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Abstract

In the present article, we introduce Chlodowsky variant of (p,q)-Bernstein operators and compute
the moments for these operators which are used in proving our main results. Further, we study some
approximation properties of these new operators, which include the rate of convergence using usual
modulus of continuity and also the rate of convergence when the function f belongs to the class
Lipps(«). Moreover, we also discuss convergence and rate of approximation in weighted spaces and
weighted statistical approximation properties of the sequence of positive linear operators defined by
us.
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1. Introduction

In the field of approximation theory, the Bernstein polynomials discovered by S.N. Bernstein [3]
in 1912, possess many remarkable properties, so new generalizations and applications are being
discovered of it. The aim of these generalizations is to provide appropriate and powerful tools
to application areas such as numerical analysis, computer-aided geometric design and solutions of
differential equations etc.
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During the last two decades, the applications of ¢-calculus emerged as a new area in the field
of approximation theory. The rapid development of g-calculus has led to the discovery of various
generalizations of Bernstein polynomials involving g-integers. The first g-analogue of the well-known
Bernstein polynomials was introduced by Lupag [16] and another generalization of it was due to
Phillips [24]. Since approximation by ¢-Bernstein polynomials is better than classical one under
convenient choice of ¢, many authors introduced ¢-generalization of various operators and investigated
several approximation properties, for more details we refer the readers to [13], 17, [19].

Recently, Mursaleen et al introduced (p, ¢)-calculus in approximation theory and constructed the
(p, ¢)-analogue of Bernstein operators [20] and (p, g¢)-analogue of Bernstein-Stancu operators [21],
(p, ¢)-analogue of Bleimann-Butzer-Hahn operators [22], Bernstein-Schurer operarors [23] and investi-
gated their approximation properties. The (p, ¢)-analog of Szasz-Mirakyan operators [I], Kantorovich
type Bernstein-Stancu-Schurer operators [4] and Kantorovich variant of (p, ¢)-Szasz-Mirakjan oper-
ators [18] have recently been studied too.

Motivated by their work, in this article, we introduce Chlodowsky variant of (p, ¢)-Bernstein op-
erators. We have organised our paper as follows: In Section 2, we define (p, ¢)-Bernstein-Chlodowsky
operators and estimate the moments for these operators which are used in proving main results.
Section 3 is devoted to study some approximation properties of these new operators, which include
the rate of convergence using usual modulus of continuity and also the rate of convergence when the
function f belongs to the class Lipy/(«). In section 4, we discuss convergence and rate of approxi-
mation in weighted spaces. Moreover, we study weighted statistical approximation properties of the
operators in the last section.

Let us recall certain definitions and notations of (p, ¢)-calculus:

The (p, q)-integer was introduced in order to generalize or unify several forms of g-oscillator
algebras well known in the earlier physics literature related to the representation theory of single
parameter quantum algebras [5]. The (p, ¢)-integer [n],, is defined by

[n]p.q =P 4 , n=01,2..., 0<g<p<l.
pP—q
The (p, g)-factorial [n], ! and the (p, g)-binomial coefficients are defined as :

], ! == { ], n =1, --[1,,, nEN

1, n=

and

[Hm: " ;[?ipf!k] L0<k<n

Pq’ p.q

Further, the (p, ¢)-binomial expansions are given as

n
(n—k)(n—k—1) k(k—1) _ _
(ax—|-by)z7q: E P 2 qg z a" kpk pn kyk’
k=0
and
n n—1 n—1

(x =y, =(@—y)(pr—q) P’z —y) ... (0" 'z —¢"y).

Details on (p, g)-calculus can be found in [9] 1T, 25, 26]. For p = 1, all the notions of (p, ¢)-calculus
are reduced to g-calculus [12].
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2. Construction of operators

For a function f defined on the interval [0, b,], the g-Bernstein-Chlodowsky operators C,, ,(f), n > 1
[14] are defined as:

Coa) @) =3 (%b) i ()T (-vp) osesn

k= s=0

where (b,) is a positive increasing sequence of real numbers with b, — oo as n — oo. Some
approximation properties of the above said operators including the rate of convergence studied in
[14].

Now, by means of (p, ¢)-calculus, we introduce (p, ¢)-analogue of Bernstein-Chlodowsky operators
as follows:

1 [ n z\* z\"F k]
Cop (i) = — [ ] 2 (_) (1__) f<n_mbn e
P:q P (n—1)/2 Z k - b, b, pk [n]p,q

k=0 p.q

T n—k n—k—1 T
T )
< bn p,q =0 bn

s

where

For p = 1, the sequence of operators ([2.1]) turns out to be the classical ¢-Bernstein-Chlodowsky
operators defined in [14].
Now, we need the following basic lemmas for studying our main results:

Lemma 2.1. (i) C,,4(e0;x) =1,
(ii) Chpyqler;z) =z,

. _ p" b, qln—1]pq .2
(ili) Chpq(e2;z) = e LT T T

(iv) Chpg (e330) = i pPn=? 4 Crraliln tpge®n oty 'lo—tpalnZpas”
g [n] [n]2 4 3,4

(v)

b 4, 4 N q(3p* + 3qp + ¢*)[n — 1], ;b2 a? ot

Chpg(€1;2) =
- Iz, 2,
L PO+ 20+ @) = Tyl = Zpgbar®
(]2 P
p,q
q° [n — 1]1741[” — 2]1041[” — 3]p,qx4
2, /

where e,(t) =t, v=0,1,2,3,4.

