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Abstract

In this paper we introduce a sequential block iterative method and its simultaneous version with op-
timal combination of weights (instead of convex combination) for solving convex feasibility problems.
When the intersection of the given family of convex sets is nonempty, it is shown that any sequence
generated by the given algorithms converges to a feasible point. Additionally for linear feasibility
problems, we give equivalency of our algorithms with sequential and simultaneous block Kaczmarz
methods explaining the optimal weights have been inherently used in Kaczmarz methods. In addi-
tion, a convergence result is presented for simultaneous block Kaczmarz for the case of inconsistent
linear system of equations.
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1. Introduction

A common problem in different areas of mathematics and physical sciences comprises of finding a
point in the intersection of convex sets. This problem is referred to as the convex feasibility problem
(CFP), see [2] for a general definition. We are interested to find a point in the nonempty intersection
of a finite family of closed convex sets in the Fuclidean space R™. Of special interest is the case with
linear equations and/or inequalities, often referred to as the linear feasibility problem (LFP). Such
linear systems may arise from discretization of an ill-posed problem such as the Radon transform
used in modeling of several reconstruction problems, see, e.g., [I8, 23]. Work related to the CFP
are wide-ranging and numerous iterative methods for the CFP has been studied, see, e.g., |2, 5 [12]
and references in [26]. Some problems that are modeled into CFP could be listed as discretized
models of image reconstruction from projections, the fully discretized model of radiation-therapy
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treatment planning, and problems of image restoration. However, from such real-world applications,
the resulting convex feasibility problem is often huge. Since direct factorization methods are inefficient
for such a large-scale problem we employ iterative methods. Projection algorithms are successful
iterative methods in the area of constructive solution of such problems see [5] and references therein.
These kind of methods are formed by doing some projections onto the individual sets. Then, usually
convex combination of projected results were used to produce the next iteration, see, e.g., [I]. The
main result of our work allows, in some sense, to have the best combination instead of convex
combination of projections. Also we observe that the simultaneous and sequential block Kaczmarz
methods intrinsically employ the optimal weights resulted in faster convergence respect to other
methods. In case of LFP, an extension of Kaczmarz method is recently achieved in [24].

In a simple way, one may classify projection methods as either sequential or simultaneous. The
block iterative methods (in the image reconstruction literature is named ordered subsets methods
[4, 11, 19]), which lie between sequential and simultaneous cases, have been studied in several works
with different applications, see, e.g., |1 [4 [6] [7, 8, T3] T4] 15 16, 25, 27, 29]. Simultaneous block
iterative methods have also been used to increase computational efficiency using parallel processors
[3, 8, 2I]. For an overview in a more general framework, see [9]. In the case of LFP, we recall the
simultaneous version of block Kaczmarz (it is same as row-Jacobi method [I5]) which is suitable for
parallel computing. In addition, we obtain that our algorithms and (sequential and simultaneous)
block Kaczmarz methods are equivalent.

We now present a short summary of the contents of the paper. In Section [2| we introduce a
sequential block iterative method and its parallel version, i.e., Algorithms[2.1]and 2.2 All convergence
theorems are given in Section Precisely, we demonstrate (from theoretical point of view) in
Theorems [3.2] and [3.3] that the whole produced sequence by Algorithms and converge to a
feasible point. In Section[d] we describe how the Algorithms[2.1jand 2.2]can be efficiently implemented
for the LFP. Indeed the assumed solution point z* is disappeared from the computation step. Also we
remind sequential block Kaczmarz (for an excellent presentation see [23]) and its simultaneous version
(row-Jacobi method, see [15]). Furthermore, it is shown that the generated cycles by Algorithms
and sequential block Kaczmarz (i.e., Algorithmwhen A = 1) and their parallel versions which are
Algorithm (with equal exterior weights w®*) and simultaneous block Kaczmarz (i.e., Algorithm
when A\ = 1) are equivalent. For the inconsistent case, we conclude from above equivalency and
[14] that the cycles of Algorithm [2.1| converge to a point which satisfies a certain linear system. Also
it is shown the Algorithms and converge to a weighted least squares solution.

