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Abstract

In this paper, we introduce a concept of a generalized c-distance in ordered cone b-metric spaces
and, by using the concept, we prove some fixed point theorems in ordered cone b-metric spaces.
Our results generalize the corresponding results obtained by Y. J. Cho, R. Saadati, Shenghua Wang
[Y. J. Cho, R. Saadati, Shenghua Wang, Common fixed point theorems on generalized distance in
ordered cone metric spaces, J. Computers and Mathematics with Application. 61 (2011), 1254-1260).
Furthermore, we give some examples and an application to support our main results.
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1. Introduction

Since the concept of a cone b-metric was introduced by N. Hussain and M. H. Shah [13], many fixed
point theorems, which generalize some relative theorems on cone metric spaces (see [12]-[15]) and
b-metric spaces (see [4]-[8]), have been proved for mappings on normal or non-normal cone b-metric
spaces by some authors (see [11 1] and the references contained therein). In this paper, we consider
a new concept of a generalized c-distance in cone b-metric spaces, which is a generalization of c-
distance of paper [7], prove theorems for some contractive type mappings in a cone b-metric space
by using the generalized c-distance and give an application on the existence of solution of an integral
equation.

We need the following definitions and results, consistent with [12].

Let E be a real Banach space and let P be a subset of F, intP denotes the interior of P. The
subset P is called a cone if and only if
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(i) P is closed, nonempty and P # {0},
(i) a,b €R, a,b >0, z,y € P=ax+by € P,
(iii) re Pand —z € P = x = 0.

Given a cone P C F, we define a partial ordering < with respect to P by x < y if and only if
y—x € P. We shall write z < y if z <y and x # y, while + < y will stand for y — x € intP. A
cone P is called normal if there is a number N > 0 such that for all x,y € P,

0 <x<y implies [z[<NJyl].
The least positive number satisfying the above inequality is called the normal constant of P.

Definition 1.1. ([I2]) Let X be a nonempty set. Suppose that the mapping d : X x X — FE
satisfies:

(i) 0 < d(z,y) for all x,y € X with  # y and d(z,y) = 0 if and only if x = y;
(i) d(z,y) = d(y,z) for all z,y € X;
(iii) d(z,y) < d(z,z) +d(z,y) for all z,y,z € X.
Then d is called a cone metric on X, and (X, d) is called a cone metric space.

Definition 1.2. ([I3]) Let X be a nonempty set and let s > 1 a given real number. A mapping
d: X x X — F is said to be a cone b-metric if and only if for all z,y, 2 € X the following conditions
are satisfied:

(i) 6 < d(z,y) with x # y and d(z,y) = 0 if and only if z = y;
(ii) d(z,y) = d(y, z);
(ili) d(z,y) < sld(z, z) +d(z,y)].
The pair (X, d) is called a cone b-metric space.
Definition 1.3. ([I3]) Let (X, d) be a cone b-metric space. Then we say that {x,} is:

(i) a Cauchy sequence if for every ¢ € E with ¢ > 0, there is N € N such that for all n,m >
N, d(xn, ) < ¢

(ii) a convergent sequence if for every ¢ € E with ¢ > 0, there is N € N such that for all
m > N, d(z,,x) < c for some fixed z in X.

A cone b-metric space X is said to be complete if every Cauchy sequence in X is convergent in X.

Remark 1.4. (i) If £ is a real Banach space with a cone P and a < Aa, where a € P and
0 < A<1, then a =86.

(i) If c € intP, a,, — 0, as n — 0o. Then there exists a positive integer N such that a,, < ¢ for all
n>N.
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Definition 1.5. ([7]) Let (X,d) be a cone metric space, then a function ¢ : X x X — E is called
a c—distance on X if the following conditions are satisfied:

(ql) 0 < g(w,y) for all z,y € X;

(a2) q(z,y) < q(z,y) +qly, 2) for all z,y, 2 € X;

(q3) for each x € X and n > 1, if ¢(z, y,) < u for some u = u, € P, then ¢(x,y) < u whenever {y,}
is a sequence in X converging to a point y € X;

(q4) for all ¢ € E with 0 < ¢, there exists e € F with 0 < e such that ¢(z,2) < e and ¢(z,y) < e
imply d(z,y) < c.

