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Abstract

Using fixed point method, we prove some new stability results for Lie («, §,)-derivations and Lie
C*-algebra homomorphisms on Lie C*-algebras associated with the Euler-Lagrange type additive
functional equation

Zf(‘ﬁ'%’*’ Z Tixi) +227’z’f(37i) :nf(zrixi)
j=1 1<i<n,i#j i=1 i=1
where rq,...,r, € R are given and r;,7; # 0 for some 1 <1i < j < n.
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generalized Hyers-Ulam stability.
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1. Introduction and preliminaries

A classical question in the theory of functional equations is the following: When is it true that a
function, which approximately satisfies a functional equation &, must be close to an exact solution
of &7

If the problem admits a solution, we say that the equation € is stable. Such a problem was
formulated by Ulam [I8] in 1940 and solved in the next year for the Cauchy functional equation
by Hyers [B]. It gave rise to the stability theory for functional equations. Hyers’ theorem was
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generalized by Aoki [I] for additive mappings and by Rassias [15] for linear mappings by considering
an unbounded Cauchy difference. Gavruta [3] generalized the Rassias’ result by using a general
control function in the spirit of Rassias’ approach. Later, the stability of several functional equations
has been extensively investigated by a number of authors and there are many interesting results
concerning this problem (see [6, [7, 8, [16], [I7] and references therein).

Now, we deal with the following additive functional equation of Euler-Lagrange type [11]:

i;f(—rjxj—l— 3 rixi)—l—Qémf(xi):nf(érixi) (L.1)

1<i<n,ij

where 7,...,7, € R. Every solution of the functional equation ([1.1)) is said to be a generalized
Euler-Lagrange type additive mapping. Najati and Park [I1] investigated the generalized Hyers-Ulam
stability of the functional equation in Banach modules over a C*-algebra. They also applied
their results to investigate C*-algebra homomorphisms in unital C*-algebras. In [9], Kenary et al.
proved the generalized Hyers-Ulam stability of the functional equation in non-Archimedean
Banach spaces by using fixed point method.

In this paper, using some ideas from [4, [10], we apply a fixed point theorem to investigate the
stability by using contractively subhomogeneous and expansively superhomogeneous functions for
Lie («a, 8, y)-derivations and Lie C*-algebra homomorphisms on Lie C*-algebras associated with the
Euler-Lagrange type additive functional equation ({1.1)).

Next, following [4] [10], we recall some definitions and preliminary results to be used in this paper.
A C*-algebra &7 endowed with the Lie product [z,y] = #5¥* on 7, is called a Lie C*-algebra [13] 14].
Let o7 and % be Lie C*-algebras. A C-linear mapping D : o — o is called a Lie derivation of &/
it D: of — of satisfies

D([z,y]) = [D(z),y] + [z, D(y)]

for all x,y € o [13, 14]. Following [12], a C-linear mapping & : &/ — < is called a Lie («, 3, 7)-
derivation of &7 if there exist «, 3, € C such that

a([x,y]) = B[Z(x),y| + [z, Z(y)]

for all z,y € &/. A C-linear mapping H : &/ — A ia called a Lie C*-algebra homomorphism if
H([z,y]) = [H(z), H(y)] for all 2,y € &/ [2].
The following fixed point theorem will play an important role in proving our main theorems.

Theorem 1.1. (Banach). Let (X, d) be a complete metric space and consider a mapping 7 : X — X
is a strictly contractive mapping, that is

d(Tz, Ty) < Ld(z,y)

for all z,y € X and for some (Lipschitz constant) 0 < L < 1. Then there exists a unique a € X such
that 7a = a. Moreover, for each x € X,

lim 7"z =a
n—oo

and in fact for each x € X,

d(z,a) < ——d(z, Tz).
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Let k be a fixed positive integer. We recall that a function  : A — B having a domain A and a
codomain (B, <) that are both closed under addition is called:
(i) a homogeneous function of degree k if n(Ax) = N\¥n(z) (for the case k = 1, the corresponding
function is simply called homogeneous),
(i) a contractively subhomogeneous function of degree k if there exists a constant L with 0 < L < 1
such that n(\z) < L X n(z),
(iii) a ezpansively superhomogeneous function of degree k if there exists a constant L with 0 < L < 1
such that n(Az) < % n(x) for all z,y € A and all positive integer A > 1.

