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Abstract

The main goal of the present paper is to construct some families of the Carlitz’s q-Bernoulli polyno-
mials and numbers. We firstly introduce the modified Carlitz’s q-Bernoulli polynomials and numbers
with weight (p. We then define the modified degenerate Carlitz’s q-Bernoulli polynomials and num-
bers with weight (α, β) and obtain some recurrence relations and other identities. Moreover, we
derive some correlations with the modified Carlitz’s q-Bernoulli polynomials with weight (α, β), the
modified degenerate Carlitz’s q-Bernoulli polynomials with weight (α, β), the Stirling numbers of the
first kind and second kind.
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1. Introduction

In the complex plane, the Bernoulli polynomials Bn(x) are defined via the following Taylor series
expansion about t = 0:

∞∑
n=0

Bn(x)
tn

n!
=

t

et − 1
ext (|t| < 2π),

from which one can obtain the Bernoulli numbers Bn as values Bn (0) := Bn (see, [2]-[15]).
Carlitz [2] defined the q-analogue of the Bernoulli numbers βn = βn (q) and polynomials βn (x : q)

as follows

β0 = 1, q (qβ + 1)n − βn =

{
1 if n = 1,
0 if n > 1
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and

βn (x : q) =
n∑
s=0

(
n

s

)
βs (q) qsx [x]n−sq .

Carlitz [3] also introduced the degenerate Bernoulli polynomials βn (λ, x) for λ 6= 0 by the following
generating function to be

t

(1 + λt)1/λ − 1
(1 + λt)

x
λ =

∞∑
n=0

βn(λ, x)
tn

n!
.

In recent years, q-Bernoulli polynomials and their generalizations have been studied and investi-
gated extensively by many mathematicians. For instance, Kim et al. [7] considered a novel degenerate
Bernoulli numbers and polynomials, different from Carlitz’s degenerate Bernoulli numbers and poly-
nomials, and provided some identities and formulas associated with these numbers and polynomials.
Young [15] proved a general symmetric identity involving the degenerate Bernoulli polynomials and
sums of generalized falling factorials, which unifies several known identities for Bernoulli and degen-
erate Bernoulli numbers and polynomials. Kim [5] obtained the Carlitz’s q-Bernoulli polynomials
arising from the p-adic q-integral on Zp and obtained some recurrence relations. In [4], Duran et al.
acquired some symmetric identities and properties for the Carlitz’s twisted q-Bernoulli polynomials
under the symmetric group of degree n. Kim et al. [6] introduced the q-Bernoulli polynomials and
numbers with weight α and showed some interesting properties. In [10] and [12], Lee et al. defined
and studied the modified degenerate Carlitz q-Bernoulli numbers and polynomials. Lee [11] con-
sidered the weighted degenerate Carlitz’s q-Bernoulli polynomials and numbers and provided some
interesting properties. Park [13] constructed new q-extension of Bernoulli polynomials with weight
α and weak weight β.

Supposing that p be a fixed odd prime number. Throughout this paper, Zp, Q, Qp and Cp

will denote the ring of p-adic rational integers, the field of rational numbers, the field of p-adic
rational numbers and the completion of algebraic closure of Qp, respectively. Let N = {1, 2, 3, · · · }
and N∗ = N ∪ {0}. The normalized p-adic norm is given by |p|p = p−1. The notation q can
be considered as an indeterminate, a complex number q ∈ C with |q| < 1, or a p-adic number

q ∈ Cp with |q − 1|p < p−
1
p−1 and qx = exp (x log q) for |x|p ≤ 1. The q-analogue of x is defined by

[x]q = (1− qx) / (1− q). It is clear that limq→1 [x]q = x for any x with |x|p ≤ 1 in the p-adic case,
see [1, 4-14].

