(n))} ,

S

[ @ = [ nwaes [ p@e=34 5=
[ e = SR+ R0 - ) - £00)

A 1 A A_q
= St a)t - s+ a) (140}
1 A _2 Ay A -2
+E(;—1)(n+o¢) s(1+a)s —E(n+a)
Gera)o(s/2)
12(1 + a)?
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S

> T o) 1+a)+1](§)+12(1+a)2—(5)}

GEa)Mo(s/N)
120 +a)?
(s

12(1 + «)?

Hence we have the right-hand side inequality of . Since f(x) is decreasing and strictly
decreasing in (n,00), we still have the following:

> /oo f(z)dz

/ faoyde— [ fu@)de = D 2nta) i+t
then we have the left-hand side inequality of . O

la)\s
nia/s/A é
8
A
S

{( 2 [6(1+oz)+2](>\)+12(1+a)}

34 /21
(1-[6(1+0a)+2 +1201+0a)’} >0(1+a> +12 ).

2
s

Lemma 2.3. As the assumption of Lemma 1, define the weight coefficients w;(m;) = wx(mg, 1471,
 Tis1,Titl, "5 Tn) GS

wl(ml) = m +le )\/n Z Z Z Z

mp=1 mip1=1m;_1=1 mi1=1
n

x( min {mg} + a)* H ( ! _ (2.3)

n . 1+(A/rj)
1<k< —10) mj + a) j

(i=1,---,n, ), then we have

a 1 1
=1 - O] <t = o

m1n1<k<n{mk} + a
X Z Z Hmy + )+ < N 1H7”g (2.4)
Jj=

My—1=1 mi1=1

Moreover, it follows

1 7 .
<FH7’]-(Z:1,"',71). (25)
Jj=1

Proof . Proof. We prove by mathematical induction. Forn = 2, by , setting n = mso, m =

my, T =11, = Tq, we have . Assuming that for n(> 2), are valid, then for n + 1, setting

mj, + o = Ming<p<pp1{mi} + a, s1:= (1 — %)_1, then by , we have the following:

1 oo
Wit (Mpy1) = (s & o) ;1 .
Z m;o + )M i (min{mj,, m1} + a)*
ma=1 H] 2 m + O{)1+(/\/TJ) mi=1 (m] + OC)A/sl (ml =+ Oé)1+()‘/rl)

A/ s1

151 Z Z m1n2<k<n+1{mk} + a)

2.6
)\(m 41 + Oé )\/Tn+1 ] = m +a)1+(A/rJ) ( )

<

mo=1
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}S'ellztz'ng ;);L:t ﬁ,?’] = Z—i in ,since Z;H; ;1 =10< 2 < 1, by the assumption of induction, it
ollows tha
n+1 n+1

18 - 1
wn+1(mn+1 1/\1 Tt H H Tj. (2-7)
, e

By and the assumption of induction, we still have
T151 1
A (M1 + )V

Wit (Miny1) >

Sy m1n2<k<n+1{mk}+aw81 {1_1(1+_a>31}

mn=1 mo=1 J =2 m —|—Oé) 1 90+

= r181 [ Z Z mmKKnH{mk} L Oé) o ﬁ]

A1 + o) /\/T"H ma=1  mo=1 ] _y(m +0‘)1+(A/”)

7151 1 n+1~ ~ 1 6
T Yn—1 H "3 1= O( X/? +1) B X/? +1
AP (M1 + )N (Mnt1 + )

- H [y (e — 28)

where 8 = Hfflml H] 2Zm1_1 r—— 1+(>\/7“ s € R. By (.) cmd , (H) are valid for n + 1. By
mathematical induction, are va,lzd forn e N\{1}. O

Setting m,, = m;,r, = ri,m; = mjy1, 75 = rj(j = 4,---,n—1), m; = my, 7; = 1;(j =
1,---,i—1), then we have the following:

n

wz(ml) = CU)\(mn, TnsT1, 0 77ﬂn*1) < -1 H "= \n—1 H T
1 =1

Hence 1s valid. O

3. Main Results
Theorem 3.1. Suppose that n € N\{1},p;,rs > 1 (i =1,---,n),> " L+ =1 5Y" L =11 =

i (142 )— i) \ s )
1-— i, 0<A<l,a> % -3 Ifal) > 0,0 < D e (170 +oz)p’(1+n) l(agn).)l” <oo(i=1,---,n),
then we have the following equivalent inequalities:

[e'¢) o0 -
:ZZ 1g£{mk}+akna%)¢
i=1

mnp=1 mi1=1
1
1 - > QLAY . b
) ”{me)““*n) 1<a£11>pi} 7 B
m;=1
{zl e e PRI WP AR
Mn= Mp—1 mi=1
n—1 n—1 [e%s) N ) P%’
X a’l] } ri{Z(mi+a)pi(l+ri)_l(a%)p’} . (3.2)
i=1 i=1 m;=1
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Lemma 3.2. Proof . We have proven the theorem for n =2 (cf. [7]). In the following, we prove
the theorem forn > 3. U

