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Abstract

In this paper, coupled fixed point results of Bhaskar-Lakshmikantham type |T. Gnana Bhaskar, V.
Lakshmikantham, Fixed point theorems in partially ordered metric spaces and applications, Nonlin-
ear Analysis 65 (2006) 1379-1393] are extend, generalized, unify and improved by using monotone
mappings instead mappings with mixed monotone property. Also, an example is given to support
these improvements.
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1. Introduction and preliminaries

It is well known that the metric fixed point theory is still very actual, important and useful in
all area of Mathematics. It can be applied, for instance in variational inequalities, optimization,
dynamic programing, approximation theory, etc.

The fixed point theorems in partially ordered metric spaces play a major role to prove the existence
and uniqueness of solutions for some differential, integral equations or matrix equations ([4], [10]).
One of the most interesting fixed point theorems in ordered metric spaces was investigated by T.
Gnana Bhaskar and V. Lakshmikantham [I] applied their result to the existence and uniqueness
of solution for a periodic boundary value problem. For some questions from linear and nonlinear
differential equations as well as matrix equations the reader can see the recent papers of J. Nieto and
R. R. Lopez [4] and Ran and Reurings [10]. Then many authors obtained several interesting results
in ordered metric spaces.
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We start out with listing some notation and preliminaries that we shall need to express our results.
In this paper (X, d, <) denotes a partially ordered metric space where (X, <) is a partially ordered
set and (X, d) is a metric space.

In this paper we do not use mappings with the mixed monotone property as in [I]. Therefore,
similar as in the [2], we introduce:

Definition 1.1. Let (X, =X) be a partially ordered set and let F: X x X — X. We say that F is a
monotone if F'(x,y) is monotone nondecreasing in x and y, that is, for any v,y € X,

x1, T2 € X, 11 = 29 :>F(x1,y) = F(%;?J)a

and
Y, 92 € X,pp < yo = F(z,p1) X F (2, y2) .

An element (z,y) € X X X is called a coupled fized point of F if F (z,y) =z, F (y,z) = y. It is clear
that (x,y) is a coupled fized point of F if and only if (y,x)is a coupled fized point of F.

Definition 1.2. [1 Let (X, <) be an ordered set and d be a metric on X. We say that (X,d, <) is
reqular if it has the following properties:

(i) if for non-decreasing sequence {z,} holds d (z,,z) — 0, then z,, < z for all n,
(i) if for non-increasing sequence {y, tholds d (z,,z) — 0 , then y,, > y for all n.
The proof of the following Lemma is immediately.

Lemma 1.3. (1) Let (X,d, <) be a partially ordered metric space. If relation C is defined on X?* =
X x X by
YCVerulAy=v Y=(2y),V=(uv)c X

and d; : X% x X% — R* is given by
4o (Y.V) = d(z,0) + d(5,0),Y = (2,9).V = (u,) € X*

then (X?,C,d,) is an ordered metric spaces. The space (X?,d,) is a complete if and only if (X, d)
is a complete. Also, the space (X3,d,,C) is a regular if and only if (X,d, <) is a such.

(2) If FF: X x X — X, then the mapping Tr : X x X — X x X given by
Tr (Y) = (F(2,y),F(y,2), Y = (z,y) € X*
is non-decreasing with respect to C, that is,
YCV=Tp(Y)CTr (V).

(3) The mapping F is a continuous if and only if T is a continuous.

(4) F (X?) is a complete in the metric spaces (X, d) if and only if T (X?) is a complete in the
space (X2,d,).

(5) Mapping F : X? — X has a coupled fixed point if and only if mapping T has a fixed point
in X2

Assertions similar to the following lemma were used in the frame of metric spaces in the course
of proofs of several fixed point results in various papers.
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Lemma 1.4. [ Let (X, d) be a metric space and let {y,} be a sequence in X such that

lim d (yn, Yns1) = 0.

n—0o0

If {yn} is not a Cauchy sequence in (X,d), then there exist ¢ > 0 and two sequences {m (k)} and
{n(k)} of positive integers such that m (k) > n (k) > k and the following four sequences tend to e*
when k — oo :

A (Ym)s Ynk)) + & (Yme)s Yn)+1) » & (Yo =15 Yne)) » & (Ym(e)—15 Yn(r)+1) -

In [1I] Blaskar and Lakshmikantham proved the following theorem and formulated as Theorem
2.1.

