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Abstract

We study the equilibrium states for an energy functional with a parametric force field on a region
of a surface. Consideration of free equilibrium states is based on Lyusternik - Schnirelman’s and
Skrypnik’s variational methods. Consideration of equilibrium states under a constraint of geometrical
character is based on an analog of Skrypnik’s method, described in [P. Vyridis, Bifurcation in a
Variational Problem on a Surface with a Constraint, Int. J. Nonlinear Anal. Appl. 2 (1) (2011),
1-10]. In local coordinates, equilibrium points satisfy an elliptic boundary value problem.
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1. Introduction

Let M be a smooth surface in R?* and 7j(z) , = € R? a continuously differentiable vector field identified
to the normal vector field for every z € M. Let U C R3 an open set with diam U < §, where § > 0
small enough and S = M N U an open and connected set in M, with boundary 95 consisting of
two non-intersecting sufficiently smooth components I' and I'y. We denote by 7(x) a differentiable
vector field in R3, which is the normal vector field of the one - dimensional curve 9S for every
x € 05, located in the tangent plane T, M C R3. We also denote by 7(z) for z € R3 a continuously
differentiable vector field vector field identified for each x € 05 to the unitary tangent vector field of
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the curve 95, and belonging to the tangent plane T, M for each x € 3S. We assume that the mean
curvature H of surface M does not vanish:

H#0. (1.1)
Let a vector field @ € Hy(S, T,,M), where

Ho(S, T,M) = {ﬁ € WS, T,M), @y € W(T, T,M), dr, = 6} .

We denote by W (S, T, M) and WZ(T', T, M) the Sobolev spaces of functions defined on S and T" with
values in T, M C R3, respectively. For every specific @ € Hy(S, T, M), we introduce the following

functionals ]

Glit] = /Fq(ﬁ, 2)ds (1.3)

I[G,\] = F[i] — AG[d], AeR. (1.4)

The coefficients a;j; € Loo(S) satisfy the symmetry properties a;ju(z) = awij(z), and they are
positive definite, i.e.

agm(z) E9EM > AT €Y A>0. (1.5)
The tensor &;;(u) is defined as:
&;(@0) = % (V! + V;u'), (1.6)
where V; is the i-th component of the tangent differentiation with respect to the surface M [2]:
Vi:i.—ni(af)nj(:c)i, i=1,23, zeM (1.7)
ox’ OxJ
and d; is the i-th component of the tangent directional differentiation along the curve 0S:
5Z~:Ti(x)i:7'i(x)7'j(x)i, i=1,2,3, x€08S. (1.8)
ds Oxl

For the above differential operators the following formulae of integration by parts hold on S € M

[51:
/uvivdS:/ uvuids—/HniuvdS—/vViudS, (1.9)
s s s S

and on a closed curve 05, located in the surface M [§]:

/uéivds:—/ (Kyi+R77i)uvds—/ vo;uds, (1.10)
s as as

where .
H=-V»® (1.11)

is the mean curvature of surface M [2], K is the geodesic curvature, and R is the normal curvature
of curve 05, located in the surface M [I]. These geometric characteristics of a curve, located in a
surface, are subjected to the Darboux frame [1] :
ar dv dn
—=KvUVv+Rn, —=-KT+kn, i
s

7 7 —RT—kV, (1.12)
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where k is the geodesic torsion of curve 95, and s is the natural parameter. Finally, we assume that
function ¢ is three times differentiable with the following properties

q(0,2) =0, qu(0,2)=0, zel, i=1,23. (1.13)

Hence, the first term of represents the elastic energy of the medium, stored by the deformation.
The second term of denotes the work, done by the outer forces due to the deformation of the shell
I'. Finally, the denotes the stored potential energy of the shell. The medium is fixed up to a
part I'y of the boundary 0S.

A critical point for functional is a vector field 4 € Hy(S, T, M) such that

I'la, N\ 0= F[d]7—AG[d]5=0, (1.14)

or equivalently

S r T

for all ¥ € Ho(S, T,M). We note that @ = 0 is a solution for equation due to the second
relation of , therefore a critical point for for all A € R.