Since pin + qin =1, by , and Holder’s inequality (cf. [4]), we find

- o n—1 an
DY >\ (Z)
> 3 G o+ o T[]
Mp—1=1 my=1 =
1
o0 o0 — (my, + )" P D)
_ > 11333 {mi} +a)* H (m; + )1+ O/r)
Mmp_1=1 mi=1 i=
—_ qn
n—1 n ;
( +1)(p7._1 (2)
< [T |(mi+ ) H m; + o) 1+<A/m i
i=1 J= 1(3752
< {wn(mn)(mn +a) G } > > (pgin m} + 2

Myp—1=1 mi1=1

4n
Py

ey T 1 (&) yan
< I T [ i)' 11 (my 4 )+ ) (ar.)"
= G=1(i#i) © 7

n qn—1 o) o)
1 an
< <)\n_1 Hn) (my, + o)+ Z . Z (12}3? {mg} +a)

an
n—1 n Pi

) (24+1)(pi—1) 1 (3) \qn
< [T [(mi+a) I ooy | (@)™
. T

1
' e (A:_lnn-) {Z D e > (min fme) o+ o)
] mnp=1mnp_1=1 mi1=1

an o

n—1 n Py

(2 +1)(pi—1) 1 (4) \an
T [+ ) Il Gaamom| @
i=1 j=1(#i)

1 ~ > > (miny<p<n{mg} + a)*
(i) s [z o el

i=1 Mmp_1=1 mi=1 Lmn=1
\ & o
n—1 pi(l1+2)-1 n-l ¢
m; + « T i
T [T | @y (3.3)
i=1 (mi+a) Gy (my + a) "

Forn > 3, since Z?;l % =1, by Holder’s inequality again in , we find

e () T S S S et

=1 i=1 Mp—1=1 m1=1my=1
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-(1+Ai)—1 n—1 1

(m; +a)ri j=}(_j[7éi) (mj + CY)1+()\/Tj)

mi

1
[

— (/\73_1 H Ti) " ﬁ { Z (A)Z(?’I’?,Z)('rnZ + a)pi(l‘i‘r);)_l(a%)i)pi}p. . (34)

i=1 mizl

Then by , we have . Since i + l =1, by Holder’s inequality, we have

> n—1
I= ( min {m} + ) al)
g::l (my, + «) rm*ﬁ m; . Z 1<k<n H
1
e Pn
< [om ] < { > (mot a)p"“%)—l(aé’zb””} - 35)
mnp=1

Then by , we have . Assuming that 15 valid, setting

n—1 an—1
(n) .— (2)
o (m, + «) 1+(an/T" [ Z Z 11<nk1£1n{mi§} o) Hami] 7

Mp—1=1 mi1=1

1
then by , it follows J = {Z;’fﬂzl(mn —i—oz)p”(1+ ) (a%}l)p”}% < oo. If J =0, then is
naturally valid. Suppose 0 < J < co. By , we find

0 < 3 (ma o) R Dy = =

mp=1

n [e.o]

1
1 11+A 1 ; . Py
< =T Sonaro ) <

i=1 m;=1

1

00 an
3 oy |

mp=1

Pi
- e e S are e

m;=1

Then 18 valid, which is equivalent to . 0
Theorem 3.3. As the assumption of Theorem 1, the same constant factor % [, riin and
18 the best possible.

Proof . For0 < ¢ < q”)‘, setting 7; = (+ + Zﬁ)’l, a = (mi+a)” Aol (t=1,---,n—1),
’Fn:(%_qn%)* am = (Mn+a) =175 we have 73 > 1(i =1, - -, n), y o 1~ = 1. Then by(.)
we find
o o0 1
= l) — - -
Z1 Zl 1%2 {m} +a) H Zl (my + a)=tt
mp= mq M=

(my, + «) )‘/’"n Z Z 1£r}clgn{mk}+a H m; + o)+ /7)

Mp—1=1 mi1=1
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= Z Oé€+1 w/\(mn7rn77n17 Tn 1)
- f: -0
— (m, +a) (M + @)=t (my, + @)™

1 1
<\ ZW ZO o) (- (3.6)

My = mp=1 )n

If there exists a constant k(< sz [1;_, 7i), such that is still valid as we replace 7= [T/, r;
by k, then in particular, we have

1(1+A) 1 ~(1 _ - 1
f<kH > Gm+ap T <k Y (8.1
1

m;=1 Mp=

In virtue of @ and , it follows,

-1

[ 7 | 3 !
W 1 - Z (mn + a)s—i—l Z 0 (mn + Oé>5+1+()‘/?n) < k7

mnp=1 mp=1

and then An — Hl 1T <K, fors — 0. Hence k = /\n — HZ 1 i 15 the best value of (-) We conform

that the constant factor /\n T HZ 1T m 15 the best possible, otherwise we can get a contradiction
by (3.5) that the constant factor in s not the best possible. [J

Remark 3.4. Fora =0 1in , we have a multiple best extension of as

o] o] An
S (1%13”{%}) 1+

mnil m1:1

Zml D @Dy (3.8)

m;=1
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