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Abstract

This paper introduces the interval unilateral quadratic matriz equation, AX? + BX + C = 0 and
attempts to find various analytical results on its AE-solution sets in which A, B and C are known real
interval matrices, while X is an unknown matrix. These results are derived from a generalization of
some results of Shary. We also give sufficient conditions for non-emptiness of some quasi-solution sets,
provided that A is regular. As the most common case, the united solution set has been studied and
two direct methods for computing an outer estimation and an inner estimation of the united solution
set of an interval unilateral quadratic matrix equation are proposed. The suggested techniques are
based on nonlinear programming as well as sensitivity analysis.
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1. Introduction

Given A, B and C € R™*", consider the unilateral quadratic matriz equation (UQME)

F(X):=AX’+BX+C=0, (1.1)
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where X € R™" is unknown. Even though this equation is not the only possible definition for a
quadratic matrix equation, it deserves a particular consideration since more common matrix equations
can be reduced to this equation [3]. Moreover, the special features of equation , as the simplest
nonlinear matrix equation, enable one to prove more specific results on the solutions [3]. Other forms
of a quadratic matrix equation can be considered, for example, X?A+ X B+ C = 0 and the algebraic
Riccati equation XAX + BX + XC + D = 0. For the first one, a similar approach is possible. The
theory and numerical methods of the second are also well developed in [4], 19, 26].

This UQME often occurs in many areas of scientific computing and engineering applications such
as the quasi-birth-death process [3], the quadratic eigenvalue problem [31]

QN A B, C)r = (NA+AB+C)r =0,

structural systems [32] and vibration problems [20].

Recall that any solution X of AX?+ BX + C = 0 is called a right solvent or briefly a solvent to
distinguish from a left solvent, which is a solution of the related quadratic matrix equation X2?A +
X B+C = 0. The existence and characterization of solvents can be related to the quadratic eigenvalue
problem [I3, 14, 26]. In fact, if we assume that A in is invertible, then Q(\, A, B,C) =
A2A + AB + C has 2n finite eigenvalues that can be ordered by their absolute values as

Al > [Ae] > > gl (1.2)

In order to study uniqueness and solvability aspects, we need to introduce Definition and Theo-
rem

Definition 1.1. (See e.g. [I8 Definition 2.2.1]) Let S; and S be two solvents of UQME ([1.1))
and the eigenvalues of Q(\, A, B,C) are ordered as in (1.2)). If S; has the spectrum o(S;) =
{A1, A2, ..., A} and Sy has the spectrum o(S3) = {Aui1, Ant2, - -, Ao}, both satisfy the condition
|An| > |Ans1l, then Sy and Sy are called dominant solvent and minimal solvent, respectively.

Theorem 1.2. (See e.g. [I8, Theorem 2.2.2]) Assume that the eigenvalues of Q(A, A, B, C), ordered
according to satisfy [A,| > |A,11| and that corresponding to {A\;}7, and {);}7”,., there are
two sets of linearly independent eigenvectors {vy,va, ..., vn}, {Uni1, Unaa, ..., V2, }. Then there exists
a dominant solvent and a minimal solvent of (L.1). If, further, the eigenvectors of Q(\, A, B, C') are
distinct then the dominant and minimal solvents are unique.

Remark 1.3. It follows from the theory of A-matrices that a dominant solvent and a minimal solvent
of UQME (L.1)), if they exist, are unique provided that A is nonsingular [I§].

Remark 1.4. For real coefficients A, B and C, the dominant solvent of the UQME AX?+BX +C =
0 can not ever be complex, since the complex eigenvalues come in conjugate pairs with the same
modulus, so if one takes the dominant eigenvalues you necessarily pick both entries of a conjugate
pair.

For solving the quadratic matrix equation , Davis [9], [6] considered Newton’s method in
detail. Higham and Kim [I3] incorporated exact line searches into Newton’s method to improve the
global convergence of Newton’s method. Newton’s method has improved with Samanskii technique
to acquire faster convergence in the work of Long, Hu and Zhang [2I]. Two good references about
numerical methods and algorithms for solving quadratic matrix equations are [I§] and [26] and the
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references given. The problem of reducing an algebraic Riccati equation XCX —-AX—-XD+B =0 to
a UQME of kind of equation is also analyzed [4]. The problem of computing verified solutions to
the quadratic matrix equations has been addressed before in the literature, see for instance [10], 12 22].
But there are only a few works like as [11}, 29] concerning the interval forms of these quadratic matrix
equations. Besides, except when we are computing, nearly all measurements contain uncertainty as
well as experiments and models of real life or physical phenomena. Interval analysis is one of the
methods of representing uncertainty and/or ambiguity in mathematics. In interval analysis, uncertain
parameters are described by a lower and upper bound then, sharp or nearly sharp bounds on the
solution(s) are computed. You can find pointers to items concerning interval computations on the
interval computations website http://www.cs.utep.edu/interval-comp.

Since the elements of A, B and C' in equation almost always contain doubt, they would
represent in interval form to guarantee bounds on the set of possible result values. Interval analysis
deals incidentally with evaluating the errors in answer resulting from the errors in the initial data.
Thus, the following interval unilateral quadratic matrix equation (IUQME) should be solved

F(X):=AX*+BX +C =0, (1.3)

where A, B and C are known real interval matrices and A € A, B € B and C' € C. Some special
cases such as the interval quadratic equations and the interval univariate polynomials have also been
investigated, see for example [9 II]. In what follows, we assume that A in ITUQME is regqular
which means that each matrix A belongs to A is nonsingular. Up to our knowledge, this paper is
the first attempt to address [IUQME in general form.

