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Abstract

In this paper, we consider orthogonal stability of mixed type additive and cubic functional equation
of the form

fRr+y)+ fQ2r —y) — f(4r) = 2f(z +y) + 2f(x — y) — 8 (22) + 10f(z) — 2f(—x),

with Ly, where L is orthogonality in the sense of Ratz.
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1. Introduction and preliminaries

The stability problem of functional equations originated from a question of S. M. Ulam ([12]) in 1940,
concerning the stability of group homomorphisms. D. H. Hyers [§] gave a partial affirmative answer
to the question of Ulam in the context of Banach spaces. In 1950, a generalized version of Hyers’
theorem for approximate additive mappings was given by T. Aoki [2]. In 1978, Th. M. Rassias [10]
extended the theorem of Hyers by considering the unbounded cauchy difference inequality

1 +y) = f2) = F)ll < e(lfz]l” + lyl]”). (¢ =0, pc]0,1))
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Stability problems for some functional equations have been extensively investigated by several au-
thors, and in particular one of the most important functional equation in this topic is

fla+y) + flz—y) =2f(x) +2f(y),

which is studied by M. Adam [I], P. Gavruta [5], M. Eshaghi Gordji [4] and A. Najati [9].

Recently, many articles have been devoted to the study of the orthogonal stability of quadratic
functional equations of Pexider type on the restricted domain of orthogonal vectors in the sens of
Ratz.

We remind the definition of orthogonality space(see [10]). Let X be a real vector space with
dim X > 2 and L is a binary relation on X with the following properties:

(a) totality of L for zero : x 10, 0Lz for all x € X;

(b) independence : if z,y € X — {0} , then z,y are linearly independent;

(c) homogeneity : if z,y € X | x Ly, then axLpfy for all a, f € X

(d) the Thalesian property : Let P be a 2- dimensional subspace of X. If x € P and A € R™,
then there exists yy € P such that Ly, and x + yo LAz — yp.

The pair (X, 1) is called an orthogonality space (in the sense of Ratz). By an orthogonality
normed space, we mean an orthogonality space equipped with a norm. Some examples of special
interest are

(7) The trivial orthogonality on a vector space X defined by (a), and for non-zero elements
x,y € X, xly if and only if z,y are linearly independent,

(77) The ordinary orthogonality on an inner product space (X, (.,.)) given by x Ly if and only if
(z,y) =0,

(77) The Birkhoff- James orthogonality on a normed space (X, ||.||) defined by = Ly if and only if
|z +y| > ||lz|| for all A € R,

The relation L is called symmetric if Ly implies that y Lx for all x,y € X. Clearly conditions
(1) and (i7) are symmetric but (¢i¢) is not. It is remarkable to note, however, that a real normed
space of dimension greater than or equal to 3 is an inner product space if and only if the Birkhoft-
James orthogonality is symmetric.

The orthogonal Cauchy functional equation

flx+y) = fl@)+ f(y), (z,y € A, xly) (1.1)

in which L is an abstract orthogonally was first investigated by S. Gudder and D. Strawther [7]. R.
Ger and J. Sikkorska discussed the orthogonal stability of the equation in [6]. M. Arunkumar
and S. Hema Latha investigated the problem of the orthogonal stability, of a generalized quartic
functional equation

Tf2r +y)+ f2r —y)] = 28[f(z +y) + f(z —y)] = 3[f(2y) — 2f(y)] + 14[f(22) — 4f(z)],

in Banach spaces [3].
In this paper, we deal with the next functional equation deriving from cubic- additive functions:

fQRr+y)+ f2r —y) — f(4o) =2f(x +y) + 2f(x —y) — 8f(27) + 10f(z) — 2f(—=).  (1.2)

It is easy to see that the function f(x) = az® + bz is a solution of the functional equation (1.2).
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2. Orthogonal stability of mixed type additive and cubic functional equation

Let (A, 1) denote an orthogonality normed space with norm ||.||4 and (B, ||.||z) be a Banach space.
We define

Dy(z,y) = [z +y) + f2r —y) — f(4z) = 2f(x +y) — 2f(z —y) + 8/ (22) — 10/ (2) + 2f (—x),

for all z,y € A, with xLy. In this section, we present the Hyers- Ulam- Aoki- Rassias stability of
the orthogonal functional equation ([1.2)).