Theorem 1.5. Let F': X x X — X be a continuous mapping having the mized monotone property
on X. Assume that there exist a k € [0,1) with

d(F (z,y), F (u,v)) < g [d(z,u) +d(y,v)],Ve > uy 2o (1.1)
If there exist xq,yg € X such that
zo 2 F (20,y0) and yo = F (yo, 7o) ,
then there exist x,y € X such that
x=F(z,y)andy=F(y,x).

Also, in [1]] Blaskar and Lakshmikantham proved the following theorem and formulated as Theorem
2.2.

Theorem 1.6. Let (X, <) be a partially ordered set and suppose that there exists a metric d in X
such that (X,d) is a complete metric space. Assume that X has the following property:

(i) if a nondecreasing sequence {z,,} — x, then z,, < x,Vn;

(ii) if a nonincreasing sequence {y,} — v, then y < y,,, Vn.

Let FF: X x X — X be a mapping having the mixed monotone property on X. Assume that
there exists a k € [0, 1) with

d(F(z,y),F (u,v)) < = [d(z,u) +d(y,v)],YVe > u,y < v. (1.2)

Do |

If there exist xg,yo € X such that
xo = F (w0,90) and yo = F (yo, o) ,
then there exist z,y € X such that

r=F(z,y)and y = F (y,z).
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2. Main results
Our first result generalizes Theorem 2.1. from [1].

Theorem 2.1. Let F : X x X — X be a continuous monotone mapping on X. Assume that there
exist a k € [0,1) such that

d(F (,y), F (u,0)) < 5 [d(2,u) +d(y, )], (2.1)

[Ny

for all x,y,u,v € X for which v < u and y < v. If there exist xq,yy € X such that
xo 2 F (20,y0) and yo =X F (Yo, 7o) ,
then there exist x,y € X such that
x=F(z,y)andy=F(y,x).

Proof . Let xg,y € X be such that o < F (zg,y0) and yo < F (yo, 7o) . Since F : X x X — X we
can choose x1,y; € X such that 1 = F' (zo,y0) and y; = F (yo, o) . Again from F: X x X — X we
can choose 3, ys € X such that zo = F' (z1,y1) and yo = F (y1, 1) . Continuing this process we can
construct sequences {x,} and {y,} in X such that

Tp+1 = F (xm yn) and Ynt+1 = F (yna xn)

for all n > 0.
We shall show that

Tn j Tn41 and Yn j Yn+1 (22)

for all n > 0.

We will use the mathematical induction. For n = 0, since z¢g = F (2o, v0) and yo < F (yo, o),
and as 1 = F (x0,9) and y; = F (yo, o), we have that xy < 27 and yy = y;. Thus (2.2) holds for
n=20.

Suppose now that (2.2) holds for some fixed n > 0. Then, since z,, < x,,1 and y,, < y,11, and so
F' is a monotone, we obtain

Tpt+1 = F(xn7yn) j F ($n+l>yn) j F (ﬂfn+1,yn+1) = Tnp+2,

and
Yngp1 = F (ymxn> =F (yn—i-h xn) =F (yn+17 xn—&-l) = Yn+2,

that is., by mathematical induction follows that (2.2) holds for all n > 0.
Denote,

6” =d (xTH anrl) +d (yTh ynJrl) .

