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Abstract

In this paper, we discuss the existence and uniqueness of fixed points for Banach and Kannan
contractions defined on modular spaces endowed with a graph. We do not impose the As-condition
or the Fatou property on the modular spaces to give generalizations of some recent results. The
given results play as a modular version of metric fixed point results.
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1. Introduction and preliminaries

To control the pathological behavior of a modular in modular spaces the conditions Ay and Fatou
property are usually assumed (see, e.g., [1, 5, [7, 8 11, 12]. For instance, in [I], Banach fixed point
theorem is given in modular spaces that their modular satisfy both the As-condition and the Fatou
property. In [7], Khamsi established some fixed point theorems for quasi-contractions in modular
spaces satisfying only the Fatou property.

In [6], Jachymski investigated Banach fixed point theorem in metric spaces with a graph and his
idea followed by the authors in uniform spaces (see, e.g., [2, 3]).

In this paper motivated by the ideas given in [1I [6], we aim to discuss the fixed points of Banach
and Kannan contractions in modular spaces endowed with a graph without As-condition and Fatou
property. We also clarify the independence of these contractions in modular spaces.

We first commence some basic concepts about modular spaces as formulated by Musielak and
Orlicz [10]. For more details, the reader is referred to [9].
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Definition 1.1. A real-valued function p defined on a real vector space X is called a modular on
X if it satisfies the following conditions:

M1) p(x >Of0ralla:€

M2 px—Oz and onlyzfjx—()

M3 —x fora

M4 pax—i—gy )forallx ye X and all a,b >0 witha+b=1.

If p satisfies (M])—(M4), then the pair (X, p), shortly denoted by X, is called a modular space.

The modular p is called convex if Condition (M4) is strengthened by replacing with
M4’) p(azx + by) < ap(x) + bp(y) for all z,y € X and all a,b > 0 with a +b = 1.

It is easy to obtain the following two immediate consequences of Condition (M4) which we need
in the sequel:

e If @ and b are real numbers with |a| < [b], then p(ax) < p(bx) for all z € X

e If a,...,a, are nonnegative numbers with » """ , a; = 1, then

p(iaia%) gip(xi) (x1,..., 2, € X).

Definition 1.2. Let (X, p) be a modular space.

1. A sequence {x,} in X is said to be p-convergent to a point x € X, denoted by x, Loz, if
p(x, —x) = 0 asn— o
2. A sequence {x,} in X is said to be p-Cauchy if p(x, — x,) — 0 as m,n — co.
3. The modular space X is called p-complete if each p- @auchy sequence i X is p-convergent to a
oint of X.
4. %he modular p is said to satisfy the Ay-condition if 2z, —— 0 as n — oo whenever &, — 0

as n — 0. S .
5. The modular p is said to have the Fatou property if

p(z —y) < liminf p(z, — )
n—oo

whenever
Ty 2 and y, 2>y as n— 0.

Conditions (M2) and (M4) ensure that each sequence in a modular space can be p-convergent to at
most one point. In other words, the limit of a p-convergent sequence in a modular space is unique.

We next review some notions in graph theory. All of them can be found in, e.g., [4].

Let X be a modular space. Consider a directed graph G with V(G) = X and E(G) 2 {(z,z) :
r € X}, ie., E(G) contains all loops. Suppose further that G has no parallel edges. With these
assumptions, we may denote G by the pair (V(G), E(G)). In this way, the modular space X is
endowed with the graph G. The notation G is used to denote the undirected graph obtained from
G by deleting the directions of the edges of G. Thus,

V(G)=X E(G)={(z,y) € X x X : (z,y) € E(G) V (y,z) € E(G)}.

By a path in G from a vertex z to a vertex y, it is meant a finite sequence (z,), of vertices of
G such that xy = z, xy = y, and (zs_1,2,) € E(G) for s =1,...,N. A graph G is called weakly
connected if there exists a path in G between each two vertices of G, i.e., there exists an undirected
path in G between its each two vertices.
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2. Main results

Let X be a modular space endowed with a graph G and f : X — X be any mapping. The set of
all fixed points for f is denoted by Fix(f), and by Cf, we mean the set of all elements x of X such

that (f"z, f"x) € E(G) for m,n=0,1,....
We begin with introducing Banach and Kannan G-p-contractions.

