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Abstract

In this paper, by applying three functional operators the previous results on the (Poisson) variance
of the external profile in digital search trees will be improved. We study the profile built over n
binary strings generated by a memoryless source with unequal probabilities of symbols and use a
combinatorial approach for studying the Poissonized variance, since the probability distribution of
the profile is unknown.
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1. Introduction

Digital trees like tries or digital search trees are important in many computer science applications like
data compression, pattern matching or hashing. For example, the popular Lempel-Ziv compression
scheme is strongly related to digital search trees. Digital trees have been widely studied in the
literature. The motivation for studying the profiles of such trees is multifold. Of course, digital
trees are used in various applications. For example, the profile represents the number of phrases
of length k£ in the Lempel-Ziv’78 built over n phrases. Second, the profile is a fine shape measure
closely connected to many other cost measures (height, saturation level, depth, path length, etc.).
And finally, the related analytical problems are mathematically challenging and lead to interesting
distributional results [3].

Digital search trees are intended for the same kind of problems as binary search trees. However,
they are not constructed from the total order structure of the keys for the data stored in the internal
nodes of the tree but from digital representations (or binary sequences) which serve as keys.
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Figure 1: A digital search tree built on eight strings sq, ..., ss.

In a digital search tree strings are directly stored in internal nodes. More precisely, the root
contains the first string and the next string occupies the right or the left child of the root depending
on whether its first symbol is “0” or “1”. The remaining strings are stored in available nodes which
are directly attached to nodes already existing in the tree (external nodes). A digital search tree
with n internal nodes is completed with n + 1 external nodes. These external nodes can be seen as
those positions where the next item can be stored. The resulting tree is then a complete binary tree
with the external nodes as leaves. The search for an available node follows the prefix structure of
a new string [2]. Figure [l shows a digital search tree built on eight strings si, ..., ss (i.e., s; = 0...,
so=1..., 83 =01..., s, = 11..., etc.) with internal (ovals) and external (squares) nodes, respectively.

In this paper, we are concerned with probabilistic properties of the external profile defined as
the number of external nodes at the same distance from the root. It is a function of the number
of strings stored in a tree and the distance from the root. We write B, for the external profile.
Actually we study the external profile built over n binary strings generated by a memoryless source
with unequal probabilities of symbols (asymmetric case), that is, we assume each string is a binary
independently and identically distributed (i.i.d.) sequence with p being the probability of a “1” and
g=1-p(0<p<qg<l).

Definition 1.1. Let X, be a sequence of integer random variable and Xy its corresponding Poisson
driven sequence, where N is a Poisson random variable with mean z. Let G(z,u) = E(u®V) =
> oo E(u*)Zre™* be its Poisson transform. The Poisson variance is introduced as

V(e) = Gile 1) + Gl 1) = (Gl 1)

where G',(z,1) and G, (z,1) denote respectively the first and the second derivative of G(z,u) with
respect to u at u = 1.

2. The Previous Results

In the following, we first review the main equations and results described in [2]. Let B, ; denotes the
(random) number of external nodes at level k in a digital search tree built over n strings generated
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by a memoryless source with parameter ¢ > p =1 — q. We recall the initial conditions

1, forn=0
Bno = { 0, forn>1.

The probability generating function of the external profile, B, ;. (u) = E(uPn*), satisfies the following

recurrence relation
n

Proasdi) = 3 () PP 0Psas () 1)

=0
with initial conditions Py (u) = 1 for k > 1, Pyo(u) = u, P,o(u) = 1 for n > 1. The corresponding
exponential generating function

W) =Y Poplu)—

fulfills the following functional recurrence

0
%Gk(m u) = Gg_1(pz,u)Gr_1(qx, u), k>1, (2.2)

with initial conditions Go(z,u) = u + e* — 1 and G%(0,u) = 1 (k > 1). By taking derivatives with
respect to u and setting u = 1 we obtain for the exponential generating function

EV(z =Y E(Bux)

n>0

the following functional recurrence
Ek(l)(x) = equéi)l(px) + ep$E££)1(qx), (2.3)

with initial conditions Eél)(x) = 1 and E,E,l)(O) = 0 (k > 1). The Poisson transform of E,gl)(x),
namely