Notice one essential point: due to the fact that the associativity of multiplication is not true with
respect to the existing interval arithmetic, AX? := A(XX) is not necessarily equal to (AX)X.

The rest of this paper is organized as follows. In the next section, we review some facts and
notations from interval arithmetic. Section [3| contains our main results concerning various AE-
solution sets including the generalization of the AE-solution sets to [UQMEs and the characterization
of a few main solution sets to IUQMEs. Explicit explanation of the united solution set and two
methods for discovering outer and inner interval estimations of the united solution set are studied in
Section [dl In Section [5] we demonstrate our results by means of some numerical examples. Section [f]
is devoted to our conclusions and suggestions for further works.

2. Notations and preliminary concepts

We use K to denote either of the fields of real, R or complex numbers, C. With the notations
K®, K™ TK" and IK"*", we denote, respectively, the space of n-dimensional vectors, the space of
n x n matrices, the set of all n-dimensional interval vectors (boxes) and the set of all n x n interval
matrices, all over K. In the present paper, all interval quantities will be typeset in boldface whereas
lower case will imply scalar quantities or vectors and upper case will denote matrices. Under-scores
and over-scores will show lower bounds and upper bounds of interval quantities, correspondingly.

For x € IR, we write x = [z,7] where z := minx and 7 := maxx. The absolute value of x is
shown as |x| := max{|z| | z € x} = max{|z|, |Z|}, the radius of x is defined by rad x := 1/2(T—z) and
the midpoint of x is given by midx := 1/2(Z + z). The hull of two intervals x and y in IR, O(x,y),
is the tightest interval z which encloses both x and y. The intersection of two intervals x and y in IR
is empty if they are disjoint, otherwise x Ny := {z € R|z € x,2z € y} = [max{z, y}, min{Z,7}]. For
IR, real interval arithmetic is usually done via the set theory, namely, for any arithmetic operation
op € {+,—,%,/}, one hasx opy :={z op ylx € x,y € y}.
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In this paper, we also use circular complex intervals which have better algebraic properties than
rectangular complex interval arithmetic [2]. Hence, a square interval matrix A € TIR™*" will write as
A :=[mid A —rad A, mid A +rad A] in which mid A and rad A are in R"*" with rad A > 0. Then,
the extended definitions of addition, subtraction and multiplication of interval matrices A and B
with compatible sizes are as follows

AopB:=0{Aop B|[A€ A,B < B}.

In particular,
AX?=A(XX):=0O{AX?*|Ac A},

while
(AX)X =0{GX|G € AX} =0{GX|G € O{AX|A € A}}.

Meanwhile, for interval vectors and matrices, mid,rad,|.|,J and intersection will be applied
component-wise.

Let A = (A;;) and B = (B;;) be two real interval matrices with the same size. Then, we write
A C B whenever A;; C B;; for all 4,5 where C is a partial ordering defined as A;; C B;; if and
only if B;; < A;; and A;; < B;;. Matrix inequalities as A < B (>) or A < B (>) are understood
component-wise. Let X = (Xj;) belonging to R™*" be such that X;; € A;; for all 7,7, then we
write X € A. For any bounded set of real m x n matrices such as ¥, the interval hull of X,
0% := [inf(X), sup(X)], is the tightest interval matrix enclosing .

Elementary properties of mid, rad and [J are provided by two next lemmas.

Lemma 2.1. (See e.g. [23]) Let A and B be two n x n real interval matrices and X be a matrix
with real elements and compatible size. Then,

1. ACB< |midB—-—midA| <radB —rad A,
2. mid(A £ B) = mid A £ mid B,

3. rad(A £ B) =rad A +rad B,

4. mid(AX) = (midA)X,

5. rad(AX) = (rad A)| X].

Lemma 2.2. [23, Proposition 3.1.8] Let A be a real interval matrix and ® and €2 be two bounded
sets of real point matrices, all of the same size. Then,

1. & C Q=06 C O,

2.0 CA=0dCA.

3. Description of the Generalized AE-solution Sets for IUQME

Shary introduced the concept of generalized solution sets and AE(AllExist)-solution sets to an interval
linear system of equations [30]. In [30] quantifiers are used to describe and recognize various kinds
of interval uncertainty in the course of modeling. By a similar convention, we consider the different
possible styles of describing the uncertainty type distributions with respect to the interval parameters
of ITUQME . According to [30], we say that the interval I is of A-uncertainty whenever a certain
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property holds for all members from the given interval I while F-uncertainty implies that only some
members of the interval I have that property, not necessarily all. For some recent works see, for

example, [16] and [I7] and the references given.
Here, we extend the concept of AE-solution sets to the IUQME ([1.3)).

