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Abstract

In this paper, we establish and prove the existence of best proximity points for multivalued cyclic F-
contraction mappings in complete metric spaces. Our results improve and extend various results in
literature.
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1. Introduction

Throughout this paper, for metric space (X, d), We denote C,(X) by the family of all non-empty
closed bounded subsets of a metric space (X,d). The Pompeiu-Hausdorff metric induced by d on
Cy(X) is given by

H(A, B) = max { sup d(a, B), sup d(b, A) }

a€A beB

for every A, B € Cy(X), where d(a, B) = inf{d(a,b) : b € B} is the distance from a to B C X.

*Corresponding author
Email addresses: k.konrawut@gmail.com (Konrawut Khammahawong), parinya.san@kmutt.ac.th (Parinya
Sa Ngiamsunthorn), poom.kum@kmtt.ac.th (Poom Kumam)

Recetved: June 2016  Revised: October 2016


http://dx.doi.org/10.22075/ijnaa.2017.2322

364 Khammahawong, Sa Ngiamsunthorn, Kumam

Remark 1.1. The following properties of the Pompeiu-Hausdorff metric induced by d are well-
known:

1. H is a metric on Cy(X).
2. If A,B € Cy(X) and h > 1 be given, then for every a € A there exists b € B such that
d(a,b) < hH(A, B).

In 1992, Banach contraction principle was defined by Banach (see [1I]). Let T': X — X be a
self mapping of a complete metric (X, d), such that d(Tz,Ty) < Ld(z,y) for each z,y € X, where
0 < L < 1. Then, T has a unique fixed point. Further, since Banach’s fixed point theorem, because
of its simplicity, usefulness and applications, it has become a very popular tools solving the existence
problems in many branches of mathematics analysis. Several authors have improved, extended and
generalized Banach’s fixed point theorem in many directions (see in [2, B 4 [ [6] and references
therein).

In a different way, if T" is a non-self mapping then there is no fixed point from equation Tx = x.
The investigation of this case that there is an element x such that d(z, T'z) is minimum. This point
becomes a concept of best proximity point theorem, so this theorem guarantees the existence of
an element x such that d(x,Tz) = d(A, B) = inf{d(x,y) : * € A and y € B} then z is called a
best proximity point of non-self mapping 7. Since a non-self mapping 7" has no fixed point, but
this mapping gives a best proximity point so it is optimal approximate solution of the fixed point
equation Tz = x. If d(A, B) = 0, then a fixed point and a best proximity point are same point. A
best proximity point is reduced to a fixed point if T is a self mapping.

In 1969, Fan [7] be the first who study in area of the best proximity point theorem. He established
a classical best approximation theorem. After ward several researchers have been extended the best
proximity theorem in many directions (see in [8, [9] [10] 111, 13, 12} 4] [15] and references therein).

In the same year, Nadler [16] given new idea of the Banach contraction principle. Researcher
extended the theorem from single valued mapping to multivalued mapping.

Lemma 1.2. ([I6]) Let (X, d) be a metric space. If A, B € C(X) and a € A, then for each € > 0,
there exists b € B such that d(a,b) < H(A, B) +e.

Nadler [I6] also combine the idea of Lipschitz mappings with multivalued mappings and fixed
point theorems as follows:

Theorem 1.3. ([I6]) Let (X,d) be a complete metric space and T' : X — Cy(X). If there exists
k € ]0,1), such that
H(Tz,Ty) < kd(z,y), (1.1)

for all z,y € X, then T has at least one fixed point, that is, there exists z € X such that z € Tz.

In 2003, Kirk, Srinavasan and Veeramani [17] introduced a concept of cyclic contraction which
generalized Banach’s contraction. They also proved fixed point theorems in complete metric spaces,
as follows:

Definition 1.4. ([I7]) Let A and B be non-empty closed subsets of a complete metric space X and
T:AUB — AU B be a mapping. Then T is called a cyclic mapping if and only if T'(A) C B and
T(B) CA.