=Y BB =B @), k20

n>0

translates recurrence ([2.3)) into
A (@) + A (0) = A (o) + A, (gn). k=L, (2.4)

with initial conditions Aél)(x) = e 7 and A,(:)(O) =0 (k > 1). Similarly, by taking second derivatives
with respect to u and setting u = 1 we obtain for the exponential generating function

n>0

the following functional recurrence

B (2) = e B, (px) + B (qz) + 2B, (p2) B, (qz), (2.5)
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with initial conditions E(()Q) () =1 and E,(f)(()) =0 (k > 1). Furthermore, the Poisson transform of
E,gz)(:c), namely

AP @) = Y BB = BY @), k20

n>0

translates recurrence ([2.5)) into
AP (@) + AP (x) = AP (px) + AP (g) + wi(2), k>, (2.6)

where wy(z) = 2A,(€1_)1(px)A§€1_)1(qx), Aé2) (x) = e * and A,(f)(O) =0(k>1).
By induction it is easy to prove that A,(f) (x) can be represented as finite linear combinations of

functions of the form Ez;pllqu with /1, ¢y > 0, and of products of two of these functions. Hence, the
Mellin transform of A} (),

Az(z)(s):/ AP ()2,
0

exists for all s with R(s) > 0 (see [1]). Since B, = 0 for k > n it follows that E,(f) () = O(2*) as
x — 0 which ensures that AZ(Q)(S> actually exists for s with £(s) > —k.
Let us now express AZ(Z)(S) as

AP (s) = T(s)F(s),

where I'(s) is the Euler gamma function. By definition, we know that F) ,52)(5) is the finite linear com-
binations of functions a=* (with certain values of a). Thus, F ,52)(5) is an entire function. Furthermore

(2.6 translates into
FP(s) = B2 (s —1) = T(s)F2(s) + HO(s), k>0 (2.7)

where

(2)!9:L OOw )z tdx
1) = 5 | e,

and F[)(2)(S) = 1. Note that does not only hold for (s) > —k where the Mellin transform
exists. Since F,§2)(5) continues analytically to an entire function, holds for all s, too. The
inhomogeneous part in (2.7)) is very large compared to the order of magnitude of the homogeneous
equation

E () = BV =) =T RN (), k>0, (2:8)
for the first moment. Since F, ,51)(5) behaves geometrically as T'(s)* it seems that the term F,Sr)l(s —1)

is negligible compared to the other two terms in 1' This phenomenon will also occur for F; ,52)(3)
and Fy(s). We introduce the so-called Poisson variance

Vo) = AP @) - (A0)

which should be a good approximation for the variance of the profile ([3]). By (2.4) and (2.6), Vi(x)
satisfies

Vile) + V(@) = Viea o) + Viea (a2) + (A0 @) (29)
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with initial condition Vy(z) = e *(1 —e™*) and V;(0) =0 (k > 1). The Mellin transform of Vj(z) is
then given as

Vi) = [ Vil e,
0
and again, we can use a factorization of the form
Vi(s) = T(s)Fk(s),

where V/*(s) and Fy(s) can be written in terms of Az(l)(s), AZ@)(S), F,gl)(s)7 and Fk(z)(s) respectively.
In particular, (2.9) translates into

Fi(s) — Fr(s — 1) =T(s)Fr_1(s) + Hx(s), k>0, (2.10)

where

Hyi(s) = F(ls) /000 (A;f(l)(a:)>2:z:s_1dm

and also Fy(s) =1 —27°. We also observe that Fj(—r) = 0 for k > r, since I'(s) Fi(s) is the Mellin
transform of Vi (z) that exists for R(s) > —k. We will use this property.

The inhomogeneous part of (i.e., Hy(s)) does not dependent on p and ¢ in comparison with
the inhomogeneous part of the functional-differential equation satisfied by variance of the profile (see
Section 2.1 in [2] for details: page 6). Thus asymptotic analysis of the variance done there through
Poissonized variance is not a precise analysis. In other words, the analytic function arising there
D(s,w) ([2, Lemma 4]) is not completely explicit. Let I be an identity operator and A[f](s) =
>0 f(s = )T (s — j) for some function f.