Proof . It is obvious that (i)

1 n n B - k T n—k—1
Crpq (€03 1) = pr(n=1)/2 Z { k } pk(k v (b_) <1 - b_> =1
P n "
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n—1 k+1 n—k—2
:bn—x [n—l] pk(k_l)/2<£)+ (1_£> =7
n—1)(n—2)/2 .
bupn VDR L | k| bn b/ pa

(i)

Chpq (€2;7)
1 n v k T n—k—1 [k’]2
_ Z [ n ] D k=1)/2 (_) <1 B _) pay?
n(n—>5)/2 "
p ( )/ om0 k p.q bn bn D,q [n]p,q
b2 - {n—l} E+1)(k—4)/2 [ * s AN
= T 2 R ) B Ut
prn=9/2n], =0 k Py bn o pa
From [k +1],, = p* + q[k],q, we get
Chrpq (€2;7)
2 n1 { n_1] (px)kH( x)”—’”
- n (k+1)(k—4) /2 ¥
__ » e 1-— (0" + q[klp.q)
p ( 5)/2[n]pq k=0 p,q bn bn b
b2 x — [ n—1 ] (k2—k—4)/2 Zﬁ) o (1 _ £>n—k—2
PPl by = | kL bn bn/ pg

Rgln — 1),y 222 [ n—2 o e
T (nfg)gg_?))/z]p’q I_2 Z { " k ] (E) (1 B 2)
P [npq b7 pa \bn bn

_ PP rab, | gln = 1], 42°
[n]pq [n]l’q
(iv)
Cn,p,q (63; [IZ’)
n k n—k—
_ 1 Z [ n } PH=T/2 <£) (1 _ ﬁ) 1 [k];;,qbs
n(n— s
p (n—=7)/2 0 k’ P bn bn p,q [n]p,q

n—1 k+1 n—k—2
R D { " } pUHOOR 1] (ﬁ) (1 B E)
n{n— 2 ’ .
p (n=T7)/2 [Tl]pg -0 k D,q 7\ bn ba
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By [k + 12, = p** + 2qp"[k]pq + ¢*[F]2,,, we have

Crpag (e3; 1)
n—1 k+1 n—k—2
_ by Z { n—1 } (k?—k—6)/2 ( > ' (1 _ ﬁ)
n(n—7)/2 2
p ( )/ [n] k=0 k p.q bn b Dq

P9 k=0 p,q
bix p2n—2 4 2q[n — 1] %bn 4 4 PR [n—1], qbnx2 1 q3[n — 1pqln — 2], qxg
)74 . [n]3 )74
biflf on_2 , 2P+ q@)gln —1]p2%b, 4 i q3[n — 1pqn — 2]p,qx3‘
[n]?),q [”]g,q [n]qu
(v)
Crpg (€45 7)
1 . [ n ] (95 )k ( x )nkl k(k—1)/2, —4k K pq 14
=~ o) U5 R
prn=9r k=0 k P,q bn bn P.q [n]p,q
b4 n—1 n—1 T k+1 T n—k—2
- n (k1) (k=8)/211. 4 113 [ = 1— =
pn(nig)/z [n]%q ; |: k :| D,q b [ + ]p7q (bn) ( bn ) p,q
Using the fact [k + 1]3 , = p* + 3p**q[kl], ¢ + 3p"P[k]2, + ¢*[K]} ., We obtain
Crpyg (€43 7)
B b pin—3 nz—i { n—1 } 2 (£>k+1 (1 - £>n—k—2
pn—1)(n—2)/2 [n]gq — k . b, by, v
3qbi nelr vy (@ k1 2\ k2
n(n 9) /2 3 Z k [k]p’qp b_ 1- b_
Pq =0 - 4pq n "/ pg
-1 r : k+1 n—k—2
T W £
pn(n— )/ [n]nq o L k’ Ipyq ’ bn bn P
bl 1 2\ A 2\ k2
1" (k+1)(k—8)/2 [ _ =
N e Y R @) (-3
k=0 - dpyq P.q
_ Ot s, 4GP+ 300+ @) = Upobnt” o
¢°(3p* + 2pq + q2)[n — 1pqn — 2]p,qbnx3 n—3 | q° [n — 1], 4[n = 2]p4ln — 3]p,qx4
[, ! [, |
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Form Lemma 2.1, we have the following equalities:

p"x(b, — 1)