2. Preliminaries and algorithms

Let B ={1,2,--- ,m}, the index set, and let Cicp be a finite family of closed convex sets in R".
The intersection C' = (,.5 C; is assumed to be nonempty. A block iterative method may be formed
by partitioning of index set B into ¢ subset B, such that B = (J{_, B;. The orthogonal projection
of z € R onto C; is denoted by P,(x) which satisfies P;(z) = argmingec, ||z — y||. Here (z,y) is
the Euclidean inner product and |[|z|| the corresponding norm. A well-known property of projection
operators is their non-expansivity, i.e., | P;(x) — P;(y)|| < ||x — y|| for any z and y in R™.

Also we use the standard terms sequential block iterative (SeqBI) and simultaneous block iterative
(SimBI) from [9] 20]. Indeed, an iterative step sequentially moves from one block to the next one in
SeqBI methods whereas SimBI methods use simultaneously a given starting point for each block and
an iteration is produced by combination of all outcomes which are made by each block. Obviously,
SimBI methods are more suitable than SeqBI methods for parallel computation, see |8, 9, 21].

Our schemes, SeqBI and SimBI methods, can now be described as follows.
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Algorithm 2.1. SeqBI
Initialization: 2° € R™ is arbitrary.

Iterative Step: Given =¥ compute,
2RO — gk
ks _  kss—1 k,s k,s—1 k,s—1 _
= —1—5 w; (B(x )—=x ),s-l,...,q,
i€Bs
st ab = argmingegr:||zt — x|,
xkz—&—l — ZEk’q,

k,s . ks _ .k,s—1 k,s—1 k,s—1
where w;”* are weights and V%* = 2%~ + span{ P;(x™*~') — 2™~ },cp..

In Algorithm [2.1] the step from & to k+1 is called a cycle and it consists of a sequence of sub-iterative
steps (referred to as atomic steps). Each atomic step moves from x5! to 2%
The following algorithm is appropriately designed for parallel computations.

Algorithm 2.2. SimBI
Initialization: 3° € R™ is arbitrary.
Iterative Step: Given y* compute,

gm0 =yt
V=g Y wt (RN 0 s =10,
i€ B
s.t. yk’s = argminyem,sHy* - va

q
k+1 __ k,s, k,s
Y —E wry -,
s=1

sty = argmingeor|ly* — yll,

k
where w;”*, wh*

are weights, and Q% = y* + span{P;(y*) — y* }icn., O = span{y®*}7_,.

As seen, the starting point is used for each block in parallel. Then each block has its own result
and the combination of such results makes the next iteration. Both Algorithms [2.142.2| encounter
with an optimization problem and needs a solution point x* in each step. Although this problem is
resolved for the LFP, but the applicability of these methods to the nonlinear case is, however, unclear
due to the nature of the error-measure.

The following theorem (see, e.g., [22]) and Lemma [2.4] guarantee the existence and uniqueness of
the atomic step x%° (of Algorithm such that ||2* — z%*|| becomes minimum over U** whereas

2" € Niep Ci-

Theorem 2.3. Consider finite dimensional subspace Y of normed linear space X and an arbitrary
point x € X. Then there exists a point in 'Y which is the best approzimation to x. Also to have a
unique point in'Y it is enough to consider X a Hilbert space.

Lemma 2.4. For any fived v* € (1,5 C; there exists a unique element %% € Uk such that %% =
argmingegr.s | r* — z||.
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Figure 1: optimal weights versus convex combination of weights

Proof . Let z € R™ be an arbitrary point. Using Theorem [2.3, there exists a unique point z =
> icp, Wil Pi(r) — x) € span{P;(r) — x}iep, which minimizes |[(z* — z) — 2| over z € span{Pi(z) —
z}iep,. Now we assert y = z + x is unique minimizer of ||x* — y|| over y € x + span{P;(x) — x};cp,.
Let § = o + > ,c5 Wi(Pi(x) — x) =: x + Z such that [|z* — || < [[2* —¥||. From the last inequality
we have ||(z* — z) — Z|| < ||(«* — ) — Z|| which gives the desired result in the lemma. [J

Similarly, one easily gets the same results for the Algorithm [2.2]

Remark 2.5. Since, for the case of convex combination of weights, the convergence results of Al-
gorithms and are known one may imagine that our convergence results with the optimal
weights are not so surprising. But the figure |1 demonstrates reverse results. Indeed, it results

|z* — 2°Pb|| < ||lz* — 2| whereas ||x* — xPt?|| > ||z* — 22| here By = {1,2}, By = {3}. Also

', 2% and x°PHt, x°PY2 gre computed using convex combination of weights and optimal weights re-

spectively.