Theorem 1.5. ([I7]) Let A and B be non-empty closed subsets of a complete metric space X and
T:AUB — AU B be a mapping.Then T is called a cyclic contraction if and only if T satisfies this
condition.



On best proximity points for multivalued cyclic ... 7 (2016) No. 2, 363-374 365
1. T is cyclic mapping.
2. For some k € (0,1) such that d(Tz,Ty) < kd(x,y), for all x € A, y € B.

Then, T has a fixed point in AN B.

After that in 2006, Eldred and Veeramani [18] gave sufficient condition for guarantee the existence
of a best proximity point for a cyclic contraction mapping 7.

Definition 1.6. ([18]) Let A and B be non-empty closed subsets of a complete metric space (X, d).
Let T: AU B — AU B be a cyclic contraction mapping and there exists k£ € (0,1) such that

d(Txz,Ty) < kd(z,y) + (1 — k)d(A, B) for all x € Aand y € B,
where d(A, B) = inf{d(z,y) : « € A,y € B}. A point x € AU B is said to be best proximity point
for T if d(z, Tx) = d(A, B).

Recently Wardowski [19] proved one of interesting in fixed point theorem which is F'— contraction
mapping on complete metric spaces.

The aim of this paper, we introduce the notation and concept of multivalued cyclic F-contraction
pair and prove a best proximity point such a mappings in a complete metric space via property UC*
due to Sintunavarat and Kumam [20].

2. Preliminaries

Now, recall elementary results and some basic definitions in the literature. In this paper, we denote
N, R and R* by the set of positive integers, the set of real numbers and the set of non-negative real
numbers, respectively.

Definition 2.1. Let A and B be non-empty subsets of a metric space X and 7' : A — 28 be a
multivalued mapping. A point x € A is said to be a best prozimity point of a multivalued mapping
T if it satisfies the following condition

d(z,Tx) =d(A, B).

We have that a best proximity point reduces to a fixed point for a multivalued mapping if the
underlying mapping is a self-mapping.
Definition 2.2. A Banach space (X, || - ||) is said to be

1. strictly convex if the following condition holds for all z,y € X:

r+y
2

[zl = llyll = 1 and 2 # y = <L

2. uniformly convex if for each € with 0 < ¢ < 2, there exists > 0 such that the following
condition holds for all z,y € X:

ol < Lyl < 1 and =] 2 e = |2 <1

Remark 2.3. It is easy to see that a uniformly convexity implies strictly convexity but the converse
is not true.
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Definition 2.4. ([2I]) Let A and B be nonempty subsets of a metric space X. The ordered pair
(A, B) is said to satisfy the property UC if the following holds:

If {x,} and {z,} are sequences in A and {y,} be a sequence in B such that d(z,,y,) = d(A, B)
and d(z,,y,) — d(A, B), then d(z,, z,) — 0.

Example 2.5. ([2I]) The following are some examples of a pair of nonempty subsets (A, B) satisfying
the property UC.

1. Every pair of nonempty subsets A, B of a metric space (X, d) such that d(A, B) = 0.

2. Every pair of nonempty subsets A, B of a uniformly convex Banach space X such that A is
convex.

3. Every pair of nonempty subsets A, B of a strictly convex Banach space where A is convex and
relatively compact and the closure of B is weakly compact.

Definition 2.6. ([20]) Let A and B be nonempty subsets of a metric space (X,d). The ordered
pair (A, B) satisfies the property UC* if (A, B) has property UC and the following condition holds:
If {x,} and {z,} are sequences in A and {y,} is a sequence in B satisfying:

1. d(zn,yn) = d(A, B) as n — oc.
2. For each ¢ > 0, there exists N € N such that

(@, yn) < d(A,B) + ¢

forallm >n > N,
then d(x,, z,) — 0 as n — 0.
Example 2.7. The following are some examples of a pair of nonempty subsets (A, B) satisfying the
property UC*.