Remark 1.2. (cf. [4]) If 5 is contractively subadditive and expansively superadditive separately, then
n is contractively subhomogeneous (¢ = 1) and expansively superhomogeneous (¢ = —1), respectively,
and therefore

n(\7x) < (N L) n(z), jeN

n times

. . . . . *
Also, if there exists a constant L satisfying 0 < L < 1 such that a functionn: A" =Ax.---xA— B
satisfies

‘th
g -th

(.. N, x) SN Ln(zy,. .., T x)

for all z,z; € A (1 < j # ¢ < n) and all positive integers A, then we say that 7 is n-contractively
subhomogeneous if ¢ = 1, and 7 is n-expansively superhomogeneous if £ = —1.

Remark 1.3. (cf. [4]) If ) is n-contractively subadditive and n-expansively superadditive separately,
then 7 is contractively subhomogeneous of degree n and expansively superhomogeneous of degree n,
respectively.

2. Main results

Throughout this section, we will assume that X and Y are linear spaces, &/ and % are Lie C*-
algebras and ng € N is a positive integer. Further, we assume that T} Ino = {e": 0 <0 < 27m/ng}.
For convenience, we use the following abbreviations for a given mapping f : &/ — £:

@,u,rl,...,rn, f(xlv cee ,I‘n> = Z f( — HUT;T; 4+ Z I[L?"ZZEZ>
=1

1<i<n,izj
92 ) — e
and + ;sz(xz) nf(;w"z:m)
Do, 1@ y) = a f([z,y]) = B1f(@),y] = [z, f(y)]
for all zq,...,z,, 2,y € X, alluET%/no, ri,...,m € Rand o, 8,7 € C.

Before proceeding to the proof of the main results, we first introduce the following lemmas which
will be used in this paper.
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Lemma 2.1. (cf. [II]). Let X and Y be linear spaces and let ry,...,r, be real numbers with
Yok # 0 and r;, 7 # 0 for some 1 <4 < j < n. Assume that a mapping f : X — Y satisfies
the functional equation for all x1,...,2, € X. Then f is an additive mapping satisfying
frrz)=rp f(z)forallz € X and r, € R (1 < k <mn).

Using the same method of the proof of Lemma [2.1, we have an alternative result of Lemma [2.1
when Y, r, = 0.

Lemma 2.2. (cf. [I1]). Let X and Y be linear spaces and let rq,...,7, be real numbers with
ri,7; # 0 for some 1 < i < j < n. Assume that a mapping f : X — Y with f(0) = 0 satisfies
the functional equation for all z1,...,2, € X. Then f is an additive mapping satisfying
flriz) =, f(z) forall z € X and 7, € R (1 <k <n).

Lemma 2.3. (cf. 2 4]). Let f : & — & be an additive mapping such that f(uz) = pf(x) for all
IS ']I‘%/no and all z € /. Then the mapping f is C-linear.

Remark 2.4. Throughout this paper, let r1,...,7, be real numbers such that r;,r; # 0 for fixed
1 <i<j<mnand g,y = ¢0,...,0, :zch ,0,...,0, vy ,0,...,0) for all z,y € & and all
it jth

1<i<j<n.

In the following theorem, we prove the generalized Hyers-Ulam stability of the functional equation
(1.1)) on Lie C*-algebras by using contractively subhomogeneous and expansively superhomogeneous
functions.