Lemma 2.1. Let a and s(s < 1) be nonnegative real numbers and f, : A — B be an odd mapping
satisfying
1Dy, (z,y)ll5 < afllz% + Iyl (2.1)

forallx,y € A, with xLy. Then there is a unique orthogonally cubic- additive mapping A :A— B
such that

1£o(20) = 85,2) = A (@)]l5 < 5—5salelly 22)

for all x € A. The function Al(x) is defined by

Ai(z) = lim

n—00 on

: a(x) = f,(22) — 8f,(z), (x € A). (2.3)

Proof . In inequality (2.1, by letting (z,y) = (0,0), we get f,(0) = 0. Replacing (z,y) by (z,0) in
(2.1), we obtain
| = foldx) +10f,(22) = 16fo(z)[p < allz]h, (v € A).

Hence
I = fol4z) + 8o(22) + 2fo(22) — 16f,(2)|| 5 < e[|, (2.4)
for all z € A. By letting a(z) = f,(2x) — 8f,(z) in (2.4)), we get

| 50(20) ~ a(@) [5< 5 1« I (25)

for all x € A. Now replacing x by 2z and dividing by 2 in (2.5) and using triangle inequality, we

arrive to
a(22z) a

for all x € A. In general, using induction on a positive integer n , we obtain

(1 +277) 2]l

—a(z)|p <

n—1

a(2™z) a . s
192D o) o< 2320 2 |
k=0
o - S— S
< O Py, (2.6
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a(2™z)
2TL

for all z € A. In order to prove the convergence of the sequence { }, replace x by 2"x and

divide by 2™ in ([2.6)), for any m,n > 0, we obtain
Ha(2m2”$) _a(2mz) Iy = 1 Ha(2m2”x)
gmon gm B om ! gn

n—1
o m(s— s— s
< § 2 2Rl

—a(2"z)|s

n—1

o s—1)(m s

= 23 2l g (27)
k=0

for all z € A. As s < 1, right hand side of (2.7)) tends to zero as m — oo for all x € A. Thus

{%} is a Cauchy sequence. Since B is complete, there exists a mapping Ay : A — B such that

Ai(z) = lim a(2"z)

n—o00 on ’

(x € A).

Letting n — oo in 1' we arrive the formula 1} for all z € A. To prove A; satisfies 1) replace
(z,y) by (2" 2, 2" y) in (2.1) and divide by 27, it follows that

%!\fo@”“(?x +)) + £o(2" (22 — y)) — fo(27 (42))) = 2£o(2" (z + 1))
= 2£6(2" (x — ) +8fo(2" (22)) — 10£,(2" () + 2£o (2" (—2)) |

< 277127Vl + llyllad, (2.8)

for all x € A. Again replace (z,y) by (2"x,2"y) in ([2.3) and divide by 27, it follows that
%Ilfo@n(% +y)) + fo(2"(22 — ) — fo(2"(42))) — 2fo(2"(z + y))
= 2fo(2"(x — y)) + 8/o(2"(22)) — 10/o(2"(2)) + 2/o(2"(—2))]|

< 25 27l 15 + iyl (2.9)

By summing and , also using triangle inequality and taking limit as n — oo, we get
A2z +y) + Ay (20 — y) — A1(4z) = 241 (z + y) + 24, (z — y) — 84, (22) + 104, (z) — 24, (—2),

for all z,y € A with x1ly. Therefore, A A — Bis an orthogonally cubic- additive mapping
which satisfying 1) To prove the uniqueness of Ay, let A; be another orthogonally cubic- additive

mapping satisfying (1.2) and inquality (2.2)). Then

1Ai@) ~ Aa(a)] = 5, 1A 2"0) — Au2)]