1. Every pair of nonempty subsets A and B of a metric space (X, d) such that d(A, B) = 0.
2. Every pair of nonempty closed subsets A and B of a uniformly convex Banach space X such
that A is convex (see Lemma 3.7 in [1§]).

Wardowski [19] defined the following contraction which was called F-contraction as follows:

Definition 2.8. Let F: RT™ — R be a mapping which is satisfying the following conditions:

(Fy) F is strictly increasing, i.e. for all o, € R, F(a) < F(f) whenever a < (5.
(F,) For each sequence {ay, }nen of positive real numbers lim «,, = 0 iff lim F(q,) = —o0.

n—oo n—o0
(F3) There exists k € (0, 1) such that lim " F(a) =0.
a—0

We denote by F the family of all functions F' that satisfy the conditions (F}) — (F3). For examples
of the function F' the reader is referred to [19] and [22].

Definition 2.9. Let (X, d) be a metric space. A self-mapping T on X is called an F-contraction
mapping if there exist ' € F and 7 € R* such that

Ve,ye X, [d(Tz,Ty) > 0= 71+ F(d(Tz,Ty)) < F(d(z,y))]. (2.1)

Remark 2.10. Form (F}) and (2.1]) it easy to see that every F-contraction is necessarily continuous.
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3. The main results

Definition 3.1. Let A and B be non-empty subsets of a metric space X. Let T : A — 28 and
S : B — 24 be multivalued mappings. The ordered pair (T,.5) is said to be a multivalued cyclic
F—contraction if there exists F' € F and 7 > 0 such that

H(Tz,Sy) > 0= 217+ F(H(Txz,Sy)) < F(kd(z,y) + (1 — k)d(A, B)), (3.1)
for all x,y € X, where k € (0,1).

Theorem 3.2. Let A and B be non-empty closed subsets of a complete metric space X such that
(A, B) and (B, A) satisfy the property UC*. Let T : A — Cy(B) and S : B — Cy(A). If (T,95)
s a multivalued cyclic F—contraction pair, then T has a best proximity point in A or S has a best
proximity point in B.

Proof . We divide the case into two.

Case 1: Assume that d(A, B) = 0.

Now, we will construct the sequence {z,} in X as follows. Let o € A be arbitrary point. Since
Tz € Cy(B), we can choose x; € Txg. If Txy # Sz, since F is continuous from the right then there
exists a real number A > 1 and 7 > 0 such that

F(hH(Txg,Sx1)) < F(H(Txo,Sx1)) + 7.
From d(x1, Szy) < hH(Txo, Sz1), we deduce that there exists xo € Sxq such that
d(xy,29) < hH(Txg, S1).
It follows from definition of F', we have
F(d(x1,29)) < F(hH(Twxo, Sx1)) < F(H(Txg,Sx1)) + 7
which implies

F(d(z1,x2)) F(H(Txg,Sx1)) + T

(
F(kd(zg, 1)) + 71 — 27
F(k’d($0, l’l)) — T
F(d(zg, 1)) — 7.

VAN VAN VAN VAN

Otherwise, if Twy # Sxq, since F' is continuous from the right then there exists a real number h > 1
and 7 > 0 such that
F(hH(Sxz1,Txs)) < F(H(Sxy,Txs)) + 7.

Now from d(zq, Txs) < hH(Sxy1,Txs), we obtain that there exists x3 € Ty such that
d(l‘g, 1'3) S hH(SCL’l, TIQ)
Consequently, we get

F(d(zg,x3)) < F(hH(Sx1,Tx9)) < F(H(Sxy,Tx9)) + 7
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which implies

F(d(xy,x3)) F(H(Sxy,Tx9)) + 7

F(kd(zy,xq)) +7 — 27

F(kd(zy,x9)) — T
(

d(zy,ms)) — T.

VAN VAN VANRVAN
>

By induction, we can find {x,} such that

F(d([En, xn—&-l)) F(k?d(l‘n_l’ ;[‘n» — T

Fd(zp_1,2,)) — T

IA A

F(kd(xg,z1)) — nt
F(d(xg,x1)) — n.