For
g ∈ UD (Zp) = {g |g : Zp → Cp is uniformly differentiable function} ,

the bosonic p-adic q-integral on Zp of a function g ∈ UD (Zp) is introduced by Kim [5] as follows:

Iq(g) =

∫
Zp
g (x) dµq (x) = lim

N→∞

1

[pN ]q

pN−1∑
j=0

g (j) qj. (1.1)

A more detailed statement of the above is found in each of the references [1], [4]-[14].
The Carlitz’s q-Bernoulli polynomials with Witt’s formula are defined by the following p-adic

q-integral on Zp, with respect to µq (see [5]):∫
Zp

[x+ y]nq dµq (y) = βn,q(x) (n ≥ 0) .
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Moreover, when x = 0, we have the Carlitz’s q-Bernoulli numbers with Witt’s formula given by∫
Zp [y]nq dµq (y) = βn,q(0) := βn,q. By (1.1), βn,q holds the following relation

βn,q =

∫
Zp

[y]nq dµq (y) = lim
N→∞

1

[pN ]q

pN−1∑
j=0

[j]nq q
j = lim

N→∞

1− q
1− qpN

pN−1∑
j=0

(
1− qj

1− q

)n
qj

=
1

(1− q)n−1
n∑
k=0

(
n

k

)
(−1)k lim

N→∞

1

1− qpN
1− qpN (k+1)

1− qk+1

=
1

(1− q)n
n∑
k=0

(
n

k

)
(−1)k

k + 1

[k + 1]q
.

The modified Carlitz’s q-Bernoulli polynomials are defined as follows (see [12]):∫
Zp
q−y [x+ y]nq dµq (y) = Bn,q(x).

The modified Carlitz’s q-Bernoulli numbers can be obtained Bn,q (0) := Bn,q =
∫
Zp q

−y [y]nq dµq (y)

and satisfies the following identity

Bn,q =

∫
Zp
q−y [y]nq dµq (y) = lim

N→∞

1

[pN ]q

pN−1∑
j=0

[j]nq = lim
N→∞

1− q
1− qpN

pN−1∑
j=0

(
1− qj

1− q

)n
=

1

(1− q)n−1
n∑
k=0

(
n

k

)
(−1)k lim

N→∞

1

1− qpN
1− qpNk

1− qk

=
1

(1− q)n
n∑
k=0

(
n

k

)
(−1)k

k

[k]q
.

Suppose that λ, t ∈ Cp with 0 < |λ|p ≤ 1 and |t|p ≤ p−
1
p−1 . In [12], Lee and Jang introduced the

modified degenerate Carlitz’s q-Bernoulli polynomials by the following generating function to be∫
Zp
q−y (1 + λt)

1
λ
[x+y]q dµq (y) =

∞∑
n=0

Bn,λ,q (x)
tn

n!
.

When x = 0, Bn,λ,q (0) := Bn,λ,q are called the modified degenerate Carlitz’s q-Bernoulli numbers.
This paper consists of the three sections. The first part is introduction which provides the required

information, notations and definitions. The second part gives the definition of the modified Carlitz’s
q-Bernoulli polynomials and numbers with weight (α, β), and satisfies some identities and properties
of them. Then, we introduce the modified degenerate Carlitz’s q-Bernoulli polynomials and numbers
with weight (α, β) and investigate their some identities and relations related to Stirling numbers of
first kind and second kind in the last part.

2. The modified Carlitz’s q-Bernoulli polynomials and numbers with weight (α, β)

We introduce the modified Carlitz’s q-Bernoulli polynomials with weight (α, β) as follows:∫
Zp
q−βyet[x+y]qαdµqβ (y) =

∞∑
n=0

B(α,β)
n,q (x)

tn

n!
(2.1)
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or with another expression ∫
Zp
q−βy [x+ y]nqα dµqβ (y) = B(α,β)

n,q (x) . (2.2)

When we put x = 0 in Eq. (2.2), we get B
(α,β)
n,q (0) :=B

(α,β)
n,q =

∫
Zp q

−βy [y]nqα dµqβ (y) called the modified

Carlitz’s q-Bernoulli numbers with weight (α, β).
For special value n = 0, we have

B
(α,β)
0,q =

∫
Zp
q−βydµqβ (y) = lim

N→∞

1

[pN ]qβ

pN−1∑
j=0

q−βjqβj

= lim
N→∞

1

[pN ]qβ

pN−1∑
j=0

1 = lim
N→∞

(1− q)β

1− qβpN
pN = −(1− q)β

β log q
.