[]p.q

Cn,p,q«t —z); 33') =0, Cn,nq((t — )% x) =

Remark 2.2. For ¢ € (0,1) and p € (g, 1] it is obvious that (i) when p = 1, lim [n],, = lim =2 =
n—oo n

1%(1 and (ii) when p < 1, nli_g)lo[n]p,q = 7}1_{{)10 p;_gn = 0. This implies that Ci, ;,4(e; z) and Cy, 4 ((t —

x)Z;x) do not converge to x? and 0, respectively, as n — oo, as in the case of original (p,q)-
Bernstein-Chlodowsky operators. This situation arises due to two reasons. The first one belongs to
(p, q)-integers and the second one belongs to the sequence (b,). In order to reach to convergence
results of the operators C,,,, we take sequences ¢, € (0,1) and p,, € (gn, 1] such that nh_g)lo Pn =1

_ - ) - . bn
A gn = 1. So we get. i [n]y, q, =00 and lim prics=0.

To solve the difficulty about (b,), one can study point-wise convergence, uniform convergence on
any closed finite subinterval of [0, 00) and also on weighted spaces.

Lemma 2.3. Let ¢ .= (¢,), p := (Pn), 0 < ¢ < pn < 1, be sequences such that p,,q, — 1 and
pr—a, g — b asn — oco. Then, we have the following limits:

(i) lim 522Gy, (8 = 2)% 0) = az,

n 2
(ii) lim Zanc, (¢ — 2)% 2) = 3ax?.
n—00 n

Proof . (i) From (2.2)), we have

n—1,.2 n—1
Onvpnyqn((t - x>27 x) - [n] —+ [n] n
qn qn
Then, we get
_n—1,..2
[n]pn7Qn Cn7pn7qn((t _ 33)27 x) — M + xpz_l.

bn by

Let us take the limit of both sides of the above equality as n — oo, we have

: [n]Qn 2 : _p2—1x2 n—1
= ax.
(ii) Again from Lemma and by the linearity of the operators C,, ,,. 4. (f; %), we get
Cropnan(t—2)h2) = Ay pa® + Agpa® + Az pa® + Ay

where

Al n
P[0 (0% A+ 20 — @) + P (Mg (<00 + 3Pnds + @) — P20 (07 + P+ 20ndi + 43)

[n]gn sdn 7
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P32 o (08 — 20ntn + 47)

A2,n = bn
[n]3.. "
P (G = 4Pndn = 3Pndn + 20) = P3P + 3Pud + 5P+ )
[n]?’n qn "
A P2 M pnge (=P34 3pngn + q3) — 2 (3pi + 45 + 3Pndn) b2
3n — [n]gn ny
3n-3}3
A4,TL = p 3 -
[n]3,
Taking the limit of both sides of A, ,, we get
li [n ] A
e (i)
i {2 b, (P = 00)® PR 3P0t ) PP P 2Padn + 4)
n—oo by b [ ]qnbi
i { 2P = @) (P = gn) | PP+ 3padn +dn) P00 P+ 2Pndn + 4)
n—oo by by [n]q.b7
=0. (2.3)
Similarly, we can compute
[n]3,
Jim g ) = 24
[n]3,
111;%0 0 {A3,} = 3az? (2.5)
and n ]2
tim 2 (A} =0 (2.6

By combining ({2.3))-(2.6)), we attain our desired result. [J

3. Local approximation properties of C,, , ,(f;x)

In this section, we study the Korovkin’s approximation property [I5], order of convergence under
usual modulus of continuity and Peetre’s K-functional, and the rate of convergence when the function
f belongs to the class Lipy/(«), etc.

From Lemma 2.1, we can immediately give the following Bohman-Korovkin-type theorem:

Theorem 3.1. Let (p,), (¢,) be sequences of real numbers such that 0 < ¢, < p, < 1 and A > 0.
Then for each f € C[0,00), the sequence of operators C, . 4. (f;x), 0 < z < b, converges to f
uniformly to f(z) on any finite closed subinterval [0, A] provided lim,, o p, = 1 and lim,, o g, = 1.

Now we will compute the rate of convergence in terms of modulus of continuity.

Theorem 3.2. Let (p,), (gn.) be sequences of real numbers such that 0 < ¢, < p, < 1 and
lim, oo P = 1 and lim,, oo g, = 1. If f € C[0,00), we have

|Cropra (f32) = f(2)[< 20 (f, \/w ) . (3.1)

[n]pn An
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Proof . Taking into account the sequence of positive linear operators C, ,, for p = p,, and ¢ = gy,
we have