< S(lAi2'7) = fo(22) + 2£o (2 0)| + 1 £o(2" 1) — 25(2"2) — Ay(2"3)|
200

< n(s—1) s

< 200 2y,

which right hand side tends to zero as n — oo, for all z € A. [J
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Lemma 2.2. Let a and s(s < 3) be nonnegative real number and f, : A — B be an odd mapping
satisfying
1D fo(z, y)lle < afllzll% + llylla}, (2.10)

forallx,y € A, with xLy. Then there is a unique orthogonally cubic- additive mapping Ci:A— B
such that

1fo(22) = 2fo(x) = Ci(2)[| < g ool (2.11)
for all x € A. The function C’(x) is defined by
() = Tim 2 (2"z) B(x) = fo(22) — 2f,(z),  (z € A). (2.12)

n—00 {n
Proof . By letting (z,y) = (0,0) in (2.10)), we get f,(0) = 0. Putting y = 0 in (2.10)), we obtain
| = foldz) +10f,(22) = 16fo(z)|5 < allz]},  (z € A).

Hence
H - fo(4x) + 2f0(21') + 8f0(2$) - 16f0(1‘)”3 < oz||m||i1, (2'13)

for all x € A. By letting (z) = f,(22) — 2f,(z) in (2.13)), we get

1 o
I5822) = B(@)lls < Sll=lli, (2.14)
for all z € A. Now replacing = by 2z and dividing by 8 in (2.14)) and using triangle inequality, we
arrive to B2%)  Bla)
T T «Q s—3 s
1P - By < S+ 2 i,
for all z € A. In general, using induction on a positive integer n, we obtain
n—1
B2 z) a - .
| 255 @) 5= § Y2 L
k=0
o - k(s—3) s
<SS |, (2.15)
k=0

for all z € A. Since {a(g;‘z)} is a Cauchy sequence ( proof is similar to the proof of Lemma (2.1))

and B is complete, there exists a mapping Ci : A — B such that

Gy(x) = tim 2T

n—00 &n ’

(x € A).

Letting n — oo in 1} we arrive the formula 1' The proof of satisfying C; in 1} (whit
zLy) and uniquness of Cy, are similar to the proof of Lemma [2.1] O]

Theorem 2.3. Let o and s(s < 1) be nonnegative real number and f, : A — B be an odd mapping
satisfying
1D fo(z, y)lle < afllzll% + llylla},
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forallxz,y € A, with xLy. Then there is a unique orthogonally cubic- additive mapping A; : A — B
such that

« 1 1
_ < = s
I fole) = A@lls < Sgmg + o Il
for all x € A. The function Ay is defined by
-1 1.
A (z) = ?Al(ff) + éol(x)a (z € A).

Proof . By Lemmas [2.1] and 2.2 we have

1fo(22) = 8fo(x) = As()|1p < 5 _1 se ol 11 o(22) = 2fo(2) — Ci(2)]1

<

—-allell,

for all z € A. Thus, for all z in A, we have

15s(2) + S Ai@) — <Cala) s

B fo<2f>  8fu(x) A1<> ( v) | 2fo(a) ¢ ()
= I{ - F+{— =+ =}l

E{Hfo(%) — 8fo(z) — Al(x)HB + Hfo(%) —2f,(x) = Ci(x)||}
o 1 1 s

IN

IN

O
Lemma 2.4. Let f.: A — B be even real mapping satisfying (1.2)) (whit xLy), so f =0 on A.

Proof . In inequality (1.2)), by letting (x,y) = (0,0), we get f.(0) = 0. Letting x = 0 in (1.2), we
have

fe(o + y) + fe(o - y) - fe(o) = 2f6(0 + y) + 2fe(0 - y) - 8fe(0) + 10f6(0) - 2f6(0)
Hence, f.(y) =0forally € A. O