Theorem 2.5. Assume that there exist a contractively subhomogeneous mapping ¢ : ™ — [0,00)
and a 2-contractively subhomogeneous mapping ¢ : &/* — [0,00) with a constant 0 < L < 1 such
that a mapping f : o — o with f(0) = 0 satisfies

and ||@/L,7"1 ..... T’n,f<x1a"'7$n)|| S gO(l'l,...,l'n) (21)
| Do, 1@, 9) || < Y(2,9) (2.2)

for all xq,...,xp,x,y € &, all u € T}/no and some a, B,y € C. Then there exists a unique Lie
(o, B,7y)-derivation £ : &/ — o/ which satisfies the functional equation (1.1]) and the inequality

1) - £l < e { oS D)+ 20y(m, - )

(1-1L) T T 2r; 2r;
x x x x
ij(— 2045 (5—, ii(0, —) + 2045 (0, —5— 2.
"‘[SOJ(Ti 0) + 903(2ri 0)]"‘[903(0 Tj)‘f‘ 903(0 27”]')]} (2.3)

forall x € .

Proof . Consider the set

20 :

I
—N—

ot o @ = F@I
g.%%%,meg @) < }
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where

T T x
— 2 ii(—, ——
T’j) + ¢](2ri 27"]‘ >]

d(x) 32%{[@1‘]‘(%7

X i X i
+ [%’j(r—ia 0) + 2%3‘(2—“7 0)] + [1245(0, E) + 2¢;4(0, _2_7"])]}

for all x € &7, and introduce the following metric on 20:

i 1) = sup 1A= 4]

Then it is easy to see that (20, d) is a complete metric space. Now we consider the mapping J :

2 — W given by

Jg(x) = %9(2(13), for all g € Wand x € & (2.4)

Let g,h € 20 and let p € R, be an arbitrary constant with d(g,h) < p. From the definition of d, we
have

lg(z) — h(z)]]
O

for all € o/. By the assumption and the last inequality, we get

|Tg(z) = Th(@)| _ llg(2z) — h(2x)|| _ Lllg(2x) — h(2z)]]
P(z) 20 (z) - ®(2z)

for some L < 1 and for all x € 7. Hence, it holds that d(Jg, Jh) < Lp, that is, d(Jg,Jh) <
Ld(g,h) for all g,h € 25. This means that J is a strictly contractive self-mapping of 20, with the
Lipschitz constant L.

For each 1 < k < n with k # 4,7, substituting z; = 0 and g = 1 in the functional inequality

(2.1)), we obtain

< Lp

| f(=riwi +rjzy) + flrivs —rjzg) — 2f (riws + ryag) + 2 f () + 25 f(25)]] < pij(xi, zy)  (2.5)

for all ;,x; € &7. Letting x; = 0 in (2.5)), we get

1 (=rja;) = frja;) + 2r; f(25)]] < 0350, 25) (2.6)
for all z; € &7. Similarly, letting z; = 0 in (2.5)), we get
1 (=riws) = frizs) + 2rif () || < @523, 0) (2.7)

for all z; € o7. It follows from ([2.5)), (2.6) and (2.7 that

| f(=rizi +rja5) + f(rizi — rjay) — 2f (rivs + ryxg) + 2 f (2) + 2r5f ()
—(f(=rizi) = flrizi) + 2rif () — (f(=rjz5) — f(rjzs) + 2r;f (25))]]
< (5, 25) + i (24,0) + ©45(0, ;) (2.8)
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for all z;,z; € &/. Replacing x; and z; by + and in , we obtain

If(—z+y)+flx—y) =2f(z +y) + f(z) + fy) = f(==) = (=)l
< @i )+ (. 0) + (0, 5) (2:9)
for all z,y € &/. Putting y = z in (2.9), we have
12£(2) = 2f(=2) = 27 20) | < is(- ) + 05, 0) + 0350, ) (2.10)

for all z € &7. Replacing » and y by 3 and —3 in (2.9)), respectively, we get

x x x x
_ < (2 (= N ‘

| f(x) + f(—=2)| < %](27}" 27’]')_'_%](27’1’70)—’_%](07 er) (2.11)

for all x € 7. It follows from (2.10) and (2.11)) that
1f(22) = 2f (2)|| < @(x) (2.12)

for all z € o/. Thus
I5f22) = f(x)]| 1
< — 2.1

O (z) — 2 (2.13)

forall z € 7. Hence d(J f, f) < % Due to Theorem , there exists a unique mapping £ € 2 such
that £(2z) = 2&(z) for all x € &7, i.e., £ is a unique fixed point of J. Moreover,

f(2mx)