By using the definition of the q-number and using (2.2), it is observed that

B(α,β)
n,q (x) =

∫
Zp
q−βy [x+ y]nqα dµqβ (y) =

∫
Zp
q−βy

(
[x]qα + qαx [y]qα

)n
dµqβ (y)

=
n∑
l=0

(
n

l

)
qlαx [x]n−lqα

∫
Zp
q−βy [y]lqα dµqβ (y)

=
n∑
l=0

(
n

l

)
qlαx [x]n−lqα B

(α,β)
l,q .

So, we deduce

B(α,β)
n,q (x) =

n∑
l=0

(
n

l

)
qlαx [x]n−lqα B

(α,β)
l,q =

(
qαxB(α,β)

q + [x]qα
)n

, (2.3)

with the usual convention about replacing
(
B(α,β)
q

)n
by B

(α,β)
n,q . Here we have used the binomial

formula (x+ y)n =
∑n

l=0

(
n
l

)
xlyn−l.

Let g1(x) = g(x+ 1). By using (1.1), we easily derive

qβIqβ(g1) = lim
N→∞

1

[pN ]qβ

pN−1∑
j=0

g (j + 1) qβ(j+1)

= lim
N→∞

1

[pN ]qβ

pN−1∑
j=0

g (j) qβj − g (0) + g
(
pN
)
qβp

N


= Iqβ(g) + lim

N→∞

g′
(
pN
)

+ g
(
pN
)
β log q

β log q

= Iqβ(g) +
(
qβ − 1

)
g (0) +

qβ − 1

β log q
g
′
(0) .

Hence, we develop

qβIqβ(g1)− Iqβ(g) =
(
qβ − 1

)
g (0) +

qβ − 1

β log q
g
′
(0) . (2.4)
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Taking g (x) = q−βx [x]nqα in (2.4) yields to the following identity

(
qβ − 1

)
g (0) +

qβ − 1

β log q
g
′
(0) = qβ

∫
Zp
q−β(x+1) [x+ 1]nqα dµqβ (x)−

∫
Zp
q−βx [x]nqα dµqβ (x)

which gives the following recurrence relation:

B
(α,β)
0,q = −(1− q)β

β log q
and

(
qαB(α,β)

q + 1
)n
− B(α,β)

n,q =

{
α[β]q
β[α]q

if n = 1,

0 if n > 1,

∣∣∣∣∣ (2.5)

in conjunction with the replacing method
(
B(α,β)
q

)n
by B

(α,β)
n,q .

For n = 1, we observe that(
qαB(α,β)

q + 1
)1
− B

(α,β)
1,q =

α[β]q
β[α]q

⇒
1∑

k=0

(
1

k

)
qkαB

(α,β)
k,q =

α[β]q
β[α]q

⇒ B
(α,β)
0,q + (qα − 1)B

(α,β)
1,q =

α[β]q
β[α]q

⇒ B
(α,β)
1,q =

1

qα − 1

(
α[β]q
β[α]q

+
(1− q)β

β log q

)
.

For n = 2, we readily obtain

B
(α,β)
2,q =

1

1− q2α

(
2qα

1

qα − 1

(
α[β]q
β[α]q

+
(1− q)β

β log q

)
− (1− q)β

β log q

)
.

Using the relation (2.5), one can subsequently derive the all modified Carlitz’s q-Bernoulli numbers
with weight (α, β).

By the virtue of (1.1), we see that

B(α,β)
n,q =

∫
Zp
q−βx [x]nqα dµqβ (x) = lim

N→∞

1

[pN ]qβ

pN−1∑
j=0

[j]nqα = lim
N→∞

1

[pN ]qβ

pN−1∑
j=0

(
1− qαj

1− qα

)n

=
1

(1− qα)n
lim
N→∞

1− qβpN

1− qβ
n∑
l=0

(
n

l

)
(−1)l

pN−1∑
j=0

(
qαl
)j

=
α

β

1− qβ

(1− qα)n

n∑
l=0

(
n

l

)
(−1)l

l

1− qαl
=

α/β

(1− qα)n

n∑
l=0

(
n

l

)
(−1)l

l

[αl/β]qβ
.