Lemma 2.5. Let a and s(s < 1) be nonnegative real number and f. : A — B be an even mapping
satisfying
IDfe(z,y)lls < ofll)% + llylla}, (2.16)

for all x,y € A, with xLly. Then

Ife@)ls < ——||y||A7 (2.17)

for ally € A.
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Proof . In inequality (2.16)), by letting (z,y) = (0,0), we get f.(0) = 0. Putting x = 0 in (2.16)), we

obtain
| =2f )z = l12fe(W)I < allylli,

and, therefore

Q S
ez < 1yl (2.18)
for all y € A. Now, replacing y by 2y in ({2.18]), we get
I fe2y)lls < 2 eyl (2.19)

for all y € A. From (2.18)), (2.19) and using triangle inequality, we obtain

1 1 « s— s
157e2y) = fe@)lls < lI5£20)lls + | = fe®)lz < 51+ 27Dyl (2.20)
for all y € A. Now replacing y by 2y and dividing by 2 in (2.20)), we have
fe(2%y) a s 1y([ (3
CY s < S0 2ol @ e (221)

In general, using induction on a positive integer n, we obtain

fe(2 y)

n—1
(67 _ _
|55 = L@l < 5@+ 1) ) 2y
k=0

(227 1) y 25Dyl (2.22)
k=0

NIQ

for all y € A. Since {f o2 y)} is a Cauchy sequence(The proof is similar to that of Lemma (2.1)) and
B is complete, there exists a mapping Ay A — B such that

As(y) = lim w> (y € 4).

n—00 on

Letting n — oo in ([2.22]), we have

al+2s7t
160) = Aalls < S22l (v e )

The proof of satisfying Ay in 1} (whit z_ly), is snmlar to the proof of Lemma E A, is even
orthogonally cubic- additive mapping, by Lemma A2 = 0(z € A), and this completes the
proof. []

Theorem 2.6. Let a and s(s < 1) be nonnegative real number and f : A — B be a mapping
satisfying
IDf (@, y)lls < ofllzlls + lyllal, (2.23)

forallx,y € A, with xLy. Then there is a unique orthogonally cubic- additive mapping A, : A — B
such that
1 1+ 2571

1
3(2 - 28) + 3(8 — 28> + 2( — 95— 1)}“ ||A7

1£(@) - Ai@)llz < 1
forall z € A.
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Proof . We can see that f = f. + f,, where f, and f, are even and odd part of the f. Hence, by
(12.23), we have

[fe(2x +y) + fo(2z +y) + fe(22 —y) + [o(22 — y) — fe(4x)
— foldz) = 2fc(x +y) — 2fo(z +y) — 2fc(z —y)
= 2fo(z —y) + 8/c(2z) + 8o(22) (2.24)
— 10fe(x) = 10fo(x) + 2fe(—2) + 2o (—2)|
<ofllzly + vy, (zye A aly)

Replacing (z,y) by (—z, —y) in ([2.24), and since f.(—z) = fo(z), fo(—2) = —fo(2), (x € A), we have

||fe(2$ + y) - fo(Z’E + y) + fe(Qm - y) - f0<2ZL‘ - y) - fe(4$) + fo(4x)
—2fe(x +y) +2fo(z +y) — 2fc(x —y) + 2fo(x — y) + 8f(27)

—8£,(20) — 10£.(2) + 10 (2) + 2f.(~) — 2£,(~2)| (2:25)
<ofllzlli +lvllat, (zy € Aaly).
Also, we have
H - fe(QI + y) + f0(2x + y) - fe(2x - y) + f0(2$ - y)
+ fe(4z) - f0(4$) + 2fe(x + y) - 2fo<3j + y) + 2fe(x - y) - 2fo($ - y) (226)

- 8fe(2$) + 8fo(2x) + 10fe(x) - 1Ofo('r> - Qfe(_m) + 2fo(_x)”
<ozl +llylay,  (zye A aly).

By summing (2.24) and ([2.25]), we arrive to

I1Dfe(z,y)llp < afllels + [lylla}, (2,9 € Az ly)

and by summing ([2.24)) and (|2.26)), we obtain

IDfo(z,y)lls < ofllelly + llylla}y, (v € Axly).

By Theorem [2.3] and Lemma [2.5] there exists a orthogonally cubic- additive mapping A; : A — A,
such that

o 1 1
_ < — S

al+2s7t
[ fe(z)]lB < §m|\$HAa

for all x € A. Therefore

1 1 142571

I£@) ~ A@ls < Siagmg + 5=z gz el

x € A)

and this completes the proof. [
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