Definition 1.6. ([7]) A pair (f,g) of self-mappings on a partially ordered set, (X, C) is said to be
weakly increasing if fx C gfx and gx C fgx holds for all z € X.

2. Main results

Definition 2.1. Let (X,d) be a cone metric space, then a function ¢ : X x X — FE is called a
c—distance on X if the following conditions are satisfied:

(ql) 0 < g(z,y) for all 7,y € X;;
(a2) q(z,y) < s(q(z,y) +q(y, 2)) for all z,y,z € X;

(q3) for each z € X and n > 1, if ¢(x,y,) < u for some u = u, € P, then ¢(x,y) < su whenever
{yn} is a sequence in X converging to a point y € X;

(q4) for all ¢ € E with 0 < ¢, there exists e € F with 0 < e such that ¢(z,z) < e and ¢(z,y) < e
imply d(x,y) < c.

We introduce the concept of generalized c-distance on a cone b-metric space (X, d), which is a
generalization of c-distance of Yeol Je Cho,Reza Saadati and Shenghua Wang [7]. Now, we give
some examples of the generalized c-distance, as follows, which is a c-distance, and generalizes the
c-distance.

Example 2.2. Let (X, d) be a cone b-metric space, let s > 1 and P be a normal cone. Put q(x,y) =
%d(u, y) for all x,y € X, where u € X is a fived point, then q is a generalized c-distance.

Proof . we prove ¢ is a generalized c-distance on X.
(q1) since d(u,y) > 6 , we have 1d(u,y) = q(z,y) > 6,

(q2) since d(u,z) < sd(u,y) + sd(u, z),i.e., sq(z, z) < s*q(z,y) + s*q(y, 2), i.e.,q(z, z) < sq(z,y) +
5q(y, 2);

(q3) is obvious;
(a4) d(z,y) < sd(x,u) + sd(u,y) = sd(u,x) + sd(u,y) = s*q(z, ) + s°q(z,y).
0
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Remark 2.3. (1) ¢(z,y) = q(y, z) does not necessarily hold for all z,y € X.

(2) q(z,y) = 0 is not necessarily equivalent to z = y for all z,y € X.

Example 2.4. Let £ = Rand P = {# € F : 2 > 0}. Let X = [0,00) and define a mapping
d: X xX — FEby

d(z,y) = |z —y|° s = {1,2}
for all z,y € X. Then (X,d) is a cone b-metric space. Define a mapping ¢ : X x X — E by
q(z,y) = y*® for all z,y € X. Then ¢ is a generalized c-distance. In fact (q1) and (q3) are immediate.
From
2° = q(z,2) < sq(w,y) + 5q(y, z) = sy° + s2°,

it follows that (q2) holds. From d(z,y) = |z — y|® < 2® + y° = q(z,2) + q(z,y), it follows that (q4)
holds. Hence ¢ is a generalized c-distance.

Example 2.5. Let
E = Cy[0,1]

with
2] = [|7/loo + |2l oo

and
P={zxeFE:z(t)>0

on [0, 1]} (this cone is not normal). Let X = [0, 00) and define a mapping d : X x X — E by
d(z,y) = |z —ylp,s = {1,2}

for all z,y € X, where ¢ : [0,1] — R such that ¢(t) = e’. Then (X,d) is a cone b-metric space.
Define a mapping ¢ : X x X — E by q(z,y) = (x + y)*¢ for all x,y € X. Then ¢ is a generalized
c-distance. In fact, (ql) and (q3) are immediate. From

(x+2)°0=q(x,2) <s(x+y)°¢p+s(y+2)°e =sqx,y) + sq(y, ),
it follows that (q2) holds. From
d(z,y) = |z —yl’p < s(z — 2)°0 + s(y — 2)°p < s(x + 2)°0 + s(y + 2)°¢ = s5q(z, x) + 5q(z,y),
it follows that (q4) holds.

Theorem 2.6. Let (X,C) be a partially ordered set and suppose that (X,d) is a complete cone b-
metric space. Let q be a generalized c-distance on X and f : X — X be a nondecreasing mapping
with respect to =. Suppose that the following three assertions hold:

(i) there exist a,b > 0 with sa + sb < 1 such that
q(fz, fy) < aq(z,y) + bg(z, fr),
for all x,y € X with x C y.
(ii) there exists xg € X such that xo C fxo.