Definition 2.1. Let X be a modular space with a graph G and f: X — X be a mapping. We call
f a Banach G-p-contraction if

B1 reserves the edges of G, 1.e., (z,y) € E(G) implies (fz, € F(G) forall z,y € X;
BZZ {hgre exist positivegnun{bers k, CL<CLTL?CJi)b wit k:)< 1pcmd (af< g{s’)uch tf(mt) J Y

p(b(fx = fy)) < kp(alz —y))
for all z,y € X with (z,y) € E(G).
The numbers k, a and b are called the constants of f. And we call f a Kannan G-p-contraction if

K1) f preserves the edges of G; _ b
K2) there exist positive numbers k, 1, ay, az and b with k +1 <1, a; < 3 and az < b such that

p(b(fx — fy)) < kp(ar(fa —x)) +1p(as(fy — )
for all x,y € X with (x,y) € E(G).
The numbers k, I, ai, as and b are called the constants of f.

It might be valuable if we discuss these contractions a little. Our first proposition follows immediately
from Condition (M3) and Definition [2.1]

Proposition 2.2. Let X be a modular space with a graph G. If a mapping from X into itself satisfies
(B1) (respectively, (B2)) for G, then it satisfies (B1) (respectively, (B2)) for G. In particular, a
Banach G-p-contraction is also a Banach é-p-contmction. Similar statements are true for Kannan
G-p-contractions provided that ay < g

We also have the following remark about Kannan G-p-contractions.

Remark 2.3. For a Kannan é-p-contmctz’on f X — X, we can interchange the roles of x and y

in (K2) since E(G) is symmetric. Having done this, we find

p(0(fz = fy)) = p(b(fy = f2))
< kp(ar(fy —y)) +lp(as(fr —x))
— Ip(as(fr —2)) +kp(ar(fy —y)).

Therefore, no matter a; < g or ay < % whenever we are faced with Kannan é—p-contmctz’ons.
Nevertheless, both ay and as must be not more than b.

We now give some examples.

Example 2.4. Let X be a modular space with any arbitrary graph G. Since E(G) contains all
loops, each constant mapping f : X — X is both a Banach and a Kannan G-p-contraction. In fact,
E(G) should contain all loops if we want any constant mapping to be either a Banach or a Kannan
G -p-contraction.
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Example 2.5. Let X be a modular space and G be the complete graph (X, X x X). Then Banach
(Kannan) Gy-p-contractions are precisely the Banach (Kannan) contractions in modular spaces.

Example 2.6. Let < be a partial order on a modular space X and consider a poset graph G by
V(G1) = X and E(G1) = {(z,y) € X x X : @ X y}. Then Banach G-p-contractions are precisely
the nondecreasing ordered p-contractions. A similar statement is true for Kannan G1-p-contractions.

Finally, we show that Banach and Kannan G-p-contractions are independent of each other. More
precisely, we construct two mappings on R such that one of them satisfies (B2) but not (K2), and
the other, (K2) but not (B2) for the complete graph Gj.

Example 2.7. Let p be the usual Euclidean norm on R, i.e., p(x) = |z| for all x € R. Define a

mapping f : R — R by fr = % for all z € R. Then f is a Banach Go-p-contraction with the

2 a=1andb=1. Indeed, given any z,y € R, we have

constants k = z, 5

p(b(fz — fy)) = %Ifc —y| = kp(a(z —y)).

On the other hand, if k, I, a1, as and b are any arbitrary positive numbers satisfying k+1 < 1, aq < g
and as < b, then for y =0 and any x # 0 we see that

_ blx| _ 2a.k|z]

p(b(fz — f0)) = T >3 = kp(ar(fx —x)) + Ip(az(f0 —0)).

Therefore, (K2) fails to hold and f is not a Kannan Go-p-contraction.

Example 2.8. [t is easy to verify that the function p(x) = 2% defines a modular on R and (R, p)
is p-complete because (R, |- |) is a Banach space. Now, consider a mapping f : R — R defined by
fr = % if v # 1 and f1 = 1—10. Then [ is a Gy-p-Kannan contraction with the constants k = 2_4117
l= g, a; = % and as = b = 1. Indeed, given any x,y € R, we have the following three possible cases:

Case 1: Ifx=y=1 orxz,y#1, then (K2) holds trivially since fx = fy;

Case 2: I[fx =1 andy # 1, then

p(b(fz — fy)) = 2% < 24—5 + g (% — y>2 = kp(ar(fa —x)) +1p(as(fy —v));
Case 3: Finally, if t #1 and y =1, then
4 16 /1 2 4
p(b(fz— fy)) = % < 8_1<§ — 37) + 2% = kp(ar(fz —x)) + Ip(as(fy —y)).