Then we get

B(α,β)
n,q =

α/β

(1− qα)n

n∑
l=0

(
n

l

)
(−1)l

l

[αl/β]qβ
. (2.6)

From Eqs. (2.3) and (2.6), we get the explicit formulas for B
(α,β)
n,q (x):

B(α,β)
n,q (x) =

α/β

(1− qα)n

n∑
l=0

(
n

l

)
(−1)l qαxl

l

[αl/β]qβ
(2.7)

and

B(α,β)
n,q (x) =

α

β

n∑
l=0

(
n

l

)
[x]n−lqα

qlαx

(1− qα)l

l∑
k=0

(
l

k

)
(−1)k

k

[αk/β]qβ
.
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For r ∈ N, we define the modified Carlitz’s q-Bernoulli polynomials of order r with weight (α, β):

∞∑
n=0

B(α,β:r)
n,q (x)

tn

n!
=

∫
Zp
· · ·
∫
Zp
q−β(x1+···+xr)et[x1+···+xr+x]qαdµqβ (x1) · · · dµqβ (xr) . (2.8)

The modified Carlitz’s q-Bernoulli polynomials of order r with weight (α, β) satisfy the following
recurrence relation

B(α,β:r)
n,q (x) =

n∑
l=0

(
n

l

)
qlαx [x]n−lqα B

(α,β:r)
l,q ,

where B
(α,β:r)
n,q (n ∈ N∗) are called the modified Carlitz’s q-Bernoulli numbers of order r with weight

(α, β) and defined by

B(α,β:r)
n,q =

∫
Zp
· · ·
∫
Zp
q−β(x1+···+xr) [x1 + · · ·+ xr]

n
qα dµqβ (x1) · · · dµqβ (xr) .

3. The modified degenerate Carlitz’s q-Bernoulli polynomials and numbers with weight
(α, β)

In this part, we provide the main results of this paper including some correlations and identities
among the modified Carlitz’s q-Bernoulli polynomials B

(α,β)
n,q (x) with weight (α, β), the modified

degenerate Carlitz’s q-Bernoulli polynomials B
(α,β)
n,λ,q (x) with weight (α, β), the Stirling numbers of

the first kind S1 (k, n) and second kind S2 (k, n).

Let α ∈ N and λ, t ∈ Cp with 0 < |λ|p ≤ 1, |t|p ≤ p−
1
p−1 . For α, β ∈ N, we introduce the modified

degenerate Carlitz’s q-Bernoulli polynomials B
(α,β)
n,λ,q (x) with weight (α, β) by means of the following

bosonic p-adic q-integral on Zp:∫
Zp
q−βy (1 + λt)

1
λ
[x+y]qα dµqβ (y) =

∞∑
n=0

B
(α,β)
n,λ,q (x)

tn

n!
. (3.1)

Upon setting x = 0, B
(α,β)
n,λ,q (0) :=B

(α,β)
n,λ,q are termed the modified degenerate Carlitz’s q-Bernoulli

numbers and are shown by ∫
Zp
q−βy (1 + λt)

1
λ
[y]qα dµqβ (y) =

∞∑
n=0

B
(α,β)
n,λ,q

tn

n!
.

Remark 3.1. Some special cases of B
(α,β)
n,λ,q (x) are examined as follows:

B
(1,1)
n,λ,q (x) := Bn,λ,q (x) are called the modified degenerate q-Bernoulli polynomials, see [12],

lim
λ→0

B
(α,β)
n,λ,q (x) := B

(α,β)
n,q (x) are called the q-Bernoulli polynomials with weight (α, β) in (2.2),

lim
λ→0

B
(α,1)
n,λ,q (x) := B

(α)
n,q (x) are called the weighted q-Bernoulli polynomials, see [6],

lim
λ→0

B
(1,1)
n,λ,q (x) := Bn,q (x) are called the modified q-Bernoulli polynomials, see [5],

lim
q→1−

B
(1,1)
n,λ,q (x) := Bn,λ (x) are called the degenerate Bernoulli polynomials, see [3],

lim
q→1−

(
lim
λ→0

B
(α,β)
n,λ,q (x)

)
:= Bn (x) are called the classical Bernoulli polynomials, see [15].
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We now investigate some behaviours of the mentioned polynomials.
Note that the falling factorial and a generalized version of the falling factorial are defined, respec-

tively, by
(x)n = x (x− 1) (x− 2) · · · (x− (n− 1)) for n ∈ N∗

and
(x)(λ)n = x (x− λ) (x− λ) · · · (x− (n− 1)λ) for n ∈ N∗.