Kazemi and Vahidi-Asl [2] showed the following results:

Lemma 2.1. The function f(s,w) =37, Fi(s)w" can be represented as
f(s,w) = D(s,w)g(s,w),
where the functions g(s,w) = (I — wA)~!(s) and D(s,w) is analytic for |w| < 1/T(R(s)/2 — 1)

Theorem 2.2. Let Vi(z) denote the Poisson variance of the profile in unbalanced digital search
trees with underlying probabilities 0 < p < ¢ = 1 — p. Let k and n be positive integers such that
k/logn satisfies (log )~" +¢ < k/logn < (log )~" — ¢. Then uniformly

—Pn,k + qun,k:)knfpn,k 1
Vi(n) = L (pps, 1 k) P <1+O(—)>, 2.11
) = L (Pt Jogya ) 275 (pn )k vk .

where p,, 1, = p(k/logn) and L(p,z) is a non-zero periodic function with period 1 in z.

The function L(p,x) can be represented as L(p,x) = >, f(p + it;)T(p + it;)e 2™ where f(s)
has the form

f(s) = g(s = 1,1/T(s))D(s, 1/T(s)).
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Lemma 2.3. For every real interval [a, b] there exist kg, v > 0 and € > 0 such that
Fu(s) = f(s)T(s)* (1+ 0O (e™)), (2.12)
uniformly for all s with R(s) € [a,b], |3(s) — 2¢mlog(q/p)| < e for some integer ¢ and k > kg, where
f(s) = D(s,1/T(s))g(s — 1,1/T(s))

is an analytic function that satisfies f(—r) =0 for r = 1,2,... and is bounded in this region.
Furthermore, if |3(s) — 2¢mlog(q/p)| > ¢ for for all integers ¢, then we have

Fy(s) = O (T(R(s))"e %), (2.13)
uniformly for R(s) € [a, b].

In Theorem [B.4] below we show that

ir oy ha(s, 1/T(s)) T(s) = T(—r)
f(s) = ;Fe(—r)w T(s) A 1/T(s) )
g _y ha(s,1/T(s)) T(s)—T(-r
+ ;Fe(—r)w’zT(S) B((—r, 1//T((s))))' (T)(s) _(77 ) 2.14)
where i o Lt )
A(=r,w) = hy(—r,w) + 1—w(T(—r)—77)h2( rw)
and

1—w(T(-r) -

n)
1 —wT(—r) (= w).

B(—r,w) = hy(—r,w) +

In this function all parts are explicit and are analytic for |w| < T(R(s) —n)~' (see [2] for hy(s,w)
and Lemma [3.3| for hay(s,w)).
We obtain an explicit solution of (2.10)) by introducing two proper functional operators:

Clfl(s) = > fls—3),

wl(s—j)  L—w(T(s) = n)
—J7)—=n 1-wT(s)

Ri(s) = AM1)(s)
Hy(s) = Cl[Hi](s) = ClHp](c)
Tis(s) = AF[H(s),

G(s,w) = ZHk(s)wk,

for all k,¢ > 1.
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3. The New Results
Lemma 3.1. Suppose f(s,w) = >, Fr(s)w*. Then for all k > 1 and complex s,

f(s,w)g(c,w) = g(s,w) + n(s,w), (3.1)
where

n(s,w) = glc, w)G(S,wZ

1—w
+ gle,w)(I—wA) G
+ g(s,w)(I—wA) G

=%
s &

), w#L (3.2)
Proof . See Appendix A. [J

Remark 3.2. The proof of (3.1)) makes use of the fact that Fj(c) = 0 for £ > 1. However, we also
have Fj(—r) =0 for k > r [2]. In particular, if we set s = —r in (3.1)) we find that

f(—?", w)g(c, w) = g(—?”, w) + TL(—T, w)

and consequently

T

f(s,0)(g(=r,w) +n(=r,w)) = (g(s,w) +n(s,w)) Y Fo(—r)u’.

=0

First of all, we have the following result by convolution of Laplace transform [2]:

|Hy(s)| = ’ﬁ/ﬂm <A;€(1)(5L‘)>2x‘9_ldﬂﬂ)

L T A g A
e %‘/m SR
< \ng—s)\ _:O tlls = LT IT(s = £ = 1) (TRE) ~ DTR(s — ) - 1)>kdt
< CT(c—1)* R(t) =c=R(s — 1),
_ Ris) \* _ R(s)
= CT (T - 1) €=—5
< (TR - ), (33

for constants C” and C' and for some 7 > 0.