The first aim of this work is the investigation of the critical points for functional (1.4). One
approach is to treat as a bifurcation problem, based on Skrypnik’s variational method [7].
According to this theory, every A € R, which corresponds to a non zero critical point @ € Hy(S, T, M)
of , is a bifurcation point for . A second approach is to follow the Lyusternik - Schnirelman’s
variational method [3], which allows to prove the existence of countable different solutions for equation
(1.15]).

The second aim is the investigation of the critical points for functional , under the existence
of a constraint with the property of leaving the length of curve I' invariant on the surface M. The
constraint restricts the domain of (L.15) to a smaller subspace X; of Ho(S, T,M). A generalized
Skrypnik’s method [8] approaches @ as a bifurcation problem on subspace X;.

We also show that under additional smoothness of boundary 95, coefficients a;j;; and function
q, the integral equation can be written in the equivalent form of an elliptic boundary value
problem.

2. Functional spaces on curve and surface

Let T' a smooth closed curve in R?, parametrized by natural parameter s. Then @ € W (T, R?) means
that @ € W2 ((0, L), R3) where L is the length of the closed curve I' and

@(0) = @(L), @(0) = (L)

The norms on spaces Lo(T', R?) and WZ(T', R3) are defined, respectively, as:

L 1/2
@ ey = [ / |ﬁ<s>|2ds] , (2.1)

1/2

@l wrre) = {/OL(IIT"(S)IQHIT(S)IQ) dS} : (2.2)
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After a straight calculation we see that

1/2

lidl = [ [ o + a) s (2.3)
T

defines a norm in W2(I',R3) equivalent to (2.2)).

Let S a domain on the surface M C R3. Then there exists a cover of open sets U, C R?, a =
1,2, ..., N, such that SNU, is a graph of a two times differentiable function f, defined on bounded do-
main V, C R2. The graph of each function f, is located on a coordinate system which is transformed
from the initial one by an appropriate composition of a translation and rotation. Then

SNU, = {(z",2° fu(z',2?)), («',2%) € V,} .

On such a coordinate system on R? we pick up the axes 2!, 22 from the tangent plane of the surface
M at the point z, € SN U,, while the axis 2° comes along the normal vector 7 of the surface M at
the point x,. In this specific system of local coordinates, the components of the normal vector of M
at x, satisfy the relations:

0 = : L
V1 [gradf,]?’ dxd”’

the area element is given by

j=1,2, (2.4)

1
= 1+ |gradf,|? de'de® = — da' da? (2.5)
n
and the components of the tangential differentiation ((1.7)) are written as:
, 0
— ik S —
Vi—((Sik—nn)ﬁ, 1=1,2,3, k=12, (2.6)

where d;; stands for the Kronecker symbol.
We consider the partition of unity on the surface S C M which corresponds to the cover {U,}, a =
1,...N

supptha C SNUs, v € CO(SNTL),  thalw) > Zwa =

Then @ € Ly(S,R3) and @ € W, (S, R?) mean, respectively, that 1), o fa e Ly(V,,R?) and v, o
.t e WHV,,R?). The norms on spaces Ly(S,R3) and W} (S, R3) are chosen, respectively, as:

1/2
||ﬁ|lL2(S,R3 = [Z |77/)aﬁo fa—1|2d1]1d;p2:| , (27)

o o 1/2
1]y 5,229 ={Z/( %“ f Auiio fo )2 +|wa+2f)|2>dxldm2] . (2.8)

The symbol of;! will be omitted in the rest of this paper.

Proposition 2.1. The expression

= | [ s@e@as+ [ W'st}m (29)

defines a norm on W} (S,R?) equivalent to (2.8)).
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Proof . It is obvious that the corresponding inner product (i, ¥) to is bilinear and symmetric,
while (@, @) = 0 implies @ = 0 for each @ € W} (S,R3). We prove the equivalence of to the
standard norm ([2.8)). We consider the family of functions {p,} corresponding to the cover {U,},
a=1,2,...,N, such that

N
0a €C(Ur),  @al2) 20, D ¢i(a)=1, €Ul
k=1

Now for every € > 0 there exists § > 0 such for diam U, < § the inequalities

. 1 1
n(z)<e, 1=1,2 1< < rxelU,. 2.10
In‘(z)] <e, 2,

nd3(x) = /1 —=2¢2

hold. This means . .
In'(z)n’ ()] -0, i,57=12, zel,. (2.11)