3. Convergence of the block iterative methods

In the this section we derive convergence theorems for our algorithms. First we begin with a
lemma which is used in our further proofs.

Lemma 3.1. Let {5*} be a sequence in R" and o € C;. If
Jim o = 8% = lle = P(BY)I| = 0,
—00
then
lim [|6% — (8] =0
—00
Proof . For any 1, ry, r3 € R"™ we have
[r1 — 7“2||2 = [jr1 — 7’3||2 + |lr2 — 7“3||2 —2(ry — 13,71 — 13),

which gets
H!h —7“2H2 — [Jry —TBHQ‘ = |H7”2 —7’3H2 — 2(ry — 13,71 —7“3”-

Putting r, = a, r, = B* and r3 = P(*) provides
i [15° = PSP — 205" — P, — P3| = 0.

Using metric projection characterization properties, see [2, FACTS 1.5] and [I7, Section 3|, one
gets

—2(B% — P(8"), a0 — P3(8%)) > 0,
which shows
;}EEO 18% — P,(8")|| = 0.
O

Theorem 3.2. If C # 0 then the sequence of atomic steps {x°} in Algorithm converges to a
point x* € C.
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Proof .

Since x**

x* — x|, for every i € B we have

_ ||.I‘* _ l’k’s_l _ Z wiﬂ,s (Pi(xk,s—l) o xk,s—l) ”
1€ B
< Hx* . l’k’s_l . (.Pi(.%'k’s_1> _ Z‘k’s_l) H

= [la* = Pi(a™ ]I,

= argmingcyk,s

||l'* o ZL’k’S

which offers
2 — a™®|| < min ||z" — Py(z )], (3.1)
1€ s

Non-expansivity of projection operator and (3.1)) guarantee that for any i € B, there exist scalars
0 < ~P* <1 such that

lo* — 2| < fla* = Pi(a" )]

* Ss— k,s * ,S—
= ||P(a") = P(a™ )| = 4 la* — 2 (3-2)
Let
ks — min~y®* s =1..--
) min7y;”, 1,---,q. (3.3)
From (3.2)) and (3.3)) one gets
||lx* — a:ksH < 5k’SHx* — xk’s*IH, s=1,---,q. (3.4)
Repeating (3.4]) gives
Hx* o l’k+1|| — Hx* . CL’k’qH S 5k,q5k,q—1 . .519,1”1:* . ZEk’OH
= ghagha=t gkl — 2F||. (3.5)

Let € = minge ... o0 0%°, therefore (3.5) provides
{1, .a}

o — 2+ < e¥lfa — 2*]. (3.6)
which shows
lim ||z* — 2"|| = d. (3.7)
k—oo
Using (3.6)) recursively gives
|z* — oF|| < k2 0|zt — Y. (3.8)

Now we consider two cases: first let the sequence {€*} have a subsequence {e*"} such that
limg, o0 €7 = a < 1. Therefore Hfil e** = 0 which means H;ozl e® = 0. Using we get
limy,_,o ||2%—2*|| = 0. The second case, the complimentary case of the first one, results in limy_,., €* =
1. By the definition of ¢* and % one obtains

lim 7" =1, for i € B,. (3.9)
k—o0
Using (3.2) and (3.9) we get

lim |[|lz* — 2" 7Y? = ||2* = Pi(a™*7)|]?| =0, forie€ B.. (3.10)

k—o00
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Lemma [3.1] and (3.10])) show that
lim |2"5~1 — P25~ 1)|| = 0 for i € B,. (3.11)
—00
Now we claim
Jim |2* — P;(2*)|| = 0 for i € B. (3.12)
—00
Put (M7t =37 o w?® (Py(a®~1) — 2#*71), then for i € B, (no matter if i € By for 1 < ¢ < q)
lim ||:1: — P,(a:/”)H = lim ||xk’5_1 +Ck’s_1
k—oo k—o0

. Pi<wk’8—1 +€k,s—1)”