Note that k + 1 = g—(l) <1l,a < % and ay < b. But f is not a Banach Gy-p-contraction; for if k, a
and b are any arbitrary positive numbers satisfying k < 1 and a < b, then putting x =1 and y = %

yields
4 4a’k
=35 7 g5 elalr—w).

p(b(fz — fy))

Now we are going to prove our fixed point results. The first one is about the existence and uniqueness
of fixed points for Banach G-p-contractions.
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Theorem 2.9. Let X be a p-complete modular space endowed with a graph G and the triple (X, p, G)
have the following property:

(¥) If {z,} is a sequence in X such that Bz, —= Bz for some B > 0 and (xn,xntl) € E(é) for all
n > 1, then there exists a subsequence {x,,} of {x,} such that (z,,,z) € E(G) for all i > 1.

Then a Banach é—p—contmction [ X — X has a fized point if and only if Cy # 0. Moreover, this
fixed point is unique if G 1s weakly connected.

Proof . (=) It is trivial since Fix(f) C C}.

(<) Let k, a and b be the constants of f and let a > 1 be the exponential conjugate of g, ie.,
7+ é = 1. Choose an = € C and keep it fixed. We are going to show that the sequence {bf"z} is
p-Cauchy in X. To this end, note first if n is a positive integer, then by (B2) we have

ool —2)) = plalfe— f2) + alf— )
p(Fo(f"a = fo) + éaa(fx ~))
p(b(f"a — f2)) + p(aa(fa )
kp(a(f* 'z —2)) +r,

). Hence using the mathematical induction, we get
kp(a(f" o —x)) +r
klkp(a(f" 22— 2)) + 7]+
Kp(a(f"*z— ) +kr+r

IN

IN

where r = p(aa(fr —z

pla(frz —))

~—

IA A

< kn_lp(a(fx — x)) Lk ey

for all n > 1. Since o > 1, it follows that p(a(fxr — z)) < p(aa(fxr — x)) = r and therefore,

p(a(f"a:—x)) <k Y%4.oi4r= <11__kZ)T < 1ik: n=12.... (2.1)
Now using (B2) once more, we find
p(b(f"x — frx)) < kp(a(f™'a— fr'a))
< kp(b(f" e — [ )
< K'pla(f™ "z — 1)) (2.2)

for all m and n with m > n > 1. Consequently, by combining (2.1)) and (2.2)), it is seen that for all
m >n > 1 we have

PO/ = f72)) < K pla(fm e — 2) < =

Therefore, p(b(f™x — f"x)) — 0 as m,n — oo, and so {bf™z} is a p-Cauchy sequence in X and
because X is p-complete, it is p-convergent. On the other hand, X is a real vector space and b > 0.
Thus, there exists an z* € X such that bf"z —2» bz*.
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We next show that o* is a fixed point for f. Since z € CY, it follows that (f"z, f"*'z) € E(G) for
all n > 0, and so by Property (%), there exists a strictly increasing sequence {n;} of positive integers
such that (f™x,2*) € E(G) for all i > 1. Hence using (B2) we get

o(5(a =) = p(9< — ) 4 (e - at))
< p(b(fx f”l+1 ) + p(b(f" e — )
= p(b(f" e — fa*)) + p(b( f’“+1 "))
< kpla(fMz —a )) p(b(f™ e — "))
< kp(b(f"z —a")) + p(b(f" 'z —27)) >0

as i — 00. So p( (fx* —2*)) = 0, and since b > 0, it follows that fz* —2* = 0 or equivalently,
fr* =2 ie., x* is a fixed point for f.

Finally, to prove the uniqueness of the fixed point, suppose that G is weakly connected and
y* € X is a fixed point for f. Then there exists a path (z,)Y, in G from z* to y*, i.e., 7y = 2%,
zy =y, and (z,_1,3,) € E(G) for s =1,...,N. Thus, by (B1), we have

(f”:cs,l,f”xs)eE(é) (n>0and s=1,...,N).

And using (B2) and the mathematical induction we get

ot =0) = = o) )
< p(ba* = o)) + -+ (" en 1 — 7))

> p(b(fraes — fay))

s=1

Mz

pla(f*tag — [ ay))

s=1

Mz

p(O(f" gy — [ Ny))

w
I
—_

< k" Zp(b(ms_l - a:s)) —0

*

as n — 00. S0 %(.CE —y*) = 0, and since b > 0, it follows that 2* = y*. Consequently, the fixed
point of f is unique. [
Setting G = Gy and G = G, we get the following consequences of Theorem in modular and

partially ordered modular spaces, respectively.