In this chosen system of local coordinates, using (|1.6)), (2.5) and (2.6) the expression (2.9)) can be

written in the form: .

lull> = (L10(@) + Toa(@) + () ) | (2.12)
a=1
where S O
- 1 2 ik oo oW ouw 1
I . (1) = 5 /a 0a(x) (0 — n'n”) (d4g — n'n’) 92k Bl 3 dzr dx* | (2.13)
(1) = 3 /a w2 () (0 — n'n®) (5 — n'n') 97k 9l B da'dz? (2.14)
1
Ty (i) / (o) i drtda? (2.15)
Va n
We estimate the integral [; ,(@). Using the inequalities ([2.10)) we obtain:
(1_52)2/ o, OW O (1+¢e%)? o O 0w i,
- — —dvde* <, < —— — —dz dx”. 2.16
2 V@a Dk ok T T =T =5 A5 Va(’oa Ok ok AT (2.16)

Using the identity

we find that
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Since supp(p, o f; ') C Vi, we set:

(9g0a M = maX | gok
Using the inequality
2‘8(%1 a80a| )‘ _|—»| |880a‘
ok Bkl =

for e > 0, we conclude that

1- J M
A=< [ 1- / | wa;t ) ‘2 dz'de® + (m — =) [ |ul? dxldxﬂ <
ox g Vo

< L.(a) < (2.17)

2%{ /| 8.%’“ }dld + M(1+ - /|u|2dx1dx}.
£

For the integral I, (1), we obtain a similar estimation to (2.17), since

_8ui ou’ - _(8u1) B (8u1)2 < out duk - ou' ou’
oxk Oxk — “Ox2 ox2’ — OxF Oxt — Oxk OxF

This means that

1— a d M —
a-e [ / | (‘;0 g >‘2dx1d:c2 + (m — ?)/ |u|2dx1da:2}
T

Slla )+[2a(

1 W 2.18
< ( <) [ / ’ )|2dx1dx2 ( )
V1—2¢2
1
+M(1+-) / || da;ldxﬂ :
€
Let C'(e) and K. be positive constants, possibly with additional indexes, with the properties
Cle)-C>0, K.— +oo, e—0.
Then (?7?) becomes
/ | gafj | de'da? KLg/ [i? da'da? <
X Va
< o(1) + o o(W) < (2.19)

/} 8xk \d 'dz? +K2€/ i) da*da” .

We introduce the functions:

N
o =20 10 N p) =Y pu@) 20, zeVi
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The functions v, are a partition of unity corresponding to the cover {U,}, a = 1,2, ...,

inequality (2.19) reduces to

/ | (P;bz | dz'dx® — Kls/ |i)? do* da?
T

<Ila< +12a( )

< Oy(e { Ot | dr'dz® + Ky, |u|2datldx
ozk

Using the identity

(@
Ao bud)z_ | 0o

and estimating every term as above we derive:

)‘2 +9 Dip wauj@ 3(¢auj)

oxk 7’

2
| |,¢}a J| 8.Tk

/ | axk | dz'da® — Ko, g |tho [Pda’* da®—

~K,. | |d|?dz'de? +/ Ol datda® <
Va g

< I o(0) + Lo 0(U) + I54(0) <
/ | axk | da'dx? +K35/ [au? | dat da®+
+ Ko, ]ﬁ|2da:1dx2+K/ || *drt da* .
Va

Va
Fixing £ > 0 and summing over all a = 1,2, ..., N from (2.21)) we get

Cullllyy s ey — Killil L, (sms) < lull® < Colltlfiyy spe) + K2 llElL,5m)
2 (S;R?) 2 (S,R?)

125

N. Then

(2.20)

(2.21)

The Sobolev embedding of W3 (S, R?) into Lo(S,R?) implies that there exists constant C' > 0 such

that
Crlltllfs sy — Kill@ll7, (5,0 < 117 < CllElfp (s ) -
Therefore o
1 — - =
e 1 < 171 < C 1l s
O

We consider the following space

H(S,R*) = {@ € W, (S,R%) : d|ps € W3 (0S,R*)} = W5 (S,R*) N W3 (S, R?).