Lemma 3.3. There ezists a function hy(s,w) that is analytic for all w and s satisfying
w(T(s—n)—mn)#1, foralln>1,

such that o )
n(s,w) = T w(T() =) (3.4)

Thus, n(s,w) has a meromorphic continuation where wo = 1/(T(s) —n) is a polar singularity.
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Proof . By definition of [?[k(s) and (3.3), n(s,w) converges absolutely and represents an analytic
function, since |T'(s — j)| < |T(s)| max(pq)? for j > 0. Also

(I—wA)[n(s, )](s) = r(s,w),

where
r(s,w) = G(s,w) + (ﬁk(s) - f]k(c)) (1 —w)™t + G(s,w)ym(c,w) — G(c,w)g(s,w).

If we substitute n(s,w) by

ho(s,w)
1—w(T'(s) —n)’
hen
t 1 —w(T(s) — )
ho(s,w) = Dl[hs](s) 1= wl(s) r(s,w)
For convenience, set
wT'(s —j) 1 —w(T(s) —n)

V(S_jaw) =

L—w(T(s—j)—n) 1-wl(s) °
By induction it follows that
D[I(s) = D> > Vis—jnw)V(s—ji—jo,w)
J120522>0 Jk=0
V(s =ji—+ = jrw)

ny—1 ng_1—1 no—1

= Z Z Z ---ZV(s—nl,w)V(s—ng,w)

nka nkflik‘—l nk,Q:k—Q ni=1

V(s — ng,w).

Hence,

ID*[1](s)] < Z Z Z ---Z]V(s—nl,w)V(s—ng,w)

ng>k ng_1>2k—1ng_o>k—2 n1>1

V(s — ng,w)|
< DY Wis—mew)| Y V(s —mer,w)|
nka nk_lzk‘—l
Z V(s —ny,w
ni>1

Using the fact that T'(s — n) = O(q"), it follows directly that the series

wT'( s—n)(l—w(T(S)—n))’
S_Z|V‘S_nw|_zll— T(s—n)—n)|[1 —wT(s)|’

n>1

converges if w(T'(s —n) —n) # 1 for all n > 1 and 1 # wT'(s). Let now kg be any value such that

Z|Vs—nw )| <

’I’L>k0

l\DI»—t
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Then we have for all k& > k,
1\ K
k < (2 ko
A1) < (5) (25)

Since |r(s,w)| < C(1 — w(T(R(s) —n))~! and

ho(s, w) = [Z Dk[l](s)] L w(T(s) =m) oo o)

k>0
thus |ha(s, w)| < 2(25)% + C” for constant C’. [J
Theorem 3.4. For every real interval [a,b] there exist ko, v > 0 and € > 0 such that

Fils) = F&T() (140 (4))) (35
uniformly for all s with R(s) € [a,b], |S(s) — 2¢nlog(q/p)| < € for some integer ¢ and k > ky, where
f(s) is an analytic function that satisfies f(—r) =0 forr=1,2,....

Furthermore, if |3(s) — 2¢mwlog(q/p)| > € for for all integers ¢ then we have
Fi(s) = O (T(s)"e¥)). (3.6)

uniformly for R(s) € |a,b] where f(s) described in (2.1]).

Proof . Let hi(s,w) = [[;5, 1/(1 —wT(s —j)) [2]. We have

s.w) = - PR g(s,w) + n(s,w)
f( ) ) ;FK( ) 9(_7",w)+n(—r,w)
Nyt 95 W)
_ Z;Fg( ) AT Sy a—
)

—r)w* ha(s,w) 1 —w(T(=r) —n)
%Ff( ) B(—r,w) 1 —w(T(s)—n)

= fi(s,w) + fo(s,w). (3.7)

Suppose first that s > —r — 1 for some integer » > 0 but s is not a positive integer. The function
hi(s,w) is analytic for |w| < 1/T(s —1). It also follows that h;(s,w) is non-zero for real 0 < w <
1/T(s—1) and that hy(—r,w) is analytic and non-zero for 0 < w < 1/T(—r—1). Hence, wy = 1/T(s)
is a singular point of fi(s,w). Since Fy(s) = V;*(s)/I'(s) it follows that all values Fj(s) have the
same sign. Hence, the radius of convergence of the series f(s,w) equals wy = 1/T(s).