(3.13)
khm {kas 1 R(xk,sfl _i_Ck,sfl)H + HCk,sflu}.
—00
The equality 1} and boundedness of weights {w;”*} result
hm |¢F=7Y| < hm Z ]wks\ | P;(aF=71) — 2=~ = 0. (3.14)
]E s
Since a projection operator is nonexpansive, we have
1P ("=t + (57l = Bia™ ] < ¢ (3.15)
Using (3.11), (3.14) and (3.15), one concludes
lim ||£L‘k8_1—P( k,s—1 Ck:s 1)”_
k—o0
_lem ||5L’k s—=1 B(I‘k’Sil) + Pi(l,k,sfl) o H(xk,sfl + Ck,sfl)H7
< lim {kazs 1 PZ'(.CBk’S_l)” + Hpi(xk,s—l) o ]Di(xk’s_l + §k75_1)|l} ’
k—o0
< lim {[|l2"*7" = Bi(a™ ]| + (I} = 0, (3.16)
k—oo
for 1 € B;.
Therefore using (3.13)) we get
lim |2%= — Py(*%)| = 0 for i € B,. (3.17)
_>
From (3.11) and (3.17) one finds (by induction)
klim |z*" — Pi(z")|| =0, fori € Band s —1 <r <gq (3.18)
—00

Since the set By is arbitrary, one easily gets the desired result in (

in (3.12)). Concerning (3.7)), there
exists the subsequence {z*} of {z*} that converges to a point z. Using (3.12) we find
0= Jim 2% — Pt = -
t—00

Pi(z)| fori=1,2,...,m (3.19)
which means * € C. Now, if we use Z instead of x
converges to a feasible point z

one concludes d = 0 which shows that z
algorithm converges to z. [

k
It is easy, using (3.5)), to show that the whole sequence of the
Next we explain a similar theorem for Algorithm [2.2]
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Theorem 3.3. If C # 0 then the sequence of atomic steps {y**} in Algorithm converges to a
point x* € C.

Proof .
The definition of y** in Algorithm [2.2] yields

lz* =yl < min |27 — Py(y")| for s =1,--- .q. (3-20)

Since a projection is nonexpansive mapping, there exist 0 < vf * < 1 such that
lz* = Bi(y*)|| = 7 lle* = o). (3.21)

Let 6% = min;ep, 7°. Using (3.20) and (3.21)) we have ||z*—y**|| < 6F5||z* —y*|| for s = 1,--- ,q.

Therefore
q 1 q
lz* =y = o = why < 52 " — ||
s=1 s=1
1 q
< D08 et~ = e o, (3.22)
s=1

where 0 < €F = é 1_, 6"% < 1. Obviously, we get the following two results from (3.22)

lim ||z* — y¥| = d, (3.23)
k—o0
and
la* =y < eF el =y (3.24)

Similar to proof of Theorem two cases occur: First let the sequence {€*} have a subsequence
{€"} such that limy, o € = a < 1. Therefore [[)2, " = 0 which means [~ €" = 0. Using
we get limy,_,o [|2¥ — 2*|] = 0. The second case, the complimentary case of the first one, necessitates
limy,_,o € = 1. This equality causes

lim 6 =1, lim~"* =1 fors=1,---,q i€ B, (3.25)
k—o0 k—o0
Using (3.21) and (3.25) we get
klim |lz* = y*|I” = lz* = B(y")|]?| =0, forie€ B, (3.26)
:—00

Thus, the Lemma [3.1] and (3.26) give
klim ly* — P(y*)||=0fori€ B,, s=1,---,q. (3.27)
—00

Regarding (3.23), there exists the subsequence {y*} of {y*} that converges to a point . The
equality (3.27) implies ||y* — P,(y*)|| — 0 which results ||z — Pi(z)|| =0 for s = 1,--- ,q, i € B,.
It means that T is a feasible point. Now using T instead of z* in (3.23) gets d = 0 which completes

convergence proof of the sequence y*. Using (3.22), one easily gets the convergence of whole sequence
of Algorithm O
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4. ITmplementations and new results for LFP

Here we discuss how to efficiently implement Algorithms for the following linear system
of equations. Indeed the assumed solution point z* is not needed, i.e., it disappears from the weight
computation step. Let us consider the linear system of equations (which may be inconsistent)

Az =0, (4.1)

where A € R™ " and b € R™. Let Hyep = {z € R", (x,a’) = b;} here a' and b; indicate ith row of
A and b respectively. Respect to partitioning of the index set B, the matrices A, b be partitioned into
q (not necessarily disjoint) row blocks {A;}, {0’} respectively. Obviously, the orthogonal projection
of a point x € R™ onto H; can be calculated by

bi - <'T7 ai>

P(x) =2+ -
[’

a'. (4.2)

Both Algorithms[2.1 contain a norm minimization in each step. To minimize a convex function
f(z) = ||z* — z|| over a proper subspace of R", its gradient is used . Recall that a subgradient of a
convex function f at y is any vector g that satisfies the inequality f(x) — f(y) > (g,z — y) for all x.
If f is differentiable at y then its gradient V f(y) is the unique subgradient of f at y. Therefore, any
y that satisfies V f(y) = 0 is a global minimizer of f.