Definition 3.1. We define the A E-solution set of type a, 3,y or affy-solution set to the TUQME (1.3)
as

Yoy (A, B, C) == {X e R""|((VAz € Ayy) ... (VAm € Arr)
(VBg, € Byy) ... (VBg, € By )(VCy € Cyyr) ... (VOy € Cyy)
(FAzy € Any) ... (FAny € Ary)(3Bgy € Byy) ... (3Bgy € Byy)
(3Cyy € Cyr) ... (ACyy € Cyy)(AX? + BX +C =0))},

where o = (o), B = (Bi;) and v = (745) are n X n quantifier matrices defined as

VY i) eIl e d ¥ if (i,j) € @,
YWT 3 i@ ) en, P93 if (i) € @,

and

Y () eV,
T T3 i (4,) € U,

and with this attention that whenever II' = () we shall write & = 3 at the same time as II” = ()
will be interpreted as @ = V. We also assume that the set of the index pairs (i, j) corresponding to
Ajjs of A is separated into two disjoint parts II' = {n}, 75, ..., 7} and [I” = {7}, 7y,... 7/} with
p+ q = n? These sets possess this limitation that (7, 7) belongs to IT" if and only if the parameter
A;; of A is of A-uncertainty while being in II” means A;; is of E-uncertainty and vice versa. In a
comparable manner, we introduce two disjoint sets ©' = {0,,6,,...,0.} and ©" = {67,05,...,0"
in which 7 + s = n? matching to 8 and ¥’ = {4}, ¢}, ..., ;} and O” = {47 5, ... 9"} in which
t +u = n? tallied to ~.

Thus, there are two possibilities for the quantifier corresponding to the universal quantifier “v”and
the existential quantifier “3”. But the order of them is such that all the occurrences of the universal
quantifier precede all the occurrences of the existential quantifier which clarifies the name A E-form.

To describe some particular cases, we determine disjoint decompositions of the interval matrices
A B and C. For this purpose, we define two interval matrices in a general form: “universal”,
I" = (I};) and “existential”, I? = (I;) of the size n as

I ;:{ Lj, if0y =¥ I ;:{ Ly, if 0y =3, (3.1)

0, 0.W., 0, 0.W.,

in which § = (d;;) is the quantifier matrix associated to I = (I;;). Thus, A = A"+ A% B = B + B~
and C = C" 4+ C?. In addition, for all 7,5,1 < i,j < n, we have AZA% = O,B%B% = 0 and
Cyj C?j = (0 which prove that AY and A?, B” and B? as well as C"and C? form disjoint decompositions
for A, B and C, separately. Now, we consider some special cases of Definition as follows:
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e The most interesting case among various possible choices occurs when we pick out the existential
quantifier for all the components of quantifier matrices o, 8 and v, i.e., where II' = ' = ¥’ = ():
The united solution set to the TIUQME ([1.3)),

Eggg(A, B, C) = {X € Rnxn| (32)
(3A€ A)(3B€B)(3C € C)(AX*+ BX +C =0))},

formed by all possible solutions of all point UQMEs, AX? + BX +C =0with Ac A,B€B
and C' € C. We may refer to each element of this solution set as the weak solution or briefly a
solution.

e The tolerable solution set to the [UQME (L.3)),

ZWH(A,B, C) — {X c Ran’
(VA€ A)(VB € B)(3C € C)(AX* + BX +C =0))}.

Hence, the tolerable solution set is the set in which if X € R™"™ belongs to this set, then for
cach A € A and each B € B, there exists at least one C' € C with AX? + BX +C = 0 or
AX%?+ BX € —C.

e The controllable solution set to the ITUQME ,

Eggv(A, B7 C) = {X c Ran|
(VC € C)(3A€ A)(IB € B)(AX*+BX +C =0))},

formed by all matrices as X € R™*™ such that for any C' € C, one could determine some A € A
and some B € B satisfying AX?+ BX + C = 0.

Remark 3.2. Note that always X,3,(A,B,C) C ¥333(A, B, C), that is, the united solution set of
IUQME is the widest solution set of all possible AE-solution sets of IUQME . An evident
outcome is that if we have already found out that ¥333(A, B, C) is empty, we can conclude that the
tolerable solution set and the controllable solution set to the [IUQME are also empty.

We now show with an example that there can be some cases in which the solutions to an [UQME
can not be enclosed by a finite interval matrix.

Remark 3.3. It is going to be difficult to find a case in which we can bound all solvents of
UQME , unless we impose additional restrictions on this matrix equation. This means that
the solution sets of [IUQME can not be necessarily included in a finite interval matrix even in
a trivial example. For instance, consider A; X2 + B, X + C; = 0 for which A, B, C; € IR?**? and
I € A;,0 € B;,—1I € C; where I denotes the identity matrix of the compatible size. Then, for any
arbitrary a,b € R satisfying b # 0, the matrix

= Q

1 b

1+ a2 L —a] ’ (3:3)
is a solvent of X? = I. So, the two off-diagonal entries are unbounded because one can take b
large or small at will. It is obvious that the UQME X2 = I is one of the UQMEs belonging to
Y333(A41, B4, Cy). Hence, there are solutions with arbitrarily large or/and small entries. On the
other hand, according to Definition for any a,b with b # 0, is neither dominant nor
minimal solvent, since Q(\, I,0, —I) has two eigenvalues 1 and —1, having the same multiplicity 2,
and so it is impossible to find two sets of these eigenvalues such as {1, A2} and {3, \4} satisfying
min{[ A, Rel} > max{Ag], ]}
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From this point on, whenever we are talking about the solvents of (1.1)), particularly in the
definition of the solution sets, we mean only the unique dominant solvent which is the one of interest
in most applications. For instance, we consider the union of all dominant solvents of all possible

UQMEs AX? + BX +C =0 with A € A, B € B,C € C instead of (3.2).
Theorem 3.4.