We show that 6,, — 0, from which it follows that d (z,, x,+1) — 0 and d (Y, Yns1) — 0. Indeed, by
(2.1) since x,,_1 < x, and y, 1 = y, we have

o = d (F (iL‘n,l, ynfl) >F (xm yn)) +d (F (ynfla xnfl) ) F (yna xn))
< S 1)+ d )]+ [ 0) (02

= k(sn,l < /{2571,2 <. < kn50 = k" (d (1'0,1’1) + d(yo,yl)) —0 (n — OO) .
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Now, we prove that {z,} and {y,} are Cauchy sequences. Suppose, to the contrary, that at least
one of {z,} and {y,} is not a Cauchy sequence. Then (by Lemma 1.5) there exist € > 0 and two
sequences {m (k)} and {n (k)} of positive integers such that m (k) > n (k) > k and the following
four sequences tend to e when k — oo :

Ay (Zimkys Znk)) + At (Zme)s Znk)+1) A (Zme—15 Znk)) » At (Zme)—1 Zn(k)+1) - (2.3)
where z, (zn,yn) is a sequence in (X2, d,). Putting, (z,y) = (zm(k),l,ym(k),l) and (u,v) =

( )> Yn(k) ) ) we have

d (F (Zm)—1, Ym-1) + F (Ta), Yn))) < = [d (Zmy—1: Tu)) + & (Ym@y—1: Yni)) ] »

ie.,

[ (Zm(k)—1, Tngk)) + d (Ym@)-1, Yn(i)) ] - (2.4)

Similar, putting (y,z) = (ym(k)_l,a:m(k)_l) and (v,u) = (yn(k),mn(k)) in (2.1) we obtain

DO | T

d (F (Ym)—1, Tm)=1) s F (o), Tn))) < = [d (Y =1, Ynte)) + d (T -1, Tn)) ] »

ie.,
d (Ym(r), Ynty+1) < = [d (Ym—1, Yntr)) + d (T -1, T )] - (2.5)

Adding (2.4) and (2.5) we get

N =

d (Zm(kys Tgky+1) + d Ymeeys Yn+1) < K [d (Tmm)—15 Tagy) + d Ymp)—15 Yni)) ] »

or equivalently,
di (Zmy, 2ng+1) < kdy (Zmg)—1, 2w ) - (2.6)

Letting £k — oo in (2.6) we obtain that ¢ < ke < ¢, a contradiction. Hence, both sequences {z,} and
{yn} are Cauchy sequences in complete metric space (X, d).

Since, (X, d) is a complete, there exist z,y € X such that lim, oo 2, = limy, 00 F' (-1, Yn—1) = @
and lim, oo ¥ = limy, oo F' (Y1, 2n_1) = y. Further, from the continuity of mapping F we have
that F' (z,y) = z and F (y,z) = y. Theorem is proved. [

We note that previous result is still valid for F' not necessarily continuous. We have the following
result.

Theorem 2.2. Let (X, <) be a partially ordered set and suppose that there exists a metric d in X
such that (X,d) is a complete metric space. Assume that (X, d <) is a regular.

Let F: X x X — X be a monotone mapping on X. Assume that there exists k € [0,1) such that

d(F (2,y), F (u,0)) < 5 [d(2,u) +d(y,v)],

Do |

for all z,y,u,v € X for which x X u and y < v. If there exist xqy,yy € X such that

zo = F (z0,y0) and yo = F (o, o),
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then there exist x,y € X such that
z=F(z,y)and y = F (y,x).

Proof . Following the proof of Theorem 2.1 we only have to show that x = F'(z,y) and y = F (y, z) .
First, we have
d(F(z,y),2) < d(F(z,y), F (2n,yn)) + d (2041, 2) (2.7)

and

Since 2, — x and y,, — y as n — oo then z,, < x and y,, =< y for all n (because (X, d, <) is a regular)
from (2.7) and (2.8) follows respectively

d(F(z,y),x) < g[d(:p,xn)+d(y,yn)]+d(xn+1,x) —0+0=0

and
k
d(F(y,z),y) < B [d (y, yn) + d(z,2,)] + d (Ynt1,y) = 0+ 0=0.