Corollary 2.10. Let X be a p-complete modular space and a mapping f : X — X satisfies
p(b(fz — fy)) < kplalz —y))  (z.y € X),

where 0 < k <1 and 0 < a < b. Then f has a unique fized point * € X and bf"x 2= ba* for all
reX.
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Corollary 2.11. Let = be a partial order on a p-complete modular space X such that the triple
(X, p, X) has the following property:

(%) If {z,} is a sequence in X with successive comparable terms such that Bz, L5 Bx for some
f > 0, then there exists a subsequence {x,,} of {x,} such that z,, <z for alli > 1.

Assume that a nondecreasing mapping f : X — X satisfies

p(b(fz—fy)) <kpla(z—y))  (z,y € X andz < y),

where 0 < k <1 and 0 < a <b. Then f has a fixed point if and only if there exists an x € X such
that T"x is comparable to T™x for all m,n > 0. Moreover, this fixed point is unique if the following
condition holds:

label= For all x,y € X, there exists a finite sequence (x,)_ in X with comparable successive terms
such that xo = x and Ty = y.

Corollary 2.12. Let (X, p) be a p-complete modular space endowed with a graph G, where p is a
convexr modular, and the triple (X, p, G) have Property (x). Assume that f : X — X is a mapping
which preserves the edges of G and satisfies

p(b(fr — fy)) <kpla(z—y))  (v,y € X and (z,y) € E(G)),

where k, a and b are positive numbers with b > max{a, ak}. Then f has a fized point if and only if
Cr # 0. Moreover, this fized point is unique if G is weakly connected.

Proof . Set ¢ = max{a, ak} and choose any ay € (¢,b). Then by the hypothesis and convexity of p,
we have

p(b(fz - fy)) < kpla(z —y))

= kp(agao(x — y) + (1 — £)0>

" 0 Qo
a0z — 9))
Qo

IN

for all z,y € X with (z,y) € E(G). Since ao < b, and % < 1, it follows that f satisfies (B2) for the
graph G with the constants k and a replaced with Z—E and ag, respectively, and b kept fixed. Since f

preserves the edges of G , it follows that f is a Banach é—p—contraction and the results are concluded
immediately from Theorem [2.9) O N
Our next result is about the existence and uniqueness of fixed points for Kannan G-p-contractions.

Theorem 2.13. Let X be a p-complete modular space endowed with a graph G and the triple
(X, p,G) have Property (x). Then a Kannan G-p-contraction f : X — X has a fized point if
and only if Cy # (0. Moreover, this fized point is unique if k < % and X satisfies the following

2
condition:

(x) For all z,y € X, there exists a z € X such that (x,2), (y,2) € E(G).
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Proof . (=) It is trivial since Fix(f) C C}.

(<) Let k, I, a1, ap and b be the constants of f. Choose an x € C} and keep it fixed. We are
going to show that the sequence {bf"z} is p-Cauchy in X. Given any integer n > 2, by (K2) we
have

p(b(f"e = f7710)) < kp(ar(fhe = 7)) + dp(as(f7 e — 7))
< kp(b(f" e — 7)) + lp(b(f e — [ R)),
which yields
p(b(f"x — frta)) < op(b(f"te — fr0)),

where § = 1£—k € (0,1). Hence using the mathematical induction, we get

p(b(fz — f*'2)) < 8"p(b(fr —x)) n=1,2,....
Now using (K2) once more, we find

p(b(f"a — frx)) < kp(ai(f™x — f"7'a)) + p(as(frz — [ )
kp(b(f™x — f"la)) +1p(b(f"x — [ )
< ko™ ( fa:—:ic)+l(5"p( (fa:—x))

for all m,n > 1. Therefore, p(b(f"x — f"x)) — 0 as m,n — oo, and so {bf"x} is a p-Cauchy
sequence in X and because X is p-complete, it is p-convergent. Thus, there exists an z* € X such
that bfmz -2 ba*. B

We next show that o* is a fixed point for f. Since z € CY, it follows that (f"z, f"*'z) € E(G) for
all n > 0, and so by Property (x), there exists a strictly increasing sequence {n;} of positive integers
such that (fz,z*) € E(G) for all i > 1. Hence using (K2), we get

P(g(fﬂf*—m*)) = p(%(fx fritly )+ (fnz+1 x*))

IN

< Dl — ) 4ol - )
< [kp(al(fm — %) + lp(ao(fM e — fri ))] p(b(f"Hw —a))
< kp(Q (e =) F o e — ) + p(b( e — %))

for all £k > 1. Hence

b * * n; n; 1 n; *
p(5(F2" =) < oo = ) + = p(b(f" T a = ) = 0
as i — 00. S0 p( (fz* —x*)) = 0, and since b > 0, it follows that fz* — x* = 0 or equivalently,
fx* =2 ie., x* is a fixed point for f.
Finally, to prove the uniqueness of the fixed point, suppose that Condition (%) holds and y* € X
is a fixed point for f. We consider the following two cases:

Case 1: (z*,y*) is an edge of G.
In this case, using (K2), we find

p(bz* —y*)) = p(b(fz* — fy*)) < kp(ar(fz* — 2*)) + lp(as(fy* — y*)) = 0.
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Therefore, p(b(z* —y*)) = 0, and so z* = y* because b > 0.