In a next step we show that fi(s,w) has no other singularities on the radius of convergence
lw| = 1/T(s). Since all terms in fi(s,w), that is, > ,_, Fp(—=r)w’, hi(s,w), A(—r,w), 1 —wT(—r),
and 1 — wT(s) are analytic for |w| < 1/T(s) + ¢, a singularity of f;(s,w) can only be induced by a
zero of A(—r,w). Suppose first that A(—r, w) has a zero wy with |w;| < 1/T'(s). Since A(—r,w) # 0
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for 0 <w < 1/T(—r — 1) it follows that wy # 1/T(—r) and wy # 1/(T(—r) —n). If we assume that
S0 Fe(=r)wi # 0, then w = w; must be a zero of hy(s,w). We slightly decrease s to s — ~ (for
some v > 0 such that s — « is not a positive integer) such that hi(s — v,w;) # 0. Then the zero
w = wy of A(—r,w) would induce a singularity w; of fi(s,w) with |w;| < 1/T(s) although its radius
of convergence is 1/T(s—+) > 1/T(s) > |w;|. This leads to a contradiction. Hence, if A(—r,w;) =0
for some w; with |wy| < 1/T(s), then we also have Y ,_ Fy(—r)w] = 0. Actually, it also follows
that the order of the zeroes are the same. The above considerations also show that if w = w; is a
zero of A(—r,w) with |w;| < 1/T(—r — 1), then w; is also a zero of >_,_, Fy(—r)w{ = 0 of the same
order. Namely, if |w;| < 1/T(—r — 1) then there exists a non-integral real number s > —r — 1 with
|lwi| < 1/T(s) and we proceed as above.

This property shows that the only singularity of fi(s,w) is given by w = 1/T(s) if s > —r — 1 is
real (but not an integer). This singularity is a polar singularity of order 1. Hence, by using Cauchy’s
formula for a contour of integration on the circle |w| = €7/T(s) and the residue theorem it follows

that [1]
[w*]fi(s,w) = fu(s)T(s)" + O (IT(s)e™"[) (3.8)

where
B : AT () hi(s, 1/T(s)) _ M
= ;Fz( )T'(s) A(=r,1/T(s)) (1 T(s) ) ‘

These estimates are uniform for s contained in a compact interval [a,b] C (—r — 1, —r) (for some
non-negative integer r) or in a compact interval [a, b] contained in the positive real line. Furthermore,
we get the same result if s is sufficiently close to the real axis. Thus, if a < R(s) < b and |J(s)| < ¢
for some sufficiently small € > 0, then we obtain (3.8]). Here we have also used the fact that fi(s) # 0
in this range.

Next, suppose that s is real (or sufficiently close to the real axis) and close to a negative integer
—r,say —1r —v < s < —r + v (for some v > 0). Here we use the representation

o h1 (s,w) 1—wT(-r)

fils,w) = ZF —r,w) 1—wl(s)
B h1 (s,w) — A(—=r,w) 1 —wT(—r)
B Z F(= A(—=r,w) 1 —wT'(s)

1 T'(s) —T(=r)
+ éz:; Fe(—r)wk + gz:; FZ(_T)’LUH_ m

Now if we subtract the finite sum >_,_, Fy(—r)w” , then we can safely multiply by I'(s) (that is
singular at s = —r) and obtain

r L(s)(hi(s,w) — A(—r,w)
s) ZFk(s)wk = ZFK(—T)wk ( A )
k=0 ’

k>r

1 —wT(—r)
1 —wT(s)

X

r r
=0
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We again use the fact that the function >,_, Fy(—r)w’/A(—r,w) is analytic for |w| < 1/T(—r — 1)
and observe that w = 1/T(s) is a polar singularity. By applying Cauchy’s formula we obtain for
k > r (similar to the above)

F(S)[wk]f1(57w> — ZFZ(—T)T(s)ka (1 - TISESS))

0(s) (A (s, 1/T(s)) = A(=r,1/T(s))
A(—=r,1/T(s)

+ i Fy(—r)T(s)"7'T(s) (T(S) - T(—r))

+ O(T(s)e™|").

Thus, we have actually proved for k > r and we also observe that fi(—r) = 0.

Since |T'(s+2mil/ log(q/p))| = |T(s)]| for integer ¢, it follows that w = 1/T(s) is a polar singularity
of fi(s,w) if |S(s) — 2mwil/log(q/p))| < € for some integer ¢. Thus, follows also for s in this
range. Finally, if |3(s) — 2mil/log(q/p))| > € for some integer ¢, then there exists v > 0 such that
IT(s)| < e™®|T(R(s)|. Hence it follows that fi(s,w) is regular for |w| < €*7/T(R(s)). Thus, for a
contour of integration on the circle |w| = €7/T'(R(s)) in Cauchy’s formula we obtain

(W] fi(s,w) = O (T(R(s))* e ™).