VANNVANEEES

Let B, := d(xy, xn41). From above, we receive lim F(f3,) = —oo that together with (F}) gives

n—o0

lim g, = 0.

n—o0

Also from (F3), we have
31 € (0,1) such that lim 8. F(3,) = 0.
n—oo

Now, it follows that

5111F(5n) - 5£LF(50) Bi(F(ﬁo) —nT) — ﬁrllF(ﬁo)
BLF(ﬁo) - 55;”7 - BfLF(ﬁo)
—ﬁim'

0, for all n € N.

VAN VAN VANVAN

Letting n as n — oo, so, we obtain
nBl =0 for all n € N.

From above, lim n,@f1 = 0 there exist n; € N such that n8, <1 for all n > n;.
n—o0
Therefore, 3, < -, for all n > n;.
nl
Let m,n € N such that m > n > ny;. We compute that
d(xna xm) S d(ﬂfn, xn+1) + d(xn—i-la xn+2) +...+ d(ﬂfm_l, xm)

= 5n+ﬂn+1+'”+6m—l

m—1

= 26
=n
[e'¢)

> 5

i=n

IN

IA
H'M
<]
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o0

By the convergence of the P series Z —, 80 as n — 00, we obtain d(x,, z,,) — 0 as n — oo. Hence
; 27
=n

{z,} is a Cauchy sequence. Since completeness of X, then {x,} converges to some point z € X.
Clearly, the subsequence {z,} and {3, 1} converge to same point z. Since A and B are closed, we
obtain that z € AN B.

From (3.1)), for all z,y € X and k € (0,1) with H(T'z, Sy) > 0 and d(A, B) = 0, we get

27 + F(H(Tz,Sy)) < F(kd(z,y))
< F(d(z,y)).

Since F' is strictly increasing, we get H(T'z, Sy) < d(z,y) and so H(T'z, Sy) < d(z,y) for all z,y € X.
Then
d(zan41,T2) < H(Swa,, Tz) < d(z2n, 2).

Passing to limit n — oo, we obtain d(z,Tz) = d(A, B). Similarity, we also derive d(Sz, z) = d(A, B).
Case 2: We will show that 7" or S have best proximity points in A and B, respectively. Under the
assumption of d(A, B) > 0, suppose to the contrary, that is for all a« € A, d(a,Ta) > d(A, B) and
for all b’ € B, d(Sb',b') > d(A, B).

For each a € A and b € T'a, we have

d(A, B) < d(a,Ta) < d(a,b). (3.2)
Since (7', S5) is a multivalued cyclic F-contraction pair, such that

F(H(Ta,Sb)) < F(kd(a,b)+ (1—k)d(A, B)) — 271 (3.3)
< F(kd(a,b) + (1 — k)d(A, B)) (3.4)

for all a € A and b € Ta. Since F is strictly increasing, we get
H(Ta,Sb) < kd(a,b) + (1 — k)d(A, B) (3.5)

foralla € Aand b € Ta.
Similarly, we have that for each b’ € B and a € Sb’, we get

F(H(Td',5b)) < F(kd(a',b) + (1 — k)d(A, B)) (3.6)

and
H(Td',Sb) < kd(a',b) + (1 — k)d(A, B). (3.7)

Next we will construct the sequence {z,,} in AUB. Let xy be arbitrary point in A and 21 € Txy C B.
From ({3.3), there exists o € Sx; such that

F(d(xzy,x9)) < F(H(Txy,Sz1))+ T
< F(kd(zo,z1)+ (1 —k)d(A,B)) — 21+ 71
< F(kd(xg, 1)+ (1 —k)d(A,B)) — 7
< F(kd(zg,z1) + (1 — k)d(A, B))

and since F' is strictly increasing, we get

d(l’l,xz) < kd(l’o, 1’1) + (1 — k?)d(A, B) (38)
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Since x7 € B and x5 € Sz; from , we can find x3 € T'z9 such that
d(xe,x3) < kd(x1,29) + (1 — k)d(A, B). (3.9)
Consequently, we can define the sequence {x,} in AU B such that
Ton—1 € Txop_9, Tay € STop_1

and
d(zp, Tpi1)) < kd(zp_1,2,) + (1 — k)d(A, B) (3.10)
for all n € N. Since d(A, B) < d(x,_1,z,) for all n € N, we get
d(xp, Tpe1) < kd(xp_1,7,)+ (1 —k)d(A, B)
kd(z,_1,x,) + (1 — k)d(x,_1, )
d(xp_1,Ty) (3.11)