‘On,pn,qn(f; SU) - f(m)|

S L1 )
| on(n=1)/2 p L T n iy On ) T J\E
p( D/ k=0 k Psq bn, bn D,q pk [n]pyq

1 " n] _
< D72 Z k pHEhre

k=0 " - p.q

(@) (=), I :
n o or 7 k n—k —kyﬂp’q b, —
3] (@) () (o)

k=0 - - D,q p,q
w(f,0) ~[n] k(k—1)/2 [ £ ; z\"
= nn—1)/2 p b 1=
prun—1)/2 % i k lpa b, b, o
+ w(/f,d) 1 Zn: [ n } pk(k—l)/2 ﬁ)k (1 . ﬁ)n_k [k]p,q b — 2
0 pn(nil)ﬁ k=0 k Pyq bn bn P,q P [n]p,q
N
w(f,9) 1 - {n} k(k—1)/2 [ * * z\" [k]pq
=w(f,0)+ oy PR (1-— gy e R
g p oz kzzg k Pyq bn bn Pyq r [n]p,q
1
) "Lx(b, — 2
:w(ﬂé”w(f, ){pn 2(bn x)} .
5 [n]pn#In
By choosing §,, = §,(z) = W, we have
n—1 b, —
Chp (i) = F@)|< 20 [ £, [P0 =) )
[n]Pn,qn

This completes the proof of the theorem. [

It is easy to see that, the right hand side of of relation (3.1) can diverge. Indeed, for = = %" we

n—1;2 . .
have § = [Z;ﬁ—b". We can not guarantee 9 — 0 as n — oo in this case.
Pn,dn

In view of the previous theorem, we can give the following results on the degree of pointwise
convergence and uniform convergence as follows:

Theorem 3.3. Let (p,), (q.) be sequences of real numbers such that 0 < ¢, < p, < 1 and
limy, o0 P = 1 and lim,, oo g, = 1. If f € C[0,b,], then

[n}pnﬂln

|Cn,pn,qn(f§$o) — f(:zco)}g 20 <f7 M > ’

where xg 15 any fixed point.

Proof . Note that
Pz_liﬂobn

[n]pn,qn

P x(bn — )

<
[n] Prdn

(3.2)
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for any fixed point xy. In view of the monotonicity properties of the modulus of continuity and
(13.2]), the remaining part of the proof of this theorem is analogous to the proof of the Theorem ,
therefore, we skip the details. [J

We can also have a theorem similar to the proof of Theorem as follows:

Theorem 3.4. Let (p,), (g.) be sequences of real numbers such that 0 < ¢, < p, < 1 and
lim,, 0o P, = 1 and lim,, o ¢, = 1. If f € C[0, 00), we have for sufficiently large n

n—1Ap,
Hon,pn,qn(f)_fH§2w <f7 p;;_) )

)1

where A > 0 is a constant being appeared in Theorem [3.1]

Definition 3.5. We denote by C?[a, b], the space of functions f such that f, f’, f” belong to Cla, b].
The norm on the space C?[a, b] can be defined as

2
1Fllezonn = D 1l (3:3)
j=0

Definition 3.6. For f € Cla,b] and t > 0, the Peetre’s K-functional is defined as

K(f,0):= inf ]{Hf—gHC[a,b]+tHQHCQ[a,b}}-

geC2[ab
Theorem 3.7. If g € C?0,b,], then

Dol < P =)
o (952) = 9(@)| < =55

— X
19llc2(0,6n)5
p,q

where 0 < g <p < 1.

Proof . Using Taylor’s formula with integral remainder term, we can write

d t—x d2
g(t) =g(z) + (t — x)—g + / (t—x— u)—gdu (3.4)
0 dx
Applying the operators C,, , , to (3.4]), we have

’Cn,p,q(g?x) - g(x)]
dg t—x d2g .
Chpg <(t — m)ﬁ + /o (t—x— u)@du, x

dg ng t—x d29
— Chpg (/0 (t—z— u)@du; x|,

dx da?
Since fot_z(t — 2 — u)du = (t — x)?, we obtain from (2.2)

<
dx?

Cop (= 2);2)| + \

C[0,by] C[0,bx]

d*g

p"ta(b, — )
dx?

2[n]p.q

|Crpqlg;z) — g(z)] < .
C’[O,bn]
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By the relation (3.3, finally we have

n—1
p"te(b, — x)
‘Cn,p,q(QSx) - g(x)| < T ol HQHCQ[O,bn]-
[n]p,q

This ends the proof of the theorem. []
Now, we can prove the following theorem:

Theorem 3.8. Let (p,), (g.) be sequences of real numbers such that 0 < ¢, < p, < 1 and
lim, oo pr = 1 and lim,,_,. g, = 1. If f € C[0,00) and A > 0 a constant, then

n—1
Py Aby
||On,pm%(f§ T) — f(x)||c[o7bn] <2K (fa 2—) .
1] p e

Proof . By the linearity property of C,,,, 4., We have

|Crvpran (f32) = f(2)]

S NCopnsgn (F32) = Criprign (95 %) + [Criprgn (952) — g(2)] + |g(@) — f ()]

<N = 9llcppn 1Crpnan L 2)] + L = gllcpopn T Crpnan(9:2) — 9()] -
From Theorem [3.7], we have

by — x)

|Cn,pn,qn(f; T) — f(l‘)‘ <2||f - QHC[O,bn} + 9 HgHC2[0,bn}a
[n]pn:Qn
and hence
n—1
- Aby
1Crpnsan () — f”c[o,bn} <2[f - g”c[o,bn] + 2[n] Nl 9lle2g0,6,- (3.5)

Pnsdn

Taking the infimum on the right hand side of (3.5]) over all g € C?[0,b,], then

n—1
pnAby,
(o (i) = £, < 26 (15222,

[n] Prsdn

This completes the proof. [J

Now we give the rate of convergence of the operators C,, ;, , in terms of the elements of the usual
Lipschitz class Lip,,(«).