We give a relation between B
(α,β)
n,λ,q (x) and (x)(λ)n as follows.

Theorem 3.2. For n ∈ N∗, B
(α,β)
n,λ,q (x) and (x)(λ)n satisfy the following property

B
(α,β)
n,λ,q (x) =

∫
Zp
q−βy

(
[x+ y]qα

)(λ)
n
dµqβ (y) . (3.2)

Proof . From (3.1), we see that

∞∑
n=0

B
(α,β)
n,λ,q

tn

n!
=

∫
Zp
q−βy (1 + λt)

1
λ
[x+y]qα dµqβ (y)

=

∫
Zp
q−βy

∞∑
n=0

( [x+y]qα

λ

n

)
λntndµqβ (y)

=

∫
Zp
q−βy

∞∑
n=0

λn
(

[x+ y]qα

λ

)
n

dµqβ (y)
tn

n!
.

Because of
(

[x+ y]qα
)(λ)
n

= [x+ y]qα
(

[x+ y]qα − λ
)
· · ·
(

[x+ y]qα − (n− 1)λ
)

and by comparing

the coefficients tn

n!
of the both sides above, we acquire the desired result (3.2). �

For n ∈ N∗, the generating functions of the Stirling numbers of first kind and second kind are
defined, respectively, by (see [7] and [10])

(log (1 + t))n = n!
∞∑
l=n

S1 (l, n)
tl

l!
and

(
et − 1

)n
= n!

∞∑
l=n

S2 (l, n)
tl

l!
.

We also note that (x)n =
∑n

l=0 S1 (n, l)xl.
Here we give a correlation among the new and old polynomials and numbers.

Theorem 3.3. Let n ∈ N∗. Then we have

B
(α,β)
n,λ,q (x) =

n∑
l=0

λn−lS1 (n, l) B
(α,β)
l,q (x) . (3.3)

Proof . By (2.3), we have

B
(α,β)
n,λ,q (x) = λn

∫
Zp
q−βy

(
[x+ y]qα

λ

)
n

dµqβ (y)

=
n∑
l=0

S1 (n, l)λn−l
∫
Zp
q−βy [x+ y]lqα dµqβ (y)

=
n∑
l=0

S1 (n, l)λn−lB
(α,β)
l,q (x) .
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Thus, the proof of this theorem is completed. �

In view of the (2.7) and (3.3), we deduce the following result.

Corollary 3.4. The following relation

B
(α,β)
n,λ,q (x) =

α

β

n∑
l=0

l∑
k=0

(
l

k

)
S1 (n, l)

(1− qα)l
k (−qαx)k

[αk/β]qβ
λn−l

holds true for n ∈ N∗.

We here provide a relation by the following theorem.

Theorem 3.5. We have

B(α,β)
n,q (x) =

n∑
l=0

λn−lB
(α,β)
l,λ,q (x)S2 (n, l) . (3.4)

Proof . By replacing t by 1
λ

(
eλt − 1

)
in (3.1), we have∫

Zp
q−βyet[x+y]qαdµqβ (y) =

∞∑
m=0

B
(α,β)
m,λ,qλ

−m
(
eλt − 1

)m
m!

=
∞∑
m=0

B
(α,β)
m,λ,qλ

−m
∞∑
n=m

S2 (n,m)
λntn

n!

=
∞∑
n=0

(
n∑

m=0

B
(α,β)
m,λ,qλ

n−mS2 (n,m)

)
tn

n!
.

Comparing (2.1) and (3.5) yields to the asserted result (3.4). �

The following theorem includes a correlation among B
(α,β)
n,q , S1 (n,m) and B

(α,β)
n,λ,q (x).

Theorem 3.6. We have

B
(α,β)
n,λ,q (x) =

n∑
k=0

k∑
l=0

(
[x]qα

)(λ)
n−k

λk−lqαxlB
(α,β)
l,q S1 (k, l) . (3.5)

Proof . We firstly note that

q−βy (1 + λt)
1
λ
[x+y]qα = q−βy (1 + λt)

1
λ
[x]qα (1 + λt)

1
λ
qαx[y]qα

= q−βy

(
∞∑
m=0

(
[x]qα

)(λ)
m

tm

m!