(#11) if (xy,) is nondecreasing with respect to T, and converges to x, we have x, T x as n — 0.
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Then f has a fized point ©’ € X. If v = fuv, then q(v,v) = 6.

Proof . If fxy = x¢, then the proof is finished. Suppose that fry # xg. Since zog C fxo and f is
nondecreasing with respect to =, we obtain by induction,

20 C fro=a,C fPfrg=2oC - C flfog=2, C f" g =0, C---
Since

Q(@n, Tpy1) = q(frn_1, fr,) < aq(@n_1,2n) + bq(zy—1, f2n_1)
= (a+b)q(zn-1,7n),

we have q(x,,, 1) < hq(xy_1,2,) < - < h"q(xg,21), where h = a + b, for all n > 1.
Let m > n. Then we have

(T, ) < 5q(Tn, Tng1) + 5G¢(Tpg1, Tm)
< 5q(Tn, Tpy1) + (32‘](*7311+17 Tpy2) + 32q<xn+2a )

8q(Tn, Tpi1) + 82q(Tpg1, Tngo) + -+ 8" "Q(Tin1, Ton)
sh™q(xg, x1) + s2h"Hq(zo, 1) + -+ - + s "™ g2, 11)

sh™(1—(sh)™m™—™
T a(wo, 1)

1S,h:}lQ<x0> xl);

INIA

IA I

where 0 < sh =sa+sb<1,800<h=a+b< 1, we show that {x,} is a Cauchy sequence in X.

In fact, let ¢ € E with § < ¢ be give, since {{* Shq(xo,xl)} converges to 0, from Remark (1 l then

there exists a positive integer /N such that Sh —q(x0,71) < c. for all n > N, hence choose e = ¢, then

there exists a positive integer N for all n 2 N such that

Q(xmxn—&-l) < €, Q(Im xm) < €,

for any m > n > N and hence
d(Tpi1, Tm) <K C.
Since X is complete, there exists a point 2’ € X such that z,, — 2’ as n — oo.
Q(xn717 xm) S SQ(xnflu xn) + SQ(;Uny Im)
< sh™1q(wo, 21) + 2 g(wo, 21),
where 0 < h=a+b <1 forall m >n > 1, from (q3), it follows that
s3h"

1—sh

q(zn_1,2") < s*h"q(xg, 1) + q(xo, 1),

q(zn, f2') = q(frn-1, f2') < ag(zp-1,2") + bg(Tn—1, T0).

For any ¢ € E with § < ¢, there exists a positive integer ng such that ¢(x,, f2') < ¢, for all n > ng
and q(z,,2") < casn — oo, by (q4) with e = ¢, it follows that d(fz',2’) < ¢ as n — oo, this shows
that fa' =2’

Suppose that v = fv. Then we have

q(v,v) = q(fv, fv) < aq(v,v) + bg(v, fv) = (a + b)q(v,v),

since a + b < 1, we have ¢(v,v) = 6. This completes the proof. [J
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Theorem 2.7. Let (X,C) be a partially ordered set and suppose that (X,d) be complete cone b-
metric space. Let q be a generalized c-distance on X and f : X — X, g9 : X — X. be two weakly
increasing mappings with respect to C. Suppose that there exist a,b > 0 with sa + sb < 1 such that:

(i)
q(fx,g9y) < aq(z,y) + bg(z, fx)
and
q(gz, fy) < aq(z,y) + bq(z, gz)

for all comparable v,y € X.
(i) if (x,,) is nondecreasing with respect to C, and converges to x, we have x, C x as n — oo.
Then f and g have a common fized point ' € X. If v = fv = gv, then q(v,v) = 6.
Proof . Let z( be an arbitrary point in X and define a sequence {x,} in X as follow:

Ton4+1 = f$U2n7 Ton+2 = GTon+1

for all n > 0. Since f and g are weakly increasing, We have z; = fxy C gfxrg = gr; = x5 and
ro = gr1 C fgr1 = fre = 3. Continuing this process, we have