Theorem 3.9. Let (p,), (g.) be sequences of real numbers such that 0 < ¢, < p, < 1 and
limy, o0 P = 1 and limy, oo g, = 1. If f € Lipy,[0,b,] and x € [0, A], A > 0 a constant, then

-1 &
pn Ab, | 2
|Cpnran (f32) — f(x)HC[o,bn] <M {—} )

[n] Prdn

Proof .
|Cn7pn,qn (fa f) — f($)‘

1 n n T k T n—=k
e Eli] () (-0
— n(n—-1)/2 n

pn( )/ k=0 k Prsdn bn bn Prdn
< M —~[n k(k—1)/2 [ £ ‘ 1 v\
ICEYE > Bl Pr b, " b,

n k=0

f ey, )~ pa)
pEm ],

(67

Wpgn ,

pk—n

[n]pn sqn
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Now applying the Hélder’s inequality for the sum p; = % and p; = ﬁ, we have

|Coipuan (f17) = f ()]

_ k n—=k 2
<Mt n] e () (-0) (e )
Pn k=0 Prsdn n n/ pnan  \Pn [n]pn -

2—a

n T k T n—k 2
Al Gea) )
Pnsdn bn bn Pnyqn

Form ({2.2)), we have

‘On,pmqn(f%ﬁ) —f(a:)‘ < M{W}Z

[n]pn An

This implies that for z € [0, A],

zﬁlA%}g
[n]pn Jan 7

HCn,Pn,qn<f) - fHC[O,bn] S M{

which tends to zero as n — oo. This completes the proof of the theorem. [

Theorem 3.10. Let (p,), (g.) be sequences of real numbers such that 0 < ¢, < p, < 1 and
lim, yoopp, = 1 and lim, o q, = 1. If f(x) has a continuous derivative f'(x) and wi(J) is the
modulus of continuity of f'(x) in [0, A]. Then

P by P by
’Cn,pn,qn(fQ r) — f(x)‘ <N w1 ( ,

where N 1is the constant independent of n.

Proof . Using the mean value theorem, we can write

f Wy ) flz) = My F(€)
P g P Pl
_ [k]pn,qn / [k]pmqn ! /
= =2 —b, —z | f(2) + | =—22—b, —z | (f'(€) — (),

p’]fl_n [n]pn»Qn pfi_n [n]pn7Qn

where ¢ is some point between z and ,C[k]’#bn. From this equality we have

—n
n [n]pn sdn

Crpnan (f37) = f(2)

1 / — [ n k(k—1)/2 [ % : z\" [k]pn:Qn
= )/ (@) i Pn G pr R
p?’L k=0 Pnydn bn bn Pn,dn pn [n]pnﬂn

n z k X n—k k
e E] e (D) (1-F) (p—k_[n]f;fn bn—x> (f’(ﬁ)—f’(x))}-
k=0 Pnsdn Prsgn n Pnsdn
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Since

[k]Pn »dn

€ =2l < | o —
P [Py g,

b, — x

9

we obtain the following inequality:

Cn,pn,qn (f’ ‘r) - f(‘r)
_wi(9) ~[n k(k—1)/2 [ * ; z\"" [k]pn,qn
= W 2 { k 1 Pr ) o

n k=0 Pn,dn

Pnsqn pr—n [n]PMQn

A 2
k(k—1)/2 (_) (1 _ _> —Pnfn g
pn -n " v
5}92 n— l /2 Z |: :|pn,Qn bn bn Prsdn pf:l [n]pnvqn

Applying the Cauchy-Schwartz inequality for the first term in the above expression, we get

b, —

n

n T k T n—=k
k(k—1)/2  *~ "
>1n],, @) 0-)
k=0 Pnydn

Pnyqn

[k]pnaQn

— b, —
P [Pl g,

ol

n

Sl () (-2 ()
by a 7 1__) %bn_‘r
k=0 k Pnsqn bn bn Prydn pﬁ [n]pn,qn

< \/p z(b, — x) \/p” 1Ab

\/ pn’CIn \Y pn qdn

Since z € [0, A], we have

IN

1 _ n—1
z(b, — ) <P b, A

[n]pn sdn N [n]men

and hence we have for the second term

2
wi(d) < [n] k(k-1)/2 (x)k( x)nk L
) ot 2y (-2 LT T
§.patn /2 ,; k. b, b/ g \DET (0],

_ @1(0) ph'bA

N 5 [n]qun .