It should be clear that this estimate is uniform if R(s) varies in a finite interval [a, b].
Since fa(s,w) only has a polar singularity w = 1/(T(s) — n) of order 1, thus for a contour of
integration on the circle |w| = e7/(T'(s) — n),

[w*]fa(s, w) = fo(s)T(s)" + O (|(T(s) = me ") ,

where

(s UT() ( T(r) -
o) = 2 BT g ) (e
If |S(s) — 2mil/ log(q/p))| > €, then

[w"] fa(s,w) = O (T(R(s) —n)* e ).

It is obvious that wy = 1/T'(s) is a dominant singularity of f(s,w). Thus for every real interval [a, b
there exist kg, v > 0 and € > 0 such that

Fi(s) = [w]f(s,w) = f(s)T(s)* (1 + O (e7)),

) ey (s T() ()~ T(r)
= 2 AT G S T 1)

¢ ha(s, 1/T(s)) T(s) =T (=)

+ Z Fg(—T)U)ET(S) B(—r,1/T(s)) T(s)—n
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uniformly for all s with R(s) € [a,b], |S(s) — 2¢mwlog(q/p)| < € for some integer ¢ and k > ko,
where f(s) is an analytic function that satisfies f(—r) = 0 for r = 1,2, .... Furthermore, if |3(s) —
20mlog(q/p)| > ¢ for all integers ¢ then we have

Fi(s) = O (T(R(s))" e ")
uniformly for R(s) € [a,b]. O
By the above discussion, we know that Fi(s) and V;*(s) = I'(s)Fx(s) behave asymptotically as

T(s)k. Thus we are in a situation similar to the analysis of the previous article [2] but here the
analytic function f(s) introduced in the above theorem is completely explicit.
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Appendix A
Proof .[Proof of Lemma It is obvious that

n(s,w) = Z i Ry(¢) Hy_o(s)w" + Z i (Tk_g’g(s) — Tk_&g(c))wk

k>0 ¢=0 k>0 (=1
k—2 k—j—1

+ 3 S (BT sals) = Ry($) T jole)

and .
f(s,w)g(c,w) = Z ZFz(S)Rme(C)w
k>0 (=1
Thus it is enough to show that
k—
Fi(s) = ZFe ) Ri—i(c Z ¢)Hi—o
=0

k—1 k—2 k—j—1

+ (Tk_e,e( ) = Ti—eulc >+Z ( ) Th——je(s) — Rj(S)Tk—f—j,e(C)>-

1

o~
Il

We will prove this relation by induction. Certainly, it is satisfied for £ = 0. Now suppose that it
holds for some &£ > 0. Thus

Fk+1(3) = sz—i—l( Rk+1 Zsz \C F2+1 )

k-1 k=1

+ Ri—e(c)Hesa(s) + ZRe AlHy_f)(s) - > Re()A[H, ()
=0 (=0
k—1

+ <kae+1,z(8) — Tk%ﬂ,f(c))
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— Y Ri(8)Ti—ee(c) + Y Ri(0)Trre(c)
Ii:; k—j—1 - k—2 k—j—1
+ > Y Ri(OThrjrals) — Ri(c)Th—t—j11,0(c)
j=1 =1 j=1 =1
k—2 k—j—1
= > > Ria(s)Tiee (o)
j=1 =1
k—2 k—j—1 N
+ > D Rini(@Theje(e) + Hipa(s)
j=1  r=1
k k
= Ria(s) = Y Riqie(0)Fu(s) + Y Re(c) Hypa—o(s)
(=0 =0
£ 3T RUOAITL () — S Re) Al (0
/=0 (=0
# 30 (Tiernels) = Tiaraale)) = (AL(s) — AlTI(0))
/=1
k—1 k—1
— Z Rl (S)Tk_g Z(C) + Z Rl (C)Tk_g,g(c>
/=1 /=1
b S ROT e gerd(s) 3 R (5
j=1 (=1 =1
=S ROTe ) + S R(OAI (o)
N -
— Rj(S)Tk_H_g_j,g(C) + Z Rl(S)Tk_e,g(C).
j=1 =1 =1

Now by removing the same expressions the proof is completed. [



	Introduction
	The Previous Results
	The New Results