11 Ex L Ly Ly &eee

)

that is, x,, is nondecreasing. we have

q(Tans1, Tany2) = q(fTan, 9T2n11)
< aq(w2n, Tont1) + bq(T2n, fron)
= aq(Ton, Tan+1) + bq(T2n, T2pi1)
= (a +0)q(w2n, Toni1),

which implies that
Q(x2n+1> -T2n+2) S hQ(.Tzn, x2n+1)7

where h = a + b < 1. Similarly, it can be shown that

q(Tont2, Tants) < hq(Tons1, Tonga)-
Therefore, we have
Q(xn7$n+1> S hQ(xnflwxn) S T S hnq(IOw’tl)-
Let m > n , as in the proof of Theorem [2.6, we have

sh™
1—sh

Q(xnwxm) S q<$07x1)a

so {x,} is a Cauchy sequence in X. Since X is complete, there exists a point ' € X such that
T, — ' as n — 0o.

We have

Q(x2n+17 xm) S SQ(xZn—i-la x?n—i—?) + 5612({22n+2, xm)
< sh?q(wg, 21) + SL——q(z0, 21),
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forallm >mn>1, where 0 <h=a+0b<1.
From (q3), it follows that
G3p2n+2

oLal) < s2pnt
q(T2n+1,2") <5 q(wo, 1) + 1—sh

Q<x07 Il)‘

Since

= q(9Tans1, f1')

< aq(xont1, ") + bq(xoni1, gToni1)
= aq(Tont1, ") 4 bq(Ton i1, Tant2),

Q($2n+27 fl”/)

for any ¢ € F with 0 < ¢, there exists a positive integer ny such that q(za,40, f2') < ¢, for all

n > ng.
Since
q(Tony1, f2") < sq(Tont1, Tony2) + 5q(Tonyo, fT'),
we have q(zon41, fr') € ¢, as n — 00
and

(T, f2') < casn — 0o, q(x,,7) K casn— 0.
By (q4) with e = ¢, it follows that d(fz’,2') < ¢, as n — 0.
This shows that fa' = 2.
Since
q(Ton, Tm) < 8q(Ton, Tons1) + 5G¢(Tons1, Ton)
< sh?q(zq, 71) + S q(20, 1),
forallm >n>1, where 0 <h=a+0b<1.
From (q3), it follows that

/ - B2t
q(w2n, 2") < s°h*"q(x0,71) + q(wo, 71).
1 —sh
Since
q(T2nt1,92") = q(fr2n, 92") < aq(xan, 2') + bq(w2n, fron)
= aq(w2n, ") + bq(T2n, Tani1),
we have q(z2n41,97") < ¢, as n — 0.
Since
Q(xZ'm gl’/) S Sq<£2n7 x2n+1) + Sq<£2n+17 gx/)a
we have q(zan, gr') < ¢, as n — o0
and q(Tn, g7') K ¢, as n — 00, q(r,,7') < ¢, as n — oo.

By (q4) with e = ¢, it follows that d(gz’,z') < ¢, as n — oo. This shows that gz’ = z'.
Suppose that v = fv = gv. Then we have

q(v,v) = q(fv, gv) < aq(v,v) +bq(v, fv) = (a+b)q(v,v).
Since a + b < 1, we have g(v,v) = 6. This completes the proof. [J

Remark 2.8. Compared to Theorem 3.3 in [7], Theoremin this paper presents a method without
the continuity of the mappings.

We give an example to illustrate Theorem [2.6]



16 Bao, Xu, Shi, Rajic

Example 2.9. Let E = R, and P = {x € E : x > 0}. Let X = [0,1] and define a mapping
d: X xX — E,d(z,y) = |z —y|* for all v,y € X. Then (X,d) is a cone b-metric space. Define
a mapping ¢ - X x X — E by q(x,y) = y* for all x,y € X and let an order relation C defined by
rCy<x<y. Then q is a generalized c-distance on X. If f(x) = %, for all x # 1 and f(1) = %
Let a = }1, b= %, then f satisfies the assertion of Theorem . Moreover, 0 is a fixed point of f.

Proof . Firstly, we prove (X, d) is a cone b-metric space.

(1) d(z,y) = |z —y|* > 0,d(z,y) =0 &z = y;

(2) |x — 2> < 2|z — y|* + 2|y — 2|?, we have d(z,2) < 2d(x,y) + 2d(y, 2);

(3) d(w,y) =z —y|* = |y — 2> = d(y, 2).