Proposition 2.2. H(S,R?) is a Hilbert space endowed with the norm

. . . 1/2
@]l resrey = ( ||U||%/v21(s,R3) + ||U||%v§(as,R3))

(2.22)
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Proof . We are going to show that H(S,R3) is a complete space. Let {u,} be a Cauchy sequence
in H(S,R?). Then due to the completeness of spaces Wy (S, R?) and WZ(9S,R?), we have @, — @
in W3 (S,R?) and ,|ss — ¢ in WZ(S,R3). Hence, the Sobolev imbedding theorem implies that
Unlos — Ulos in La(0S). Therefore, the uniqueness of the limit in Ly(0S) implies that u]gs = 7,
which means that i|ps € WZ(9S,R3). O

Finally, we introduce the space
%@Jm@:&mma&gMyimewﬂngM%ahzﬁ}

From proposition (2.2)), Ho(S,R?) is a Hilbert space with respect to norm (2.22)).

Proposition 2.3. The expression

1/2

defines a norm on Ho(S, T, M) equivalent to (2.29).
Proof . Since a;ji € Lo(S), using propositions (2.1) and (2.2]) we obtain:

il < [ 6@ 6@ as + [ [sdilds < el 2:24

where ¢ and ¢; are positive constants. It is enough to show that there exists constant C' > 0 such
that
111 5.0 + NN 0 ar) < C Il (2.25)

Suppose that the inequality (2.25]) is not valid. Then there exists a sequence {u,} C Hy(S, T, M)
such that

. Lo .
la@nll® < — (1@l zysmn + 1@alzywman) » neN. (2.26)

We introduce the sequence:

—

Un , neN. (2.27)
SN [ R A P
Then 4, € Ho(S, T, M),
S 2 o2 - 1
1Tl 2o csmonny + 10l mnny =15 ([0l < o
and c
1l Zr(s.z0ry = 10alia s many + 1Tl man = L+ cllTall <1+ e

where c is a positive constant. This means that sequence {#,} is bounded in space Hy(S, T, M) and
that bound is independent of n. Hence, there exists a subsequence of 4, (we keep the same index n),
which weakly converges to a v € Hy(S, T, M). The compactness of Sobolev embedding of Hy(S, T, M)
into the spaces Lo(S, T, M) and Ly(I',T,,M) implies that

151 =0, NIy m0r) + 1T man = 1- (2.28)
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From the first relation of ([2.28]) we get
§i;(U) =0
or A ‘
Vivf + VjUZ =0 (2.29)

for all 7, 7. Since n'V; = 0, we multiply (2.29) by n’ and integrate the result over S to obtain:
/ n'Vv'dS =0
S
for all j. Using formula (1.9)), and considering that n’(x)v’(z) = 0, since ¥(z) € T, M, we get:

/ vivjnids =0
S

for all j. Suppose that ¥ # 0. Then necessarily V;n/ = 0 holds for all 7, . Consequently, we have
that V;n® = 0 for ¢ = j. From (|1.11]), we conclude that the mean curvature H of surface M vanishes.
This contradicts to the initial hypothesis (1.1). Thus ¢ = 0, which also contradicts to the second

relation of (2.28)). O

3. Free equilibrium states

Under the additional assumption of smoothness
S € C®, aju € C®(S), qe€C®(T,M,35) (3.1)
the integral equation can be written in the classical form of a boundary value problem
Hn'bijia () E5(0) + Vi [biju () & (@) =0,  z €S

bijii(x) & (W) + (K2 + R* — K — R) Duf+

+D?*uf — A (i, x) = 0, xel (3.2)
7=0, rel
for all k. Here D = §;0;, and
bijer = Qijrr + Qijik- (3.3)

Equation (3.2)) is derived from ((1.15)) using the formulae (1.9)), (1.10) and (1.12]). Equation (3.2} is

called equilibrium condition and describes the balance between the outer forces and the stress forces.