IA

and

kd(2n 1, 2,) + (1= k)d(A, B)
k(kd(2n_2, 2n_1) + (1 — k)d(A, B)) + (1 — k)d(A, B)
k2d(2n_s, 201) + (k — K2)d(A, B) + (1 — k)d(A, B)
K2d(2y—9, 201) + (1 — k*)d(A, B)

d(l’n, xn-l-l)

NN NN

- k"d(xo,21) + (1 — k™)d(A, B). (3.12)

Hence d(A, B) < d(zp, Tni1) < k™d(zo,21) + (1 — k™)d(A, B) for all n € N.
Since k € (0, 1), we obtain

lim d(z,, z,41) = d(A, B). (3.13)
n—oo
From equation (3.13)), we get
lim d(l‘gn, I2n+1) = d(A, B) (314)
n—oo
and
lim d($2n+27 x2n+1) = d(A, B) (315)
n—oo

Since {2, } and {x9,2} are two sequences in A and {xs, 11} is sequence B with (A, B) which satisfies
the property UC*, we derive that
lim d(il?gn, $2n+2) =0. (316)

n—o0

Since (B, A) satisfies the property UC* and by (§3.13)), we have

lim d(l’gn,l, x2n+1) = 0. (317)

n—oo

Next, we will show that for each € > 0, there exists N € N such that for all m > n > N, we have

lim d(z2m, Tons1) < d(A, B) + €. (3.18)
n—oo
Suppose the contrary, that is there exists ¢y > 0 such that for each k > 1 there is my > ny > k such
that
d(ﬂ?gmk, iL‘anJrl) > d(A, B) + €. (319)
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Moreover, corresponding to ny, we can choose my in such a way that it is the smallest integer with

my > ng > k satisfying (3.19). Then we obtain
d(T2m,,, Tong+1) > d(A, B) + €

and
d(T2(my—1), Tang+1) < d(A, B) + €.
From ([3.20)), (3.21)) and the triangle inequality, we obtain
d(A, B) +e < d(l’gmk, [L’anJrl)
d(Tomy s Tamp—1)) + A(T2(me—1)> T2ng+1)

d(T2m,,, To(m,—1)) + d(A, B) + .
Using the fact that klggo d(Tamy, Ta(my, 1)) = 0. Letting k — oo in (3.22), we get

IA A

lim d([Eka, Jfgnk+1) = d(A, B) + €o.

k—o0

From (3.10), (3.11]) and (7, S) is a multivalued cyclic F- contraction pair, we obtain

d(mek; Ika+2) + d($2mk+2, $2nk+3) + d(l‘2nk+3, 1‘2nk+1)
d(Tamy s Tomp+2) + A Tomy+1, Tang+2) + d(T2n,+3, Tang+1)
d(Tamy s Tomp+2) + A(Ton,+3, Tong+1) + (Ed(Tom,,, Tan,+1)
+(1 —k)d(A, B)).