Consequently
n1Ab, | 1pp'Ab,
Comn (F2) — F(a)] < (8 | VP Abn  Lph 1 Abu |
(1] prn 6 [1]p,qn
Choosing § = 9, = f:ﬁp b e get the following inequality:

pn—lbn pn—lbn p”_lbn
Copnan(f2) = f@)| S w . VA= + Ay 2 :
‘ Pn,q ( ) ( )| 1( [n]pn,Qn ) { [n]pn,qn [n]pmqn

Following this, we get our desired result. [J
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4. Approximation properties in weighted spaces

Now we give approximation properties of the operators C, ,, of the weighted spaces of continuous
functions with exponential growth on RJ = [0,00) with the help of the weighted Korovkin type
theorem proved by Gadjiev in [7, §]. For this purpose, we consider the following weighted spaces of
functions which are defined on the Rf = [0, 00).

Let p(x) be the weighted function and My be a positive constant. Then we define

B,(Rg) = {f € ER]) : |f(x)| < Myp()},
C,(RS) ={f € B,(R{) : f is continuous},

CS(RBL):{fGCp(Ra“): lim @:Kf<oo}.

n=voo p()

It is obvious that C¥(Ry) C C,(Ry) C B,(Rg). The space B,(Ry) is a normed linear space with
the following norm:
|f ()]

1fll, = sup =——==.
P :EGRS' p<x>

The following results on the sequence of positive linear operators in these spaces are given in

[7, 18].

Lemma 4.1. ([7, 8]) The sequence of positive linear operators (L,),>1 which act from C,(R{) to
B,(Ry) if and only if there exists a positive constant k such that

L.(p;x) < kp(x), ie.
[ Ln (s )l < .

Theorem 4.2. ([7, [§]) Let (L,),>1 be the sequence of positive linear operators which act from
C,(R) to B,(R{) such that

lim || L,(t52) —2'||, =0, i€{0,1,2}.
n—o0
Then for any function f € C¥(Ry),
lim L, f — fll, = 0.
n—oo

Lemma 4.3. Let (p,) and (q,) be the sequences such that 0 < g, < p, < 1 and p(z) = 1+ 2% a
weight function. If f € C,(RY), then

1Cr g (P32 lp < 1+ M
provided lim,_,oo P = 1, limy,_y00 ¢ = 1.

Proof . Using Lemma [2.1] (i) and (iii), one has

n—1
Pn bn Gnln — Up.gu o

x_’_ n7nx ||On7 s n(p7x)||
[n]pm% [n]meIn Pt g

1 n=lp, nln —1
= sup { 5 (1 + Pn x + Gn[n Jpuan .7)2) }
>0 (1+a [n]pn7Qn [n]pn,qn

=1y, Wn—1
Pn + Gn| ]pn,qn_

[n]pn 4n [n]pn7Qn

Crpnign (03 7) =1+

<1+
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b

Since lim,, ;o e = 0, there exists a positive M such that

||Cn7pn7Qn(p; .',U)Hp S 1 + M

This completes the proof. [J

By using Lemma[4.3] we can easily see that the operators C.,, 4, act from C,(Ry) to B,(Ry).

Theorem 4.4. Let (p,), (¢,) be the sequences such that 0 < g, < p, < 1 and p, — 1, ¢, — 1 as
n — co. Let p(x) =1+ 2, then for each f € CK(RY)

hm ||Cn7pn7Qn(-f; l’) - f($)||p = O

n—oo

Proof . It is enough to prove that the conditions of the weighted Korovkin type theorem given by
Theorem [4.2| are satisfied. From Lemma [2.1] (i)-(ii), it is immediate that

T (G, g (€05 2) — eofe)l, = 0. (4.1)
T (|G g (e152) = e2(2)]], = 0. (42)

By means of Lemma [2.1] (iii), we get

1Cn g (€25 ) = ea()

pz_lbn T 4 <qn[n B 1]pn¢]n - 1) mQ

T

= sup

zeRy (1] p, g 1+ 22 (12 pgn L+22 7 [ppgn  [Ppngn '
Using the conditions lim,, ﬁ = 0, it follows that
i ([ (e23 ) — ea(a)], = 0. (4.3)

From ({4.1)), (4.2) and (4.3)), for i € {0, 1,2}, we have

lim HOn,pn,qn(ti;x) - Ii”p =0.
n—oo

Applying Theorem [4.2] we obtain the desired result. [

Definition 4.5. ([2, [10]) For f € C}[0,00), § > 0, we define the weighted modulus of continuity

Q(f;9) as follows:
) £+ h) = F(0)
O e pp)

Q(f, ) has the following properties:

(i) monotonically increasing function of 6.
(ii) limso Q(f, ) = 0.
(iii) For any A > 0, Q(f,\d) < 2(1 + M) (1 + 6%)Q(f,9).
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By property (iii), we have

|t — 2]
5

[f(t) = fl@)] <2(1+ )(L+0%)p(x) (1 + (t — 2)*)Q(f, ). (4.4)

Theorem 4.6. If f € C/’j, then the inequality

sup [CronanJi2) = J@]_ pey (f, p )

>0 p3(x) N [n]pn7Qn

holds, where K is a constant independent of b,, and (p,), (¢,) be the sequences such that 0 < g, <
pn <1 and p,, g, — 1 asn — oo.