Eaﬁ,y(A, B, C) - mA/GAV ﬂBler mclecv UA”GAH UB”GBHUC”GCH
{(X e R™"|((A+ A)X?*+ (B'+ B")X + (C"+C") =0)}.

In particular,
Y333(A, B, C) = Ugeca Upen Ucec{X € RV AX? + BX + C = 0},

Ywwa(A, B, C) = Naca NpeB Ucec{X € R™"|AX? + BX + C = 0},
Ya3v(A, B, C) = Neec Unea Upep{X € R™"|AX? + BX 4+ C = 0}.

Proof . According to Definition , we can rewrite the af~-solution set to the IUQME (|1.3)) as

Yasy (A, B,C) = {X € R™"|((VA' € A7) (VB' € B")(VC' € C)
(34" € AY)(3B" € BY)(3C” € C7)

(A" + ANX?+ (B'+B"X +(C'+C")=0))}

= () () () {XerR>"|((3A" € AY)(3B" € BY)(3C" € O]

A’eAY B'eBY C'eCY

(A" +A")X* + (B'+ B")X +(C"+ C") = 0))}

-nnnuuuy

A’GAV BIEBV Clecv A”GAH B”GBH Cllecﬂ

{X e R™"|((A'+ A")X?* + (B'+ B")X + (C"+ C") = 0)},

in which the second and third equalities are due to the definitions of intersection and union of sets,
respectively. The characterizations of the united, tolerable and controllable solution sets are evident
results of the general case above. [

Theorem 3.5. X € R™" belongs to X.s,(A,B,C) if and only if
{AX?+BX+C|A eA”, B eB",C"cC"} C (3.4)
{(—(A"X*+ B"X +C")|A” € A®,B" € B*,C" € C7}.

Proof . Again, by exploiting the matrices A", A3, BY, B3, C" and C7, one can recompose the
definition of ¥,4,(A, B, C) in the following equivalent form

Yoy (A, B,C) = {X € R™"| (3.5)
(VA" € A") (VB € B")(VC' € CY)

(3A” € A7)(3B” € BY)(3C" € C7)

(A +A"X?*+ (B +B")X + (C'+C")=0))}.
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Thus, for all A’ € AY, B’ € BY, (" € CY, one can find some A” € A3, B” € B3, " € C? such that
AX?+BX+0C' =—(A"X*+B'X +C"). (3.6)

Now, let X € $,4,(A,B,C) and D € {AX?*+B'X +C'|A' € A", B’ € B",(C’ € C"}, so there exist
some matrices like as A} € A", B} € B” and C} € C" for which D = A} X2+ B{ X + C}. (3.6) implies
that for adequate matrices A} € A3, Bf € B¥ and C7 € C?, we see that D = —(A/X? + B/ X +CY).
Thus, is achieved. Now, assume that holds. According to (3.5)), it is sufficient to show
that for all A’ € AY, B’ € BY and (' € CY, there exist A” € A3, B” € B? and C” € C? such that

(A'+ A"X? + (B'+ B")X + (C'"+C") = 0.

Applying (3.4)), there are A” € A?, B” € B¥ and C” € C? for which (3.6) is true or (A’ + A”)X? +
(B+B")X+(C'"+C")=0.0

So, the fundamental theorem for characterizations of the AE-solution sets of an interval linear
system (z € ¥,5(A, b) if and only if A"z —b" C b? — A3z) [30, Theorem 3.4] can not be completely
generalized here.

Remark 3.6. As a special case of the definition of the interval arithmetic operations, only the weak
equality
DY =0{DY | D € D} (3.7)

is valid for any D € IR™* and any Y € R¥*™ unless when Y is a real wvector, ie., m = 1 [23,
Proposition 3.1.4]. Since the expression AX? + BX + C is a single-use expression with respect to
all interval variables, if we put D = [A,B,C] and Y = [X?2, X, I]7 where T denotes the transpose,
then D € IR™**" Y € IR**" and also we have

AX?+BX + C =DY :=0{DY|D € D} (3.8)
=[{AX*+BX +C|A€ A,BeB,C € C}.

Now, we characterize the solution sets Y33, (quasi-controllable) and Yy, (quasi-tolerable) which
are indeed two generalizations of the controllable and tolerable solution sets, respectively.
Theorem 3.7. Suppose X € R™*" belongs to the AE-solution set ¥33,(A,B,C). Then

~C"CAX?+BX +C°. (3.9)
Proof . Let X € ¥33,(A,B,C). Then, leads to
{C'|C" e C"} C{—(A"X*+B"X +C")|A" € A,B" € B,C" € C7}.
Lemma [2.2] part 1 and give us
C"=0{C'|C" e C"} C
O{—(A"X*+ B"X +(C")|A" € A,B" € B,C" € C}.
A similar argument for the proof of implies
C"C —(AX?*+BX + C).

On the other hand, for two arbitrary intervals, we have [2] x C y = —x C —y. Therefore, we deduce
that —C" C AX?+BX + C?. O

Here is an elementary consequent of Theorem [3.7]
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Corollary 3.8. If X € Y33¢(A, B, C) then —C C AX? + BX.