Case 2: (z*,y*) is not an edge of G.

In this case, by Condition (x), there exists a z € X such that both (z*, z) and (y*, z) are edges
of G. So by (K1), we have (z*, f"2), (y*, f"z) € E(G) for all n > 0 since z* is a fixed point for f.
Therefore, by (K2) we find

p(b(f"z —a")) = p(b(f"z — frz"))
< kp(ar(f"z = f7712)) + lp(ag(fra* — [ 1a"))
b n—1 _.x n—1
- + §(f Tr — f Z))
< kop(b(f"z — f10%) + kp(b(f" 0t — f112)
= kp(b(f"z—a*)) + kp(b(f" 'z — 2¥))
for all n > 1, which yields

IN

(%
(50

p(b(f"z = 2")) < Ap(b(f" 'z — 7)),
k

where A = ;7 € (0,1) because k < % So by the mathematical induction, we get

p(b(f"z —x*)) < XN'p(b(z — z¥)) n=0,1,....

Since A < 1, it follows that bf"z —2» bz*. Similarly, one can show that bf"z 2 by*, and so
bx* = by* because the limit of a p-convergent sequence in a modular space is unique. Thus, from
b > 0, it follows that z* = y*.

Consequently, the fixed point of f is unique. [

Setting G = Gy and G = (7 once again, we get the following consequences of Theorem [2.13] in
modular and partially ordered modular spaces, respectively.

Corollary 2.14. Let X be a p-complete modular space and a mapping f : X — X satisfies

p(b(fr = fy)) < kplar(fr —2)) +1p(aa(fy —y)  (z,y € X),

where k,l,ay,as and b are positive with k +1 < 1, a; < % and as < b. Then f has a unique fized
point z* € X and bf "z -2 ba* for allz € X.

Corollary 2.15. Let = be a partial order on a p-complete modular space X such that the triple
(X, p, %) has Property (xx). Assume that a nondecreasing mapping f : X — X satisfies

p(b(fx — fy)) < k:p(al(fx — x)) + lp(ag(fy — y)) (r,y € X, and either x <y ory <X x),

where k, 1, a1, as and b are positive with k+1 <1, a; < g and as < b. Then f has a fived point if and
only if there exists an x € X such that T™x is comparable to T™x for all m,n > 0. Moreover, this
fixed point is unique if k < % and each pair of elements of X has either an upper or a lower bound.

As another consequence of Theorem [2.13] we have the convex version of it as follows:
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Corollary 2.16. Let (X, p) be a p-complete modular space endowed with a graph G, where p is a
convex modular, and the triple (X, p,G) have Property (). Assume that f : X — X is a mapping
which preserves the edges of G and satisfies

p(b(fx — fy)) <kplar(fr —2)) +1p(aa(fy —v))  (x,y € X and (x,y) € E(G)),

where k, |, a1, ay and b are positive numbers with b > 4 max{ay, as,ar1k,asl}. Then [ has a fized
point if and only if Cy # 0. Moreover, this fized point is unique if X satisfies Condition ().

Proof . Set ¢ = 2max{ay,as, a1k, asl} and choose any ag € (c, g] Then by the hypothesis and
convexity of p, we have

p(b(fz = fy)) < kp(ar(fz —2)) +lp(az(fy —y))

= kp(Z—;ao(fx — :L‘) + (1 — Z—;)O) + lp(Z—zao(fy — y) + (1 — %)0>

Qo
< C;l—kp(ao(fx — a:)) + a—zlp(ao(fy - y))
0 o

for all z,y € X with (x,y) € E(é) Since ag < g < b, and % + ‘2—201 < 1, it follows that f satisfies
(K2) for the graph G with the constants k, [, a; and ay replaced with %, 2_2017 ao and ag, respectively,
and b kept fixed. Since f preserves the edges of G, it follows that f is a Kannan é—p—contraction
and the first assertion is concluded immediately from Theorem [2.13]

On the other hand, since ag > ¢ > 2a. k, it follows that %’“ < %, and because X satisfies Condition

(%), Theorem [2.13] guarantees the uniqueness of the fixed point of f. O
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