Letting k& — oo in (3.24) and using (3.16]), (3.17)) and (3.23)), we have

d(A, B) + e < k’(d(A, B) + 60) + (1 — k’)d(A, B) = d(A, B) + keg

d(Ika ) xQn;ﬁ—l)

AN VARVAN

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)

which is a contradiction. Therefore, (3.18) holds. Since (3.14]) and (3.18]) hold, by using property
UC* of (A, B), we obtain d(xg,, T2,) — 0 as n — oo. Therefore {z,} is a Cauchy sequence. Since

X is complete and A is closed, we have

lim x5, =p
n—oo

for some p € A = A. But

d(A7 B) S d(pa m27171)
S d(p7 .',Ugn) + d($2n,$2n_1)

for all n € N. From (3.13)) and (3.25),
lim d(p, xon—1) = d(A, B).
n—oo

Since

d(A, B)

A

d(xon, Tp)

H(S2,-1,Tp)

H(Tp, Sta,-1)

kd(p, xen_1) + (1 — k)d(A, B)
d(p, T2n-1)

IN A

(3.25)

(3.26)

(3.27)



372 Khammahawong, Sa Ngiamsunthorn, Kumam

for all n € N. By (3.25) and (3.26]), we get
d(p, Tp) = d(A, B). (3.28)

In a similar mode, we can conclude that the sequence {z, 1} is a Cauchy sequence in B. Since X
is complete and B is closed, we obtain

lim @9,_1 = ¢ (3.29)

n—o0
for some ¢ € B = B. Since

d(me Q)
d(l‘gn, Jfgn_l) + d(xQn—lv Q)

for all n € N. It follows from (3.13)) and (3.29) that

d(A,B) <
<

li_)rn d(za,,q) = d(A, B). (3.30)
Since
d(A,B) < d(5¢, 2n+1)
~ H(SQa Tx?n)
= H(Tz3,,5q)
< kd(z9n,q) + (1 — k)d(A, B)
< d(n,q) (3.31)
for all n € N, then by (3.29)) and (3.30)), we have
d(q, Sq) = d(A, B). (3.32)

From (3.28)) and (3.32]), we get a contradiction. Therefore, T" has a best proximity point in A or S
has a best proximity point in B. This completes the proof. [

Remark 3.3. If d(A, B) = 0, then Theorem yields existence of a fixed point in A N B of two
multivalued non-self mapping S and 7. Furthermore, if A = B = X and T = S, then Theorem
reduces to multivalued F- contractions on metric spaces [23].

Corollary 3.4. Let A and B be non-empty closed convex subsets of a uniformly convex Banach
space X, T : A — Cy(B) and S : B — C,(A). If (T, S) is a multivalued cyclic F-contraction pair,
then T has a best proximity in A or S has a best proximity point in B.

Now, we give some example for support our results.

Example 3.5. Consider the uniformly convex Banach space X = R with Euclidean norm. Let A =

[3,4] and B = [-4,-3]. Then A and B are non-empty closed and convex subsets of X and d(A4, B) = 6.

Since (A, B) and (B, A) satisfy the property UC*. Let T : A — Cy(B) and S : B — C3(A) be defined

as

—r—3
2

T:c:[ ,—3],xe[3,4];
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and

— 3

Let k € (0,1) and F': R — R is satisfy Definition [2.8 be defined by F(t) = In(t) for all t € R and
7 > 0. Next, we show that (7, 5) is a multivalued cyclic F— contraction pair. For each x € A and
y € B, we have

ey — H<{—x2—37_3]’[37 _y2+3D

6

< Yoyt
< 2$ )

_ %d(m,y) n %d(A, B)
— kd(z,y) + (1 — k)d(A, B).

Since 7 > 0, we get 0 < e*" < 1. Hence H(Tz,Sy) < e *"kd(x,y) + e *"(1 — k)d(A, B)).
Since F strictly increasing, we get

F(H(Tz,Sy)) < F(e ™ (kd(z,y) + (1 - k)d(A, B)))
= In(e " (kd(z,y) + (1 — k)d(A, B)))
= In(e™®") + In(kd(z,y) + (1 — k)d(A, B))
= —27+ In(kd(z,y) + (1 — k)d(A, B)).

It follows that F(H(Tx,Sy)) + 27 < F(kd(z,y) + (1 — k)d(A, B)). Therefore, all assumptions of
Corollary are satisfied and then T has a best proximity point in A, that is a point z = 3.
Moreover, S also has a best proximity point in B, that is a point y = —3.
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