Theorem 3.9. If
AX?+BX +C"C —C7, (3.10)

then X € Yyy,.
Proof . Suppose (3.10) holds. It is obvious that

{AX? + BX+C'|A€ A,B€eB,C’' € C"} C
{AX?>+BX +C'|[Ac A,BeB,C' € C"}.

Similar to (3.8]), we write

{AX?>+BX +C'|[Ac A,BEB,C' € C"} =
AX?+BX +C"C -C?={-C"|C" € C7}.

We have thus proved

{AX? + BX +C'|[Ac A,Be B,C' € C"} C {-C"|C" € C7}.
Now, Theorem for o = 8 =V allows us to conclude X € Yyy,. U
Corollary 3.10. If AX? + BX C —C then X € Yw3(A, B, C).

Next consequences are new characterizations of the AE-solution sets X33, and Xy, in terms of
midpoint and radius matrices.

Theorem 3.11. If X € Y35, then

|(mid A)X? + (mid B) X + mid C| < (3.11)
(rad A)X? + (rad B)|X| 4 rad C? — rad C".

Proof . Since X € Y33,, Theorem [3.7] together with Lemma [2.1] part 1 follows

|(mid(AX? + BX + C7) — mid(—C")| <
rad(AX? + BX 4 C?) — rad(—C").

By repeatedly using lemma [2.1, we have

|(mid A)X? + (mid B)X + mid C? + mid C¥| <
(rad A)X? + (rad B)| X | +rad C7 — rad C".

In view of

mid C? + mid C¥ = mid(C? + C") = mid C,
the proof is completed. [J

Corollary 3.12. Let X € ¥33y(A, B, C). Then,

|(mid A)X? 4+ (mid B)X + mid C| < (rad A)X? + (rad B)| X | — rad C.
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Theorem 3.13. If

|(mid A)X? 4+ (mid B) X + mid C| < rad C* — rad C¥ — (rad A)X? — (rad B)| X/, (3.12)
then X € Ygy,.
Proof . Since C = C? 4 CV, is equivalent to

| mid (AX? + BX + C") — mid(—C?)| < (3.13)
rad(—C?) — rad (AX? + BX + CY).

Next, Lemma part 1 yields AX? + BX + C" C —C?. Now, Theorem implies that X € yy,.
O

Corollary 3.14. Suppose
|(mid A)X? + (mid B)X + mid C| < rad C — (rad A)X? — (rad B)| X]|.

Then, X € EWH(A,B, C)

Following the same idea for describing solvability of a system of interval linear equations Ax =
b [15], we define the solvability concept for AX? + BX + C = 0.

Definition 3.15. The interval unilateral quadratic matrix equation (1.3) is called solvable if there
exists A € A, B € B and C € C such that UQME AX? + BX + C = 0 has a (dominant) solvent.

Obviously, solvability of IUQME is equivalent to the existence of a weak solution or non-emptiness
of the united solution set.

Theorem 3.16. Consider IUQME (1.3). Assume that for any C' € C, there are some A € A and
some B € B such that Q(\, A, B, C') has distinct eigenvalues satisfying the conditions of Theorem .
Then, ¥33,(A, B, C) is nonempty.

Proof . Suppose C; € C. So, there exist A; € A and B; € B such that Q(\, Ay, By, C1) has distinct
eigenvalues satisfying the conditions of Theorem which are sufficient conditions for the existence
and uniqueness of dominant (and minimal) solvents. This completes the proof. J

It is obvious that if for any members A, B and C of A, B and C, respectively, Q(\, A, B,C)
has distinct eigenvalues which satisfy the conditions of Theorem , then Yy, (A, B, C) will also be
nonempty.

4. Detailed characterization of the united solution set of IUQME

The united solution set has many applications in the field of scientific computing such as compu-
tational optimization, numerical simulation and verification in system engineering [1I]. Remark
displays another reason to be interested in the united solution set. Accordingly, we focus on the
united solution set of IUQME in this part. The characterization of the solution sets is, however,
hard to derive since it is indeed equivalent to the characterization of standard interval systems with
dependencies which is hard to deal with; see e.g. [2§].
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Theorem 4.1.
Ya33(A, B, C) C {X € R”"|(AX? + BX) N (-C) # 0},
and
Y333(A,B,C) C {X e R"”™"|0 € AX?> + BX + C}.
Moreover,

¥333(A,B,C) C {X € R™"| (4.1)
|(mid A)X? + (mid B) X + mid C|
< (rad A)X? + (rad B)|X| + rad C}.

Proof . Let X € ¥333(A, B, C). So, AX?+ BX = —C for some A € A, B € B and C € C; hence
—C € (AX?2+BX)N(-C). Since, (AX?+BX)N(—C) # 0 if and only if 0 € AX?+ BX + C,
the first and second parts of the theorem follow. For the third part, put D := AX? 4+ BX. Then,

(AX? +BX)N(-C)#£0 < DN (-C) £ 0
< |mid D — mid(—C)| < rad D + rad(—C).

Since D = AX? + BX and by means of Lemma [2.1| we conclude that
|(mid A)X? + (mid B) X + mid C| < (rad A)X? + (rad B)| X |+ rad C.
One can also put C¥ = 0 in Theorem to prove the last part. [

None of the AE-solution sets, X,5(A, B, C), is generally an interval matrix. Thus, it is natural to
look for some interval matrices which are either contained in the solution set (inner interval estimate
problem) or contain the solution set (outer interval estimate problem) where the inclusions are as
sharp as possible. Besides, only some estimate of the rigorous solution set suffices for factual goals
in real life conditions. From now on, we confine ourselves to find some interval estimations only for
nonempty and bounded AE-solution sets of type 333.