2m

L(z) = lim

m— 00

(2.14)
for all z € &7. Also

1 1
d(f,£) < ﬁd(f,Jf) <

2(1— L)’

i.e., inequality (2.3)) holds for all x € &
It follows from (22.1)), (2.14]) and the contractively subhomogeneity of ¢ that

1 m m
Do el )| = B B, (2701, 27,
1
< lim ——p(2"zy, ..., 2"T,)
m—soo 2M
< lim L™p(xy1,...,2,) =0
m—r0o0

holds for all z1,...,2, € & and u € ']Fl/n SO Dryime(®1, .o xy) =0 for all z4,..., 2, € & and
pE T%/no. If we put i = 11in the last equality, then £ is additive by Lemma and £(ryz) = 1 £(2)
for all z € & and for all 1 < k < n. So letting z; = x and z = 0 for all 1 <k < n, k # ¢ in the last
equality, we obtain £(uz) = p£(x). Now by using Lemma 2.3 we infer that the mapping £ € 20 is
C-linear.
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It follows from the 2-contractively subhomogeneity of v, (2.2]) and (2.14)) that

3 1 m m
|Zasc )l = T D, 127,27

1 1
< lim —¢(2™2,2My) < lim —(2L)*"¢Y(z,y) =0
4m m—0o0 4m

T m—oo

for all z,y € & and some «, 3,7 € C. Then we have
af([z,y]) = BL(x),y] + [z, L(y)] (2.15)

for all z,y € o/ and some «a, 3,7 € C. Thus, the mapping £ € 20 is a unique Lie (a, 3, v)-derivation
on Lie C*-algebra 7 satisfying ([2.3]). This completes the proof of the theorem. [J

Theorem 2.6. Assume that there exist an expansively superhomogeneous mapping ¢ : /™ — [0,00)
and a 2-expansively superhomogeneous mapping v : > — [0,00) with a constant 0 < L < 1 such
that a mapping f : o/ — o/ with f(0) = 0 satisfies and for all xy,...,x,,x,y € <, all
e Ti/no and some «, 3,y € C. Then there exists a unique Lie («, [3,7)-derivation £ : of — of
which satisfies the functional equation and the inequality

| f(z) = L(x)|| < ﬁ{[%g‘(%, %) + Q@ij(%, _Qirj)]
+ [%‘j(%ﬂ) + 2%%’(%,0)] + [ (0, ;) + 20350, _%H} (2.16)

forall x € o .

Proof . Let (20,d) be a complete metric space defined in the proof of Theorems Now, we
consider the mapping J : 20 — 27 defined by

Jg(x) = 29(%), for all g € 2 and z € &7 (2.17)

One can show that d(Jg, Jh) < Ld(g, h) for all g,h € 20. By (2.12)), we have

12£(5) = f@)] < &(3) (2.18)
for all z € &/. Thus
12(%) - f@)l
o(a)

for all © € o/. Hence d(Jf, f) < % Due to Theorem , there exists a unique mapping £ € 20

such that £(2z) = 2£(x) for all x € &7, i.e., £ is a unique fixed point of J. Moreover,

<

g (2.19)

£(z) = lim 2™ f(zim) (2.20)

m—00

for all z € &7. Also

1 L

which implies that (2.16)) holds for all x € <.
The remaining assertion goes through in a similar way to the corresponding part of Theorem [2.5]
O
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Theorem 2.7. Assume that there exists a contractively subhomogeneous mapping ¢ : " — [0, 00)
with a constant 0 < L < 1 such that a mapping f : of — < with f(0) = 0 satisfies

N Dysrsrrmif @15 20) + Dapr (@, 9)|| < 021, ... 20, 2, y) (2.21)

for all x,...,x,,x,y € o, all u € ']I}/n0 and some «, 3,y € C. Then there exists a unique Lie
(e, B,7)-derivation £ : of — & which satisfies the functional equation (1.1)) and the inequality

1)~ 0l < gy { () + 200 5]
+ [¢z]<r£, 0) + 2¢ij(§, O)] + [¢ij(0, rf) + 2¢ij(0, _%)]} (2'22)

for all x € o .