Remark 4.1. In our algorithms, the linear system of equations V f(y) = 0 may have many solutions.
But any solution (weights) results in a unique iteration (atomic step/cycle), see Theorem and

Lemma[2.4)

Since an optimization problem, in fact a small linear system of equations comparing with ,
must be solved in each step of Algorithms we remind the block Kaczmarz method which is
comparable with our methods from that point of view. The sequential block Kaczmarz method (also
called block iterative ART) can be formulated as:

Algorithm 4.2. Seq. Block Kaczmarz

Initialization: u® € R™ is arbitrary.
k

Iterative Step: Given u” compute,
U0 — ok
ubs = uFo L NAT(AATY by — A=), s=1,... ¢,
ukJrl — uk,q’

where 0 < \ < 2 is relazation parameter and BY shows pseudoinverse of B.

This algorithm is a special case of [14, Algorithm 1.10]. The subsequences of cycles {u**}, k > 0
with fixed s will actually converge. Indeed, if b € R(A) then {u*} converges toward a solution of
Ax = b. If in addition u® € R(AT), then {u*} converges to a point, see [I4, Theorem 1.3|. Indeed
this point satisfies a certain linear system of equations, see |16, Proposition 4|. For the special case
A =1, we explain in Section (Remark why this algorithm and Algorithm are equivalent.

Next we remind of the simultaneous block Kaczmarz method which is same as row-Jacobi method
(first introduced in [15]).
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Algorithm 4.3. Sim. Block Kaczmarz (Row-Jacobi)
Initialization: v° € R™ is arbitrary.
Iterative Step: Given v* compute,

k,0 k

v = v,

Rt = L NAT (A AT (b, — AWY), s=1,... ,q,
1
k+1 k,s
v = — v
where 0 < \ < 2 is relazation parameter.

Indeed, if b € R(A) and v° € R(AT) then the generated cycles of row-jacobi method (Algorithm
4.3) converges towards the solution of with minimum norm, see [15, Theorem 1|. Similar to
Algorithm we obtain that this algorithm gives the same iterates as in Algorithm when A =1
and the exterior weights (i.e., w**) are equal, see Section Remark .

Both Algorithms [2.1] and [2.2] can be written as the following matrix forms:

R0 — gk,

xk’s = .I'lﬁs*l + Asz,sa)s - Asxkﬁil)? 8= 1’ RN

™ — x|,

st. o™ = argmingegr.s

l’k+1 — xk,q,

and

gt =k,
Yo = yF + AT M, (bs — AF), s=1,... ,q,
k,s y* . yH’

st y»t = argmingcqk.s

q
k+1 __ k,s, k,s
Yy —E wry e,
s=1

sty = argmingeor|ly” —yll,

wk:,s
i

lla*1I?

where My, = diag(723) and {w*}icp. are related weights of each algorithm.

4.1. Algorithm [2.1]
Let z* be a solution of 1} and z(z) = %92 To find the weights in Algorithm forming

lla®]?

with respect to {wf’s} and setting them to zero result the following

partial derivative of ||z* — 2% ||?

linear system of equations

(@7 3wl (Bt =t 2l = by, for j € B, (49)
i€ By
thus, the equality (4.2)) gives
Z witzi(a’,a’) = (b — (a?,2**7")) | for j € B, (44)
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where z; 1= z;(z"*71) for i € B,.
Next, by a simple calculation we demonstrate that Algorithms [2.1)and [4.2] become identical when
A = 1. In each step of Algorithm [1.2] the following linear system of equations should be solved

(AAD)z = (by — Au™1), (4.5)

where u**~! is computed in previous iteration. Also the weights in Algorithm satisfy (4.4) which
can be rewritten as the following matrix form

(AATYDw = (by — Agy™* 1), (4.6)

2

compute x** since b; — (a’, 2%*~1) = 0. Therefore (4.5) and (4.6) show z = Dw. To compute next
iteration in Algorithms 4.2 and [2.1| we have to calculate u®*~! + ATz and

— z : k — — — z : k i
mk,s 1 + w! ] (Pi(l'k’s 1) o xk,s 1) — ZIZ’k’S 1 4 w! ’Sziaz
1€Bs 1€Bs

= 2"~ 4 AT D, (4.7)

where D = diag(z;) and w = {wk’s} . Note that we assumed z; # 0, otherwise we do not need to
i€Bs

respectively. Now we can conclude

Remark 4.4. Algorithms and[{.4 (with X\ = 1) are equivalent.