Next, we prove ¢ is a generalized c-distance on X.

(al) qz,y) =y*=0;
(@2) 22 =q(x,2) < 2q(z,y) +2q(y, 2) = 2y> + 222, .ie., q(z, 2) < 2q(x,y) + 2q(y, 2);
(q3) is obvious;
(a4) d(z,y) =z —yP <2®+1° = q(z,2) + q(z,y).
Finally, we prove f satisfies the assertion of Theorem [2.6]

(i) If z =y = 1, then we have

o fe. fy) = aly 5) = 3 aalr.y) = qa(L1) = 7. ba(r, fa) = o

we get q(fz, fy) < aq(z,y) + bg(z, fz).
(ii) If x # 1 and y = 1, then we have

z? 1 1 1 1 22 24
= —_— =) = — = — 1 = — — ) = —
q(fz, fy) = q( T 2) T aq(z,y) 4Q(w, ) T bq(z, fr) = bq(x, 4) 20’

we get ¢(fz, fy) < aq(z,y) + bg(x, fz).
(iii) If  # 1,y # 1, then we have

4 2 1;4
= Sn0

(oo = () = L agfag) = L, by, f2)
Q7y_q474_ Q7y_47qa 80
since 0 <y < 1, we have%ﬁ%and q(fz, fy) < aq(x,y) + bg(x, fz).

[

Remark 2.10. (i) (X,d) in Example [2.9]is not only a cone metric space, but also a cone b-metric
space.

(i) The mapping f in Example [2.9]is not continuous.
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Theorem 2.11. Let (X,C) be a partially ordered set and suppose that (X,d) is a complete cone
b-metric space. Let q be a generalized c-distance on X and f : X — X be a continuous and
nondecreasing mapping with respect to C. Suppose that the following two assertions hold:

i) there exist a,b,c,m > 0 with sa + sb+ ¢+ (s> +s)m < 1 such that
(1)

qo(fr, fy) < aq(z,y) +bg(x, fr) + cqly, fy) + ma(z, fy)
for all x,y € X with x C y.
(i) there exists xg € X such that zo C fxo.
Then f has a fized point ©’ € X. If v = fv, then q(v,v) = 6.

Proof . If fxy = ¢, then the proof is finished. Suppose that frg # xg. Since zg C fxo and f is
nondecreasing with respect to =, we obtain by induction,

20 C fro=21C fPag=a2C - C flfag=2,C f"og =2, C - .
Now, we have

Q(zna xn-i—l) = q(fxn—la fxn) S aCI(xn—lv xn) + bQ(xn—la fxn—1> + Cq<wna fxn) + mQ(xn—la fxn)
= GQ(xnfla *Tn) + bq<xn717 xn) + CQ(xnv anrl) + mq(xnfla xn+1>
< aq(vn—1,70) +bq(Tn_1,Tn) + cq(Tn; Tny1) + smq(Tn_1, Tn) + sMG(T, Tpi1)

a+b+sm
S 1_c_sm9($n717 xn)a

we have q(x,, xpi1) < hg(xn_1,2,) < -+ < h"q(x0, 1), where h = %, for all n > 1.
Let m > n.Then we have

Q(xn> :Em) S SCI(I’m anrl) + SQ(anrla xm)
< SQ(xna anrl) + (32(](&:n+17 xn+2) + S2Q<xn+27 xm))

5q(Tp, Tny1) + 32(](7511-&-17 Tny2) + -+ "G T1, Tn)
sh™q(xg, v1) + s2h"Hq(zo, 1) + -+ - + s W™ (2o, 11)
sh™(1—(sh)™~™)
T 1—sh q(wo, 1)

1S,hnhq(x07 271),

INIA

IA I

where 0 < a+b+c+2sm < sa+sb+c+ (s>+sm<1,500<h<1,and 0 < sh < 1, we show
that {x,} is a Cauchy sequence in X.

Since X is complete, there exists a point 2’ € X such that z,, — 2’ as n — oc.

Finally, the continuity of f and fx,_; = z, — 2’ as n — oo imply that fa’ = 2’. Thus we prove
that 2’ is a fixed point of f.