Proof . From (4.4), we have

|t

1)~ £ <200+ LT 04 8201+ - 2)0s.0)

Letting t = k[k]?%qnbn, we obtain
Npn,an

[klpn.g

f #bn _f T

‘(mnMM% @)
b=\ Ky :

<2014 ——Ftmin 1+0)px) 1+ ——"—b,— = Q(f,6,).

: 5. (o) (14 (Gt =) Jotson)

Hence,
|Cn,pn7Qn (f? x) - f(x)|

g A Y Kl :

2 1 2 Menan 1+ 6%)p(x 1+<$bn—x> Q(f, 0n

5, ( )p() Pl o (f50n)

NN 0 :
< Ap(a)Q(f,0,) Y| 14+ e 1+(k—n¢bn_$) Poi()

Pn,k(l')

[n]pn an

+Z( o p"q” by —x)QPn,k(z)

pn qn

[k]pn dn b
pn [ ]Pnﬂn

k k i
L'(L> Pt
J 2

=0 pﬁ_n[n]pnﬂn [n]pnaQn
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Applying Cauchy-Schwartz inequality, we obtain
|Crpnan () = [ ()]

n

1 2
1+ 5 Z (—k@pm% b,, — ZL‘) P, k()
"™\ k=0

< 4p(x)Q(f,0n) PE "Ny g

n 2
4.5
+ ( p”q” bn —x) P, (z) (4:5)
—0 p pn dn
FREE ! . k ?
— ( Jpv.an b, — x) P, () (Iin]&bn - x) P, k() |.
5n k—0 n]pn qn k=0 p'n, [n]pn7Qn
By simple calculation, we get
n k 2 n—lbn n—1 1b
Z (—,i Jpn.an b, — x> P, x(z) = Pn g— Pn 42 < T, (4.6)
—o \Pn [ pn.gn []pn.qn [n]pmqn [n]pn7Qn

[n]pn7Qn

n k 4
( k[ ]pn:Qn bn _ $> Pn k(x)
JZ 7
k=0
_ {qg [ = Upngaln = 2pngaln = 3lpnan _ Aga[n — Upugu [ = 2]poge 4 6qn[n — 1]p,0n _ 3}x4

[n]gn qn [n]gn,qn [n]Pan
T {pz G308+ 2000 + @)1~ U a1~ Ay b
3 .
AP 4 (2p0 + g0) [0 — 1]p, .00 N 6 by }933
[n]z%n,qn [n]pn dn

P2 4n (302 4 3pntn + @3) [0 — 1], 0,02 AP2PTE02 5 | PYTODY

+ 3 - 5 + 3 R,
)3 ]2, n]3 .

-1
Fln — klpq + > p"971¢/, the above equality can be written as
7=0

Using the relation [n],, = ¢

> (e, ) R

n—1 4 " 2 n—1 2 » 2 3 2n—3 "
_ Dy {(_1_i_fJ_;)+pn (2_i+Q_;_Q_§)+pn2fJ<1+q_ qn)}lA
[n]pnlen pn pn [n]pn7Qn pn pn pn [n]pn qn pn pn

nflb 2 2 _ 1 =1 _ o n—2
(1) pre.gn Dn Py [n]pmqn
— 4(2pn + qn)([ ]pnﬂn _pz 1) }1;3
[n]pn#In
n—le n—3 3 2 3 G 3 n—1 4 n—1 3n 3b3
Ay n{pn (3p;, + 3pag J;qn)([n]pn,qn pt)  Ap) }szrpng n
[n]pn7Qn [n Pnqn [n]pn,Qn [n]pn,qn
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and so

n 4
(—k[]:]p"’q" b, — x) P, i(z)
k=0 pn [n]pnv‘J’n

n—I1 3 n—1 3 2n— 3 nflbn 2n—2 2n—3 N 12 n—1
< P {p Lo }x4+pn {6(1+pn +pn2Q>+ i }xs
[n] Pnyqn [n]pn »dn [n] Pnqn [n] Pnsqn [n] Pnqn [n] Pnqn [TL] Pnyqn
n—1b2 n—3 3 2 +3 " n+ 3 3n— Sb3
L P n{pn (3p; + 3pug qn)} +p3 n
[n]pn,qn [n]pn,qn [n]pn,qn
6 n—1 30 n— lbn 7 2n— 462 3n— 3b3
< 2Pn gt 2 Tngs P g2y Do
[n]pn7Qn [n]pn,qn [n]pn,Qn [n]pnﬂn
nflbn 7 n73bn 2n— Qb2
< Pn {6x4+30x3+ P x2+p”2 ”x}
[n]pn,qn [n]pn7Qn [n]pn,qn
Thus, if we consider o ]p - < 1 for sufficiently large n, since lim [n]:"q =0, we get
n,dn n—oo n,4dn
n L 4 nilbn
> (,in]#bn - g;) Pop(z) < P22 (6% + 3023 + 22 + 2)
30p" 1,
< Zln On (z* +2° + 2% + ).
[n]pn,qn
Substituting the inequalities (4.6)-(4.7]) in (4.5), we have
|Cn’pn7(In<f7 .:U) - f(x)|
1 n—lp ”_11) 1 b,
<Ap(x)Qf,0n) |1+ — Dn oy B 2 4 V3 Lo RN ah 4t + o+ a? .
On [n]pn7Qn [n]pn,qn [n]pn7Qn