Remark 4.5. Using Remark and [1]), Theorem 1.3], the generated cycle in Algorithm con-
verges to a solution of (Also, from Theorem we can see that the whole generated sequence
by this algorithm converges to a solution of ) And for inconsistent case, it converges to a point.
Indeed this point satisfies a certain linear system of equations, see [16, Proposition 4], which do not
correspond to a gradient mapping.

4.2. Algorithm

In Algorithm , the weights wf’s and w®* are called “interior” and “exterior” weights respec-
tively. The complexity of finding the weights in Algorithms [2.1]and [2.2] are quite similar. Indeed, see
1) the interior weights {wf’s} satisfy the following equations for Algorithm

Z whtzidl, o’y = (bj — (d,y*)), for j € By, s=1,--- ,q. (4.8)
Also exterior weights w"* satisfy
q
Zwk’s<yk’s,yk’t> = (2", y") + Z wh'bz, fort=1,--- q. (4.9)
s=1

1€ DBy

Let k = 0. If y° € R(AT) then we can compute {w®*}?_, (z* is disappeared from (4.9))) and

y' =>7  w”y"s. In the next iteration, k = 1, after computing wil’s from 1} we need (z*,y') in
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(4.9) to calculate w'*. But
q
<l’*, y1> _ <I*, Zwo,syo,s>
s=1
q
— Z U)O’S <{L'*, y0,5>
s=1

q
_ ZwO,s <x*,y0 + Z w?,s (PZ(yO) o y0)>
s=1

i€B,
q
— Zwo’s <<x*,y0> + Z w?’szi(yo)bi> , (4.10)
s=1 i€EBg

which means (z*,y') can be computed without using z*. By this way the whole generated sequence
can be calculated devoid of the solution.
Similar conclusions as in Remark [4.4] can be drawn for Algorithms [2.2] and

Remark 4.6. The Algorithms (for A\=1) and with equal exterior weights are equivalent.

The following proposition provides a convergence proof for Algorithm when the linear system

(4.1) is inconsistent.

Proposition 4.7. The sequence of atomic steps in Algorithm converges to a solution of ({{.1)).
In the inconsistent case, the generated cycle in Algorithm (2.2, with equal exterior weights, converges
to a solution of a certain weighted least-squares problem.

Proof .

The proof of the first part of the statement can be deduced from Theorem (it was proven
that the generated cycle converges to a solution of (£.1)), see [I5, Theorem 1] ). For the inconsistence
case, we use Remark and rewrite Algorithm as a fully simultaneous method. In Algorithm
the summation of 2% over s furnishes

q q
o aht =g+ A>T AT(AAD) (b, — Ak

s=1 s=1
A\ [ (4,47 0 by — Az
=g+ 2| :
A, 0 (A,AT)T ) \b, — At
= qz" + NATM (b — Az") (4.11)

where M = diag((A;AT)") is a symmetric positive semidefinite matrix. Therefore the cycle of this
algorithm can be written as
A
2F T =2k L ZATM (b — AxF). (4.12)
q
Using classical theorems for full simultaneous iteration methods like (4.12)), see, e.g., [28], one
finds that the cycles {#*} converge to a solution of min || Az —b|| if 0 < e < \/q < 2/p(ATMA) —¢
where p(Q) shows the spectral radius of @). Thus, proof of the second part is completed by this fact
that p(ATMA)=1.0
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Remark 4.8. The Remark and Proposition show that the sequence of atomic steps in Al-
gorithm (with X = 1) converges to a solution of . For the inconsistent case, the generated

cycle converges to a solution of a certain weighted least-squares problem when 0 < e < \/q <2 —e.

5. Conclusions

The sequential and simultaneous block iterative methods with optimal weights are proposed for
solving convex feasibility problems. The whole sequences generated by both methods converge to
a point in the feasible set. In the case of LFP, it is observed that the simultaneous and sequential
block Kaczmarz methods inherently use the optimal weights. Additionally, it is demonstrated that
the generated sequence by the simultaneous block Kaczmarz method converges to a weighted least
squares solution.
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