Suppose that v = fv. Then we have q(v,v) = q(fv, fv) < aq(v,v) + bg(v, fv) +
q(wv, fo) + ma(v, fo)

=(a+b+c+m)q(v,v),

since 0 < a+b+c+d<sa+sb+c+ (s*+s)d <1, we have q(v,v) = 0. This completes the proof.
[

From Theorem [2.11] we easily obtain the following result.

Corollary 2.12. Let (X,C) be a partially ordered set and suppose that (X, d) is a complete cone
metric space. Let ¢ be a c-distance on X and f : X — X be a continuous and nondecreasing mapping
with respect to C. Suppose that the following two assertions hold:
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(i) there exist a,b,c¢ > 0 with a + b+ ¢ < 1 such that

a(fz, fy) < aq(z,y) + bq(z, fz) + cq(y, fy)
for all x,y € X with x C y.
(i) there exists xo € X such that z¢g C fuy.

Then f has a fixed point 2’ € X. If v = fov, then ¢(v,v) = 6.

Remark 2.13. Theorem [2.11]is not only to give some generalized contractive condition of Theorem
3.1 in [7] but also to generalize the spaces.

Theorem 2.14. Let (X,C) be a partially ordered set and suppose that (X,d) is a complete cone
b-metric space and P is a normal cone with normal constant K. Let q be a generalized c-distance on
X and f: X — X be a continuous and nondecreasing mapping with respect to E. Suppose that the
following three assertions hold:

(i) there exist a,b,c,m > 0 with sa + sb+ c+ (s* + s)m < 1 such that
a(fx, fy) < aq(z,y) + ba(z, fx) + cqly, fy) + ma(z, fy)
forall z,y € X with x C y.
(i) there exists xg € X such that zo C fxo.
(i) inflllq(z, )| + llg(z, fo)|| - 2 € X} >0 for ally € X with y # fy.
Then f has a fized point ©' € X. If v = fuv, then q(v,v) = 6.
Proof . If we take z,, = f™x, in the proof of Theorem [2.6] then we have

ooy Lag L - Ly Ly Bvve

Moreover, {x,} converges to a point ' € X and

sh™
<
9(@n, Tm) < 7 -a(w0, 71)
b
for all m >n > 1, where h = atotsm < 1. By (g3), we have
l—c—sm

s2h"

q(xnax/) < 1 — shq(x()’xl)

for all n > 1. Since P is a normal cone with normal constant K, we have

Ksh™

g, 2| < T lal0, 1)
for all m >n > 1 and 2y
Ks*h™

gz, 2)|| < g (zo, 1)]

1—sh
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for all n > 1. If 2’ # f2’, then, by hypotheses, we have
0 < inf{{lq(z, 2')[| + [lq(z, fo)|| : € X}
< inf{|lg(z, )| + 11g(@ns )| - 1 > 1}
< inf{ 528 gz, 21| + 22 [lg(wg, 21)]|  n > 1}
=0.
This is a contradiction. Therefore, we have 2/ = fa’. Suppose that v = fv holds. we can prove
q(v,v) = 0 by the final part of the proof of Theorem This completes the proof. [J

Corollary 2.15. Let (X,C) be a partially ordered set and suppose that (X, d) is a complete cone
metric space and P is a normal cone with normal constant K. Let ¢ be a c-distance on X and
f X — X be a continuous and nondecreasing mapping with respect to C. Suppose that the
following two assertions hold:

(i) there exist a,b,c > 0 with a + b+ ¢ < 1 such that

q(fz, fy) < aq(x,y) + bg(z, fz) + cqly, fy)
for all x,y € X with x C y.
(ii) there exists zo € X such that zo C fxo.
(i) inf{||q(x, v)|| + |lg(z, fx)|| : x € X} > 0 for all y € X with y # fy.
Then f has a fixed point 2’ € X. If v = fo, then ¢(v,v) = 6.

We give an example to illustrate Theorem [2.14}

Example 2.16. Let E = R, and P = {x € E : © > 0}. Let X = [0,1] and define a mapping
d: X xX — E/d(z,y) = |z —y|* for all z,y € X. Then (X,d) is a cone b-metric space. Define
a mapping ¢ - X x X — E by q(x,y) = y* for all x,y € X and let an order relation C defined by
rCy< a<y. Then q is a generalized c-distance on X. If f(x) = %, forallx # 1 and f(1) = %
Let a = i,b =c=d= %, then f satisfies the assertion of Theorem . Moreover, 0 is a fized
point of f.