Theorem 3.1. The number \g is a bifurcation point for problem (1.15)), if and only if

/ aijkl(x) éz](ﬁ) sz(ﬁ) dS + / 5151 ﬁéjéj vds — )\0 / Quiuk (6, x) Uiude =0 (34)
S r T

has a nonzero solution @ € Hy(S,T, M) for all v € Ho(S,T,M).
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Proof . First we note that the functional ([1.3)) is differentiable due to the smoothness of function q.
The compactness of Sobolev embedding of W3 (T, R?) into C(I", R?) implies that the functional (1.3))

is weakly continuous and its differential G'[ ] satisfies the local Lipschitz continuous with
G'|u] = Ad+ N(u),

where operator A : Hy(S, T,M) — Hy(S, T, M) is defined as

(A, 0) gy (s.m00) = /q“i"j(av z)v'u! ds,
r

and
(N (@), 0) gy s, = /F [qui (€, ) — quini (0, ) u]] v'ds

for all v € Hy(S,T,M). Obviously, operator A is linear and symmetric. The above embedding
implies that operator A is compact and there exists a positive constant C' > 0 such that

IN (@) #1557y < C Nl 5,200 -
Based on proposition ({2.3)), the functional (1.2]) can be written in the equivalent form

1

F[ﬁ] = 5 HJH?%(S,TIM) = (ﬁ, E)HO(S,TZM) )

DN —

where (, ) denotes the inner product of space Hy(S, T, M). Thus, the integral equation (3.4) can be
represented as
(4, U) — Ao (Au, ) =0. (3.5)

Under the above notations, the variational method of I. V. Skrypnik [7] provides that Ay € R,
corresponding to a non zero critical point @ of the functional ((1.4), is a bifurcation point for equation

(1.14), if and only if
I"10, Xo(, ¥) = (I"[ 0, \o) @, ¥) =0 (3.6)

is satisfied by a non zero solution for all ¥ € Hy(S,T,M). Since (3.6]) is equivalent to (3.4) or (3.5

we proved our assertion. [J

We define a closed subspace

H,(S, T,M) = {@i € Hy(S, T,M) : (@,7) =0, v €W} (S, T,M)}

of Hy(S,T,M), where ( , ) is the inner product with respect to norm (2.23)), and ¢ €W, (S, T, M)
means that ¢ € W3 (S, T, M) with ¢ =0 on 9S. Thus, H,(S,T,M) is the orthogonal complement of

Wi (S, T, M), and

Ho(S, T,M) = Hy(S, T,M)® W, (S, T,M).

Proposition 3.2. A vector field @ is a solution of equation (1.15)), if and only if it is a critical point
of functional (1.4), restricted in Hy(S,T,M).
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Proof . Let @ € Hy(S,T,M) be a solution of equation ([1.15). Then
F'lu]v - G'd])v = (F’[ﬁ] —)\G'[zﬂ,ﬁ) =0
for all ¥ € Hy(S,T,M). Since

?7: _)1 —|—172, ’Ul € Hl(S,TIM), 172 €W21 (S, TIM)

from proposition (2.3)) we derive
0= (F’[ﬁ] s 172) = /aijkl(:p) &J(’L_D gkl(l_)'g) dS + / 515z ﬁ5j5j 172 ds = (l_[, UQ)
S r

for o, EVI(}Ql (S, T, M), which means that @ € H(S,T,M). The reverse assertion is obvious. O
We assume that the function ¢ satisfies, in addition to , the following conditions
q(i, ) >0, qu(d,2)u’ >0, q(—i,r) = q(id,r), qulci,r) =P q,(d, ) (3.7)
for all ¥ € Hy(S, T, M), x € 9S, c € R and p > 0.
Theorem 3.3. For every A > 0 equation admits a countable set of non zero solutions.

Proof . Since the functionals ((1.2)) and (1.3) have the properties described in the proof of theorem
m, we can apply the Lyusternik - Schnirelman’s variational method [3]. Thus, for A > 0 and a > 0
there exists a countable set w,, u, of different solutions for the problem

F'[W,] — G [W, ] =0, Fluw,]=«,
where ), € H,(S, T, M), or equivalently

/ az-jkl(x) 51](11771) gkl (17) dS —|— / (5151 U_fn 5]'6]' ’UdS — ,un/\ / quz(wn, l’) UidS = 0 s (38)
S r r

H@LH?%(S,TIM) =
for all ¥ € H (S, T, M). We set W, = ¢,u,, where ¢, € R. Then from we derive that u, > 0 and

/ az’jkl<x> fij (ﬁn) é'kl(ﬁ) dS + / (52(51 ﬁn 5j5j UdS — ,LLnCZ;L)\ /quz (ﬁn, ZE) UidS = O,
S r I