)
∞∑
l=0

λ−nqαxl [y]lqα
(log (1 + λt))l

l!

=

(
∞∑
m=0

(
[x]qα

)(λ)
m

tm

m!

)(
∞∑
k=0

(
k∑
l=0

λk−lqαxl−βy [y]lqα S1 (k, l)

)
tk

k!

)

=
∞∑
n=0

(
n∑
k=0

k∑
l=0

(
[x]qα

)(λ)
n−k

λk−lqαxl−βy [y]lqα S1 (k, l)

)
tn

n!
.
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From above computation, we derive

∞∑
n=0

B
(α,β)
n,λ,q (x)

tn

n!
=
∞∑
n=0

(
n∑
k=0

k∑
l=0

(
[x]qα

)(λ)
n−k

λk−lqαxl
∫
Zp
q−βy [y]lqα dµqβ (y)S1 (k, l)

)
tn

n!

=
∞∑
n=0

(
n∑
k=0

k∑
l=0

(
[x]qα

)(λ)
n−k

λk−lqαxlB
(α,β)
l,q S1 (k, l)

)
tn

n!
.

By equating the coefficients tn

n!
of both sides above, we procure the relation (3.5). �

Let r ∈ N. We now introduce the modified degenerate Carlitz’s q-Bernoulli polynomials of order
r with weight (α, β) by the following p-adic q-integral on Zp:∫

Zp
· · ·
∫
Zp
q−β(x1+···+xr) (1 + λt)

1
λ
[x1+···+xr+x]qα dµqβ (x1) · · · dµqβ (xr) =

∞∑
n=0

B
(α,β:r)
n,λ,q (x)

tn

n!
. (3.6)

The immediate result for the mentioned polynomials is given in the following theorem.

Theorem 3.7. For r ∈ N, we have

B
(α,β:r)
n,λ,q (x) =

n∑
m=0

λn−mB(α,β:r)
m,q (x)S1 (n,m) . (3.7)

Proof . Using (2.8), we readily obtain

∞∑
n=0

B
(α,β:r)
n,λ,q (x)

tn

n!

=

∫
Zp
· · ·
∫
Zp
q−β(x1+···+xr) (1 + λt)

1
λ
[x1+···+xr+x]qα dµqβ (x1) · · · dµqβ (xr)

=
∞∑
m=0

λ−m
∫
Zp
· · ·
∫
Zp
q−β(x1+···+xr) [x1 + · · ·+ xr + x]mqα dµqβ (x1) · · · dµqβ (xr)

(log (1 + λt))m

m!

=
∞∑
m=0

λ−mB(α,β:r)
m,q (x)

∞∑
n=m

S1 (n,m)
λntn

n!

=
∞∑
n=0

(
n∑

m=0

λn−mB(α,β:r)
m,q (x)S1 (n,m)

)
tn

n!
.

Hence, we have the claimed result (3.7). �

At last, we give the following theorem.

Theorem 3.8. For r ∈ N, we have

B(α,β:r)
n,q (x) =

n∑
m=0

B
(α,β:r)
m,λ,q (x)λn−mS2 (n,m) .
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Proof . If we write 1
λ

(
eλt − 1

)
in place of t in (3.6), we readily get∫

Zp
· · ·
∫
Zp
q−β(x1+···+xr)et[x1+···+xr+x]qαdµqβ (x1) · · · dµqβ (xr)

=
∞∑
n=0

B
(α,β:r)
n,λ,q (x)λ−n

(
eλt − 1

)n
n!

=
∞∑
m=0

B
(α,β:r)
m,λ,q (x)λ−m

∞∑
n=m

S2 (n,m)
λntn

n!

=
∞∑
n=0

(
n∑

m=0

B
(α,β:r)
m,λ,q (x)λn−mS2 (n,m)

)
tn

n!
.

In the light of (2.8), we have the desired result. �

As a consequence of the Theorem 3.8, we state the following result.

Corollary 3.9.

B(α,β:r)
n,q =

n∑
m=0

B
(α,β:r)
m,λ,q λ

n−mS2 (n,m) .
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