Proof . For each 1 < k < n with k # i, j, substituting z;, = x = y = 0 and p = 1 in the functional
inequality ([2.21]), we obtain

Hf(-?”ll’z + T’jl‘j) + f(nxz — zjj) — 2f(7’1371 + le‘j) + QTZf(l’Z) + 27’Jf(13])||

n times
< 7z N\
<¢0,...,0, x ,0,...,0, y ,0,...,0,0,0) (2.23)
sth jth
for all z;,z; € o/. For convenience, let
n times
bij(x,y) == gb(O,...,O,\:z%_/,O,...,O, y ,0,...,0,0,0)
it jth

for all x,y € & and all 1 <i < j < n. By the same way as in the proof of Theorem [2.5] we obtain

1f(22) = 2f (x)|] < (2) o
for all = € 7, where
1
U() ;:5{[%(%7 %) + 2%'(2%’ _2%)]

 [60(2.0)+ 265G, 0] + (0500, ) + 2650 —2%)]}-

We introduce the same definition for 20 as in the proof of Theorem (by replacing ® by ¥) such
that (20, d) becomes a complete metric space. Let T : 20 — 20 be the mapping defined by

1
Tg(x) = §g(2x), for all g € Wand z € .

Then, we have d(Tg, Th) < Ld(g,h) for all g,h € 20. It follows from (2.24) that d(T f, f) < 5. The
rest of this proof is similar to the proof of Theorems [2.5] and [2.6, This completes the proof. [
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Theorem 2.8. Assume that there exists an expansively superhomogeneous mapping ¢ : /"2 —
[0, 00) with a constant 0 < L < 1 such that a mapping f : &/ — o/ with f(0) = 0 satisfies
for all xy,...,x,,x,y € o, all p € Tl/ and some «, 3,y € C. Then there exists a unique Lie
(e, B,7)-derivation £ : o/ — &/ which satzsﬁes the functional equation and the inequality

1) = £l < gy { (e ) + 20050

2rj

+100(2,0)+ 20, 0] + 090, D) + 2050,

j 2r;
forall x € o .

Proof . The proof is similar to the proof of Theorem 2.7, O

Next, we investigate the Lie C*-algebra homomorphisms on Lie C*-algebras associated with the
functional equation ({1.1)).

Theorem 2.9. Assume that there exist a contractively subhomogeneous mapping ¢ : /™ — [0,00)
and a 2-contractively subhomogeneous mapping v : @? — [0,00) with a constant 0 < L < 1 such
that a mapping f : o/ — % with f(0) = 0 satisfies (2.1) for all xy,... 2, € &/ and all p € Tl/n ,

and

1f (Fzs y]) = [ (@), S < ¢l y) (2.25)

for all x,y € . Then there exists a unique Lie C*-algebra homomorphism £ : o — A satisfying
(12.3]) for allx € .

Proof . By the same method as in Theorem [2.5] we obtain a C-linear mapping £ : &/ — A satisfying
1} The mapping is given by £(z) = lim 2"2) for all 2 € 7. It follows from (2.25) that
m—r0o0

2m

1£([z, y]) = [£(x ),S(y)]ll
— lim — || f(4"[z,9]) - [f(2"2), F2")|

m—soo 4mM

= lim L*™¢(z,y) =0

m—o0

for all z,y € o/. Thus, £ is a Lie C*-algebra homomorphism. This completes the proof. [

Theorem 2.10. Assume that there exist an expansively superhomogeneous mapping ¢ : " —
[0,00) and a 2-expansively superhomogeneous mapping w : %2 — [0,00) with a constant 0 < L < 1
such that a mapping f : o — P with f(0) = 0 satisfies (2.1]) and ([2.25)) for all zy,... ,xp, 2,y €
and all p € ']I‘1 ng- Lhen there exists a unique Lie C*- algebm homomorphism £ : o — %’ satisfying

-forallxe,@/

Proof . The proof is similar to the proof of Theorems [2.6] and [2.9] O
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