. «
||un||%{0(S,TIM) =5
n

/

Choosing ¢,, = ,uﬁl P we see that i, is a solution for (|1.15). OJ

Note that, under the assumptions of smoothness (3.1]), the integral equation (3.4)) is equivalent
to the boundary value problem:

Hn'bijra(x) &5 (0) + Vi [bigr () E5(@)] =0,  z €S

bijkl(x) gij (?I)Vl -+ (K2 + R?— K — R) Duk+
+D?uF — )\Oquiuk<6, r)ut =0, xel

U= 6, T € Fl
for all k.
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Theorem 3.4. If the conditions of smoothness (3.1) hold, then every solution of boundary value
problem 1s C° differentiable.

Proof . From equation (|1.15]) it follows that « is a weak solution for the differential equation

H1p'bijug () &35(@) + Vi [ bigra(z) &5(T)] = 0. (3.10)

In the introduced system of local coordinates on x € S, using (2.6]), the higher derivative term of
(13.10)

(L))" = V, [ biju(z) &5 (1))

is represented as

0?u? , 0?ul T 0%l
L—’k: bz bz - s lr Y % i s 2" T ),
(L) (b + bjin x@x’@xl e Drrors " 9oz 9rrdr )
where j,k = 1,2,3, and ¢,l,s,7 = 1,2. Thus in a small enough neighborhood of z € S, and
considering (2.11]) this term is defined as

. 0%l
(Lou)k = (bijrs + bjirr ) EREE
Let vectors 5 , g e T, M. From 1) and 1} we can verify that

(bijrt + bjara) €09 CH0" > 2 A|C]710]2,

which means that L is an elliptic operator. Let @ a solution for (3.4). Now according to [6], since
dlr € WZ(T', T, M), the solution of (3.10)) belongs to space W22+1/2(S, T, M). Thus, equation 1) is
equivalent to

/[ bw() €y (@ + (K + B> — K — B) Dub — Aque(,0) ') + D*uF] oFds =0, (3.11)
r
where ‘

bije(2) & (@ + (K2 + R?* — K — R) Duf — X quir (0, 2) u' € Lo(TD).
Equation 1} implies that u|r € W, (T, T, M), and consequently @ € W24+1/2(S, T.M). Iterating
this argument, we find that « € C*°. O
4. Equilibrium states under a constraint

The mapping
y:08 — M y(r) =x+d(x), ue€ H(S, T,M), (4.1)

for small values of |||, leaves invariant the length /(") of the curve I' on surface M if
(1) = D). (42)

As in section 2, the domain S in M can be considered locally as a graph of a smooth function
f(z',2?) on a bounded domain V' C R? with 9V € C, that is:

SNU = {(a',2% f(z',2%)), (a',2°) eV CR?*},
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where U C R?® with small enough diameter. In order to describe the point (z!,z?, f(z!, %)) when
(z!,2?) € OV, we introduce a local coordinate system in R? such that the axis 2! lies in the tangential
direction of V at point (z!,z?) and axis z* comes along the normal vector of the curve 9V at the
same point. Thus, vectors

L n' af
7= (1,0, _E) = (1,0, @xl) (4.3)

and 7 at point (z', 2%, f(x',2?)) form a basis for R% In this coordinate system, curve OV can be
defined locally in a small neighborhood of point (x!, 2?) as

Thus, curve 05 in the same system of local coordinates can be defined locally as:
oS NU = {(z", h(z"), f(z', h(z"))), 2'€(—c,e)}.
Using the above coordinates in R3, we denote the parametric representation of curve I' by
I(z') = (asl,h($1),f(x1,h(a:1))) . zte [—a,al,

with ['(a) = I'(—a) and I'(a) = I'(—a). Since I"'(z') # 0, we can choose the arc length t € [0, L]
instead of z! as a parametrization of curve I', where L is the length of curve I'. In this case

Tt =|—~|=1 (4.5)
holds. Thus, according to (4.1]) curve I" transforms to the curve

() =T@) +a(l(t), telo, L]

V) =t+ul, () =h) +ut, ) = fE+ul h(t) + ). (4.6)

Consequently, constraint (4.2)) holds if

| ot sw s =) - 1, (4.7)

where g;;(z) are the components of metric tensor at € M. We define the functional

O[] = /0 [g:;(T() + ﬁ)%(ri(t) + ) %(Fj(t) +u)] Pt — L. (4.8)
Obviously, holds if
o[ @] = 0. (4.9)

The mapping ® : Ho(S, T,M) — R is continuously differentiable in a small neighborhood of
0 € Ho(S, T,M).
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On a fixed point x € I' C M in this system of local coordinates we have g;;(x) = ¢;; and

oyk oy*
9i;(y) = 9z Ot

k=1,2,3, ij=1.