Proof . Firstly, we prove (X, d) is a cone b-metric space.
(1) d(z,y) = |z —y|* > 0,d(z,y) =0z =y;
(2) |x — 2|* < 2|z — y|* + 2|y — 2|?, we have d(z, 2) < 2d(x,y) + 2d(y, 2);
(3) d(z,y) = |z —y|* =y — z* = d(y, ).
Next, we prove q is a generalized c-distance on X.
q(z,y) =y* > 0;

22 = q(x,2) < 2q(z,y) + 2q(y, 2) = 2y + 222, e, q(z, 2) < 2q(x,y) + 2q(y, 2);

ql
q2

q3) is obvious;

(al)
(a2)
(a3)
(a4) d(z,y) = |z —y]> <2” +y* = q¢(z,2) +q(z,y).

Finally, we prove f satisfies the assertion of Theorem [2.14]



20 Bao, Xu, Shi, Rajic

(i) If z =y =1, then we have

d(fe. f) = al55) = 3 aaley) = Ja(11) = ¢

we get q(fx, fy) < aq(x,y) + bg(x, fz) + cqly, fy) + dq(z, fy).
(ii) If z # 1 and y = 1, then we have

2 1. 1 1 1
_— =) = — = — 1 = —
4,2) T aq(z,y) 461(:6, ) T

q(fz, fy) = ql
we get q(fz, fy) < aq(w,y) + bq(x, fr) + cqly, fy) + dq(z, fy).
(iii) If # # 1,y # 1, then we have

{L‘2 4 2

alfz.fy) = (7] = g aaley) = T

since 0 < y < 1, we have % < ¥ and g(f, fy) < ag(x,y) + ba(x, f) + cq(y, fy) + da(z, fy).
Finally, for any x,y € F with y # Ty, i.e., y > 0, we get

inf{|lq(z, )| + llg(z, f)l| 1 € X} = 4? > 0.
[l

3. Applications

As an application of Theorem [2.6] we will present the existence of solution of an integral equation.
Let X =C(I,R"), E =R", P ={(z1,29, -, x,) : x; > 0,i=1,---,n}, and defined : X x X — F
by d(fL’, y) = {d(l’, y)i}?:l: d(l‘7 y)l = sup |‘T(t) _y(t)|2al = 17 T, for every r,y € X. Then (Xa d) is a
tel

cone b-metric space and s = 2. Define a mapping ¢ : X x X — E by q(z,y) = {q¢(z,v):}-1, ¢(z,y); =
| <

sup |y(t)|?,i = 1,---,n, for every z,y € X. and let an order relation C defined by = C y < sup |z(¢)
tel tel

sup |y(t)]. Then g is a generalized c-distance on X.
tel
Theorem 3.1. Let I be the closed unit interval [0,1] in R. Consider the following integral equation

x(t) —/0 g(s,xz(s))ds, tel. (3.1)

where g : I x R™ — R™ is such that g(s,-) is increasing for every s € I.
Suppose that the following assertion hold:

{(lg(s,9)iD iy < %{!y(S)\, syl

for every s € I,x,y € X. Then the integral equation (3.1)) has a solution in C(I,R™).
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Proof . Define T: X — X by

Tx(t) = /0 g(s,z(s))ds, z € X.

For each z,y € X, we have

q(Tx, Ty) Stlelgl[Ty](ﬂ wstlelgl[Ty](t)P)
fo l9(s, y(s)|ds)?, - - -,Sttely(f(f l9(s, y(s)|ds)?)

= (
(su
< <f0 slu()lds)?, -+ sup(fy 3lu(s)lds)?)
(
(

INIA

IN

i DUy ly()ds). - §sup(fy ly(s)Pds))

i p(fy sup ly(s)Pds), - - 3 sup( [y sup ly(s)*ds))
Lsup () sup [y(s)|?) sup J 1ds

Tq(z,y) + tq(z, fx).

IN A

IN

Then according to Theorem [2.6] the integral equation (3.1)) has a solution. O
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