4.1. Quter estimation of Y333 via a nonlinear programming approach

By definition, [0¥333(A, B, C) is the tightest interval matrix enclosing ¥.333(A, B, C). Therefore, it
could be supposed as the sharpest outer estimation for ¥333(A, B, C). Since we have assumed that
the solution set ¥333(A, B, C) is nonempty and bounded, we can define its ezact interval hull as

D2333<A—7 B7 C) = [Ka X]J
where for 7,7 =1 : n,

X =(X;), X =mnf{Xy|X =(Xy) € Xam:(A,B,C)},

=1

7 = (yij)a Xij = Sup{Xij]X = (X”) S EHHH(AyBa C)}

The inequality appeared in the last part of Theorem provides us with an approach to discover an

outer estimation Xy, := [X,, Xup| for the interval hull which thus is an outer estimation for Y333

as well. Indeed, (4.1]) turns out to

(mid A)X? — (rad A)X? + (mid B)X — (rad B)| X| < —C,
(4.2)
(mid A)X? + (rad A)X? + (mid B)X + (rad B)|X| > —C,



234 Haqiri, Rivaz, Mohseni Moghadam

in which X = (Xj;) is an arbitrary member of ¥3335(A, B, C). If S = (5;;) denotes the sign matriz
of X, then |X| =S5 ® X where ® denotes the so-called Hadamard or component-wise product. Now,
in order to determine the lower and upper bound for each element X;; of X, the following nonlinear
programming problems for all possible cases of S and fixed 7, 7,1 < 4,5 < n should be solved:

min /max Xj;
s.t.

AX? + (midB)X — (rad B)(S® X) < —C,
(4.3)
AX? + (midB)X + (rad B)(S © X) > —C.

In 1964, Oettli and Prager [24] also proved a nice characterization of the weak solutions of standard
interval systems of linear equations. The main merit of the Oettli-Prager theorem consists in the
fact that it describes the set of all weak solutions by means of a single nonlinear inequality.

Therefore, we are required to solve 2n2 x 2"° nonlinear programming problems which may grow
exponentially as the dimension n increases, causing this algorithm cumbersome and time-consuming
for matrices of high order. Another drawback, however, is that we will not be able to consider
only dominant solvents, so the enclosure is expected to be wider than it actually is. It is worth

Algorithm 1 A nonlinear programming algorithm to compute an enclosure X,,,, for the interval hull
of the united solution set to the TUQME ([1.3]).

1: Given A, B,C

2 for k=1,...,2" do

3:  Compute Sy as k-th possible matrix for the sign of an n x n matrix

4: fori,7=1,...,ndo

5: Solve the nonlinear programming problems appeared in to maximize and minimize
Xi(f) using Sy instead of S

6: end for

7: end for

8: (Xup)ij = mSX{Xi(f)}

©

. k
(Xop)iy = min{ X}

10: Output Xy, = [X, 1, Xuip)

nlp»

pointing out that in view of Theorem a similar scheme can also be exploited to discover an
outer estimation for the solution sets ¥33,(A, B, C).

4.2. Inner estimation of Y333 via a sensilivity analysis technique

In this section the sensitivity of X in AX? + BX + C to changes in A, B and C will be our main
concern. Clearly, we may assume that X is a (differentiable) function of A, B and C and it is
always assumed that the elements of X are not dependent, namely X has no specific structure. This
technique comes from [7, Chapters 1.6-2.3] and primarily involves solving some linear systems.

By means of the sensitivity analysis technique, we consider a finite number of adequate unilateral
quadratic matrix equations of form instead of interval form . In fact, we want to find a
way to approach as much as possible the end corners of X 1= [X_ ., Xeus). As mentioned in [7],

==sns?

we expect that even for large values of rad A,rad B and rad C, the error in Xg,s depends only on
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the machine precision. To discover these adequate UQMEs, we consider the signs of some calculated
partial derivatives. This point is explained in more detail in the following paragraphs.
From [25], we have the following results about the first order derivative of differentiable matrices.

Lemma 4.2. [25] Let R and S be two differentiable matrices of compatible sizes. Then,

1. (R+S) = OR + S,
2. J(RS) = (OR)S + R(AS),

3. OR __ ng
BRU

in which J%¥ is the single entry matrix, 1 at (7, 7) and zero elsewhere.