Hence, z = F (z,y)and y = F (y,x), that is F has a couple fixed point (z,y). O

One can prove that the coupled fixed point is in fact unique, provided that the product space
X x X endowed with the partial order mentioned earlier has the following property:

Each pair of elements has either a lower bound or an upper bound. It is known that this condition
is equivalent to:

For every (z,y), (z*,y*) € X x X, there exists a (21,22) € X x X that is comparable to (x,y)
and (z*,y*).

We now the following result:

Theorem 2.3. Adding previous condition to the hypothesis of Theorem (2.1), we obtain the unique-
ness of the coupled fixed point of F.

Proof . If (z*,y*) is another coupled fixed point of F, then we show that

dy ((z,9),(=",y")) =0,

where
v = F(z,y)= lim F"(zo,y0) = lim F (F" " (z0,90), F""" (Yo, 20)) = lim =,
_ _ : n _ : n—1 n—1 o .
andy = F(y,x)= lim F" (yo,70) = lim F'(F""" (yo,0) , I (w0, %0)) = lim ..

We consider two cases:

(i) If (x,y) is comparable to (z*,y*) with respect to the ordering in X x X, then, for every
n=0,1,2,...(x,y) = (F" (z,y), F" (y,x)) is comparable to (z*,y*) = (F" (z*,y*), F" (y*,z")) .

In this case we have

dy ((z,y), (=% y") = d(z,2")+d(y,y")
= d(F" (z,y), F" (2",y") + d(F" (y, ), F" (y", 27))
< KM[d(z,27) +d(y,y7)] = kdy ((2,y), (27, y7)) -

*

This implies that d; ((z,y), (z*,y*)) = 0.
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(ii) If (z,y) is not comparable to (z*,y*), then there exists an upper bound or lower bound
(u,v) € X x X of (z,y), (z*,y*). Then, for all n = 0,1,2,... (F" (u,v), F" (v,u)) is comparable to
(m,y) = (Fn (ZL’,y) " (y7$)) and (x*7y*) = (Fn (ZL‘*,y*) T (y*,ZL‘*)) :

Further, we have

dy ((l’,y),(l’*,y*)) = dy ((Fn (ZL’,y) ( ))7( ( i *)7Fn (y*,x*)))
< dy (F™ (z,y), F" (y,x)), (F" (u, U) ™ (v,u)))
+dy ((F" (u,0) , F" (v,u)), (F" (2%, 9) , F" (y*, 27)))

( )
< K ([d (z,u) + d(y, 0)] + [d(u, )+d(vy)])
= K'[dy ((z,9), (u,0)) + dy ((u,0), (27,57))] = 0 (n = 00),

so that d; ((z,y), (z*,y*)) =0. O

Assuming that every pair of elements of X have either an upper bound or a lower bound in X,
one can in fact show that even the components of the coupled fixed points are equal. The following
theorem establishes this fact.

Theorem 2.4. In addition to the hypothesis of Theorem 2.1, suppose that every pair of elements
of X has an upper bound or a lower bound in X. Then x = y.

Proof . It is clear that (y, =) is a coupled fixed point of F'if and only if (z,y) is coupled fixed point.
Therefore, by previous Theorem we obtain that (x,y) = (y, ), that is z = y. O

Example 2.5. Let X = R d(z,y) = |zt —yl,z [y ifand only if x <y and F: X x X — X,
defined by F (z,y) = Qﬁ# It is easy to check that all the conditions of Theorems 2.1. and 2.3. are
satisfied for k € [%, 1) and that (0,0) is a unique coupled fized point of F. We note that the function F
has not mized monotone property, but F is a monotone, that is F (x,y) is monotone nondecreasing
in x and y. Hence coupled fized point (0,0) of F cannot be obtained by Theorem 1.6. that is, by
results from [1.

As shown in [I] for the case of the functions with mixed monotone property, such kind of results
can be used to investigate a large class of problems, like periodic boundary value problems (see [1],
section 3). A similar approach for monotone functions instead the functions with mixed monotone
property is also possible and will be done in some other paper.

For similar approach also see [3], [6], [7] and [8].
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