Choosing 6,, =

, for sufficiently large n, we have

aup | Cnzman(F52) = F@] _ ( £ [ )

[n]p ,an

>0 p*(z) N [n]pn7Qn

holds, where K is a constant independent of b,,. [

5. Weighted statistical approximation properties

In this section, we give Korovkin type weighted statistical approximation properties of the our oper-
ator. At this moment, we give some basic notations and some known results related to the statistical
convergence which will be used in this section.

The density of a subset K of N is given

N
K)= hgnﬁ ZXK(/{?)
k=1

whenever the limit exists, where y is the characteristic function of K. A sequence z = (xy) is called
statistically convergent to the number ¢ € R, if for any e > 0, § {k € N : |z, — | > €} = 0, for each
€ > 0 and is denoted by st — limx = ¢, (see [6], 27]).
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Theorem 5.1. Let ¢ := (¢n),p := (Pn), 0 < o < pn < 1 be sequences such that satisfying following
condition: ;
st — lim ——— = 0. (5.1)

n [n]pn,qn

Then we have the following:
st — 1i711n | Cn,pn,qn<f§ )= f Hp: 0

for each f € C¥[0,00).
Proof . It is sufficient to prove that

St — hm || Cn,Pn,Qn (61); ) — €y ||p: O

where €,(t) =t, v=0,1, 2.
From Lemma [2.1] (i)-(ii), it is easy to obtain

st — hin || OTL,Pan (60; l‘) —€o ||p: 0’

and
st =1 || Cup,.g, (e1;2) = €1 ]l,= 0.

By Lemma [2.1] (iii), one can see that

pnfl pnfle
| Crprgn (€252) — €2 [|,< . ]" ez ], A = [lew ], -
Pnsdn Pnyqn

Let us define the following sets for € > 0

C = {k: : ||Cnypn7Qn (62;1.) - 62||P Z 6}7

k—1
Py €
Cl = {k’ . Z —} s
Floea — 2

k—172
Cy = {k:—pk i zg}
<.

such that C C C; U C,.
Hence, we get

5 {k <2 Copgy (eiw) — ez [, )

k—1 k—1712
§6{k§n: Pi z§}+5{k§n:pk % - }

[ ]pk,Qk [k;]pkvqk

|

By (5.1) and (5.2]), we have

st =1 || Cup,.g, (e2:) = 2 [l,= 0.

Now, we give a Voronovskaja type theorem for C, ,, .. (f; ).
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Theorem 5.2. Let f € C%[0,00) such that f', f" € CF[0,00). Then, we have

tim Deete (0 (fa) — p) = anf" (@),

n—oo b,

Proof . We write Taylor’s expansion of f as follows:

f@t) = flz) + fi(a)(t — ) + %f”(l’)(t — )’ +e(t,2)(t — )%, (5.2)

where e(t,x) — 0 as t — x.
Applying the operators C,, ., 4. (f;.) on (5.2)), we get

Cnvpn:fIn (f? .T) - f(‘r)
1
= f,(m)cn,pn,qn((t —x);7) + §f”($)0n,pmqn((t - $)2§ r) + Crpnan (5(t7 T)(t — x)Q, x) :
Let us take the limit of both sides of the above equality as n — oo, we have

n=oo b, Crpnagn ((f32) = f(2))
= lim [n]qn {lf//(l') (_p21x2 + $pzlbn> + Cn,pn,qn (€(t,$)(t _ 17)2; J})} '

n—oo by, 2 [n] an [n] an

For the last term on the right hand side, using Cauchy-Schwartz inequality, we get

n—oo by,

Crpn.an (s(t, z)(t — x)% ZB)

n—00 Nn—00

n 2
S hm Cnapn#}n (52 (t7 x)? x)\/ hm %Cmpm(h ((t - x)47 x)

Because of lim,, o, Cy ., 4, (£%(t,2); 2) = 0 and using Lemma (ii),

2
hm [n]p”’q” Cnvpnv%l ((t - CC)4, fL‘)

2
n—00 bn

is finite, then we obtain

Hence, one can see that

lim % (Copnan(f12) — f(2)

n—oo n
1 1,2
= 5]‘”(1’) lim (% +:1:p21) = axf"(zx).

This step completes the proof. [
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