In what follows, we assume that the selected matrices A € A, B € B and C' € C are always
mutually independent. Then, with the use of Lemma for finding partial derivatives from the
common equation AX?+ BX + C' = 0 with respect to A;;, B;; and Cj;, 1 < 4,5 < n, we obtain these
ordinary matrix equations

F DA X 0X | o ox
X2+ A% x4 Ax ~0
oA, T ea, T aAw Yo, ="
X 0X | 0B ox’_ »
* a8, 0B; (4.4)
8X7X+AX8X] Bax+ac
ac” ac,;  Cacy T acy,

We recall that for a point matrix G € KP*9, the vector vec(G) € KP? denotes the column-wise
vectorization whereby the successive columns of G are stacked one below the other, beginning with
the first column and ending with the last. Also, the Kronecker product of two matrices G € KP*?
and H € K™, denoted by G® H, is defined as G® H := [G;; H] € KP"*%. Now, (4.4]) can be written
in the vector form as

(XT® A+1® (AX + B)) vec ;j( = —vec (JYX?),
ij

(XT® A+1® (AX + B)) vec gg = —vec (JYX), (4.5)
L]

(XT®A+I® (AX+B)) vec (gg ) = —vec (J),
]

\

in which we have used the fact that for multiplication of three matrices G, H, K of compatible sizes,
the equality vec(GHK) = (KT ® G) vec (H) holds, see for instance [12].
Each of the equations in illustrates n? linear matrix equations to be separately solved for

vec (;T)f]), vec ( ;éj) and vec ( ac”) while A and B are replaced by mid A and mid B, respectively,

and X is the unique dominant solvent for (mid A)X? + (mid B)X + midC = 0. If the UQME
(mid A)X? + (mid B)X + mid C = 0 does not have a dominant solvent, we may use a dominant
solvent of any UQME AX2 4+ BX +C =0 with A € A, B € B,C € C and update the other parts
according to the new choice.

Now, by considering the signs of the matrices 8‘1}( , % and aaCX , required suitable matrices

corresponding to A, B and C'in AX?2+BX+C = 0 are determined. Indeed, these UQMESs are the ones
which should be solved to discover the extremes of Xg,s. For example, if for fixed [, k,1 < [,k < n,
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gﬁii > 0, gﬁj > 0 and g)élj > 0, then _the choices Zij,gzj and @-j for A, B and C, respectively,
will make us approach [k-th element in X, while the options Aij, B;; and Qij will lead us to lk-th
element in X_ .. This means that, to approximate (Xas)m, 1 <1,k < n, we set A*1P .= (Ai?’up) as

OXlk

Aij, gAij > 0,
lkup X
A= iy o4, <0, (4.6)
ij

To define Alk-down .— (Ail;’down) and then approximate (X )k, 1 < I,k < n, we select in the opposite

way, that is

Az‘ja 0A;; >0,
Ai?,down — A gﬁij <0, (4.7)
OXie

In the particular case where 0, the variable X, is said to be insensitive to any perturbation in

aGij
Gi; where G € {A, B, C'}. Besides, the superscripts “up” and “down”emphasis on approaching X g
and X, respectively. In the same way, we specify Bll-;-c’up, Bll-f’down and C’ff’up, Cf]]?’down. Afterwards,

==sns?’

for the calculated matrices A% Bikwp Clkup and Alkdown  plk.down - Alk.down “9n2 [JOMEs
Al X2 Bl X O — (), (4.8)

and
Alk,downXQ + Blk,downX + Clk,down — 0’ (49)

should be solved to discover the bounds of Xy, € [(X . )ik, (Xens)ix]. More precisely, for estimating
(sts)lk one needs to solve (4.8) and then set the maximum among all real [k-th entries of all
solvents of the UQME as (Xans)ix- To estimate the lower bound (X )i, we apply minimum
rather than mazimum. It is worth mentioning that the idea of utilizing global/local monotonicity in
solving standard interval linear systems comes originally from [27]. The exact strategy is shown in
Algorithm [2|

Thus, when estimating the united solution set of IUQME via the sensitivity analysis approach,
3n? linear matrix equations of the form MY = N and 2n? + 1 UQMEs of form (1.1)) need to be
solved. Some different techniques are described in [I8] to get an approximate dominant solvent
of (L.1). [8, 3] and [14] also give some algorithms for computing the solvents of (L.1). Example

also illustrates this technique in more details.

5. Examples

We illustrate our methods on three problems. Moreover, the algorithms are tested in MATLAB
2013a with INTLAB v6 and run on a laptop with 1GB main memory.

—6 —5
0 —6
that the elements of A, B and C have been measured with a certain uncertainty, so that we obtain

the IUQME AX? + BX + C = 0 with

Example 5.1. Consider the example mentioned in [I§], X? + X + [ } = 0. Now, suppose

A_p_ | [09000, 1.1000]  [~0.0100, 0.0100] }

[—0.0100, 0.0100]  [0.9000, 1.1000]
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Algorithm 2 A sensitivity analysis algorithm to compute an inner estimation Xg,s for the interval
hull of the united solution set to the ITUQME (L.3).

1: Given A,B,C

2: Compute a dominant solvent X of (mid A)X? + (mid B)X + midC =0

3 M =X"®@midA + I ® ((mid A)X + mid B)

4: for I,k=1,...,ndo

5 fori,7=1,...,ndo

6: Solve the linear systems MY = N for N = —vec(J9X?), —vec(J9X) and — vec(.J¥) to
determine vec (%) , Vec ( aaéj) and vec (%), respectively

7. end for

S: Set Alk,up’Alk,down’ Blk,up’Blk,down7Cflk,up’ Cvlk,down according to and
. Find all solvents X" (s) of UQME

10: (Xaus)ix = maX{Xll,’j’uP € R|X"P is a solvent for (4.8)}

11:  Find all solvents X™*dovn(s) of UQME

122 (X = min{ X9 € R|X™down s a solvent for @9}

13: end for o
14: Output Xsns = [X Xsns]

~—sns?