Using the coordinate transformation (4.6]), we obtain:

gin(y) = (1+ubs + u2h')? 4 (B + a2k’ + w20 4 [ [ (U ubs + u2al) + o (B + a2k + ) ]2

From (|1.8]), we obtain
(T _ J — I8 .9,
o U (I(t)) = e [(t) =176;u’.
Considering the estimate (2.11]) for a small enough neighborhood of x € T', and relations (4.4)), for

i = 0 we derive that

L
@’[6] U= / (U;,l + Tk5k7}1) dt.
0
Finally, from (4.5), (4.3]), (1.8), (1.10)), and (1.12) we derive that

'[0]7 = /(5101 + RSt ds = /(512110[8 =— /(K v+ Rn')vlds. (4.10)
r r r

Proposition 4.1. There exists decomposition of space Ho(S, T, M) in direct sum
Ho(S, TxM) = Xl % X2 )

where

X1 ={0€ Ho(S, T, M) : /(Kyl + Rn')v'ds = 0},
r

C (Kv' + Rn')

= , C#0
”Kl/l—FRanLQ(F) 7& }

Xo={0€ Ho(S, T.M): v'|r

and a differentiable mapping r from a neighborhood of 0 € X, to a neighborhood of 0 € X», such that
the solutions of equation can be expressed as

i=0+r[7], TeX (4.11)

with
r[0]=0, »[0]=0. (4.12)

Proof . This conclusion comes directly from Lyapunov - Schmidt decomposition and the implicit
function theorem [4]. From (4.8) it is obvious that ®[0] = 0. Thus, we set X; = Ker®[0] and
Xo=Xi. O

Now a critical point for the functional ([1.4]) under the constraint (4.9)), for a given A € R, is the
vector field ¥ € X, which satisfies the relation

I[T M@ =0 (4.13)
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for each @ € X;. Assuming (4.11)), equation (4.13)) can be written equivalently as

/S(lijkl(l’) fzg <IU+ T’[U]U_j) fkl (17+ T’[ﬁ]) dS+
/55 51) 6,6 (i + ' 5]@) ds— (4.14)

—)\/Fqui (T +r[v],2) (w' + (' [7]W)") ds = 0.

Note that the vector field & = 0 is a critical point for the functional (1.4) under the constraint (4.9)),
due to (4.12). The linearised equation, which corresponds to (4.13]), is

I"[0,\] (0,%) =0, ¥,@€eX, (4.15)

or equivalently

/ aijkl(x) fij (17) é’kl(@U) dS —+ / 515117(5]5316 ds — A\ / quiuj (6, l’) ’inj ds =0. (416)
S r T

Theorem 4.2. The number Xy is a bifurcation point for problem (4.13)), if and only if equation
has a nonzero solution for all w € X;.

Proof . The properties of functional ®, described in proposition (4.1) and functionals F' and G,
described in the proof of proposition , allow us to apply a generalized variant of Skrypnik’s
method, demonstrated in [8], which states the existence of bifurcation points for equation ([1.4)
under constraint . Note that, because of proposition , the integral equation can be
written as

(0, W) — X (AT, W) =0
for all W e X;. O

Under the additional assumptions of smoothness (3.1]), using formulae (1.9)), (1.10), and proposi-
tion (4.1)), the integral equation (4.16]) in local coordinates reduces to the equivalent boundary value
problem:

Hn'bijia(x) & (1) + Vi [byju () E5(0)] =0, =z €S

zgll( )£1j< )V +(K2+R2 K — R)Du —+
+D%u — NGuin (0, x)u’ = Kv' + R, zel
(4.17)
bija() & (W) + (K* + R? — K — R) Du*+
+D%u? — NGuiy2 (0, x)u’ = 0, zel

:67 ./EEPI
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