and
C_ [—6.2000, —5.8000] [—5.2000, —4.8000]
N [0, 0] [—6.2000, —5.8000]
With the sensitive analysis approach, we obtain
X — [—3.3089, 1.9240] [—54.5893, 1.0009]
51 [-0.0122, 0.3325] [—3.2964, 1.9283]

To better illustrate the sensitivity analysis technique, let us show how the element (Xgns)e =

[(X )22, (sts)gg} is calculated. First, note that [ =3

e 0 :;) } is the dominant solvent for the mid-

point system X2 4+ X + { _06 :2} =0 [I8]. Consequently, for i, j = 2, (4.5)) is as follows
30 QI+TI® —2 -1 Vec(aX):—Vec 00 X2,
-1 =3 | 0 2] Az 0 1|
[ -3 0 ] [ 2 1] X [0 0]
I+1 =— X
(_—1 3 |9 —2_>Vec<8B22> Vec(_o 1| ) (5.1)
[ -3 0 ] [ 2 1] <8X> [0 0]
RI+I® vec = —vec .
-1 -3 ] 0 2] 0Ca2 0 1]

\

The following results are obtained by solving (/5.1)):
oX [ o 0 X [ 0 0 oX [ 0 0 5.2
dAss | —0.3600 1.8000 |’ 9Bss | 0.1200 —0.6000 |’ 9Cs | —0.0400 0.2000 |- '
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0X 90X

Now, we try to find (X,),, by considering the signs of the above calculated derivatives: BAss’ DBag”

—Ssns

387);' From (4.7) and (5.2)), we conclude that

22,down __ 1 0 22, down __ 1 0 22, down __ —6 -5
A _[0.0100 0.9000 B ~ | —0.0100 1.1000 ' a 0 —6.2000 |-

Thus, we should solve the UQME
A22,downX2 + B22,downX + 022,down —

1 0 ) 1 0 -6 -5 ]
[ 0.0100  0.9000 } X0 [ —0.0100 1.1000 } X [ 0 —6.2000 } =0,
which has six solvents, namely,

2.0008 0.9844 —3.0050 —0.9432
—0.0042 2.0783 |’ | 0.0263 —3.2964 |’

0.1603 + 0.4615¢ —5.0858 — 2.2555¢ 0.0863 — 0.3360¢  —2.8676 + 1.99964

1.7565 + 2.1104¢ —22.5650 — 22.4999¢| [3.9747 — 2.2472¢ —44.7473 — 3.3625:¢
0.0863 + 0.3360¢  —2.8676 — 1.99967 |’ [0.1603 — 0.4615: —5.0858 + 2.2555¢ '

{3.9747 +2.2472; —44.7473 + 3.3625@'] [1.7565 —2.1104i —22.5650 + 22.4999@']

Thus,
(X,,)22 = min{2.0783, — 3.2964} = —3.2964.
Likewise, it follows from (4.6) and (5.2)) that
1 0 1 0 —6 -5
22,up __ 22,up __ 22,up __
AT = [ —0.0100 1.1000 ] B = [ 0.0100 0.9000 ] O = [ 0 —5.8000 ] '

So, for obtaining (X,s)2e we should find all solvents of the UQME
A22,upX2 + B22,upX + C22,up —

1 0 ) 1 0 6 -5 ]
[ 0.0100 1.1000 ] Xo { 0.0100 0.9000 } Xt [ 0 —5.8000 } =0 (5-3)

This is the complete set of solvents for ((5.3)):

1.9992 1.0147| [—-2.9953 —1.0536 4.3511  23.2677
0.0038 1.9283|’|—0.0221 —2.7503| " |—0.7428 —5.1362]|"’

1.5367 13.9504 —1.1004 —28.3136| |[7.4408 —151.1871
0.1507 —2.1783| ' [—0.2080 —0.0762 |’ |0.3757 —8.4739

Therefore,

(Xons )22 = max{1.9283, —2.7503, —5.1362, —2.1783, —0.0762, —8.4739} = 1.9283.

Finally, we conclude that (Xs)a22 = [(Xns)22, (Xens)22] = [—3.2964, 1.9283] which is the same
result that we had previously claimed. The total time required to compute the whole matrix X, is
1.5374 seconds. Instead, the result obtained from the nonlinear programming method is

[—3.4181, 2.1742]  [—54.8029, 1.2464]

Xao = | [_05301, 04153]  [—3.8349, 2.1799)]

However, this time, the result is obtained after 9.3424 seconds.
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Example 5.2. Consider the UQME
X*+BX +C =0, (5.4)

WithB:|:0 O}andC’:{_l

which has exactly one dominant solvent [I3]. We perturb

0
10 -1 0
A =1, B and C, so that TUQME (1.3)) should be solved with mid A = A;midB = B,midC = C
and

rad A =radB =rad C = [ 0.1000-0.1000 } .

0.1000 0.1000

The sensitivity analysis method computed the inner approximation below in 1.6888 seconds, while
the nonlinear programming approach took 10.4209 seconds to find an enclosure for the united solution
set:

[—54.3825, 1.0053] [—0.63, 0] [—54.5001, 1.3389] [—3.2484, 0.1517]
Xens = ] 7Xn1p:

[—1.4857, —0.3173] [—0.8889, 0 [—1.5973, 0.9884] [—2.2263, 0.5986]

Our next aim is to provide an example to verify the accuracy of the presented methods and
especially to observe the quality of obtained results in a simple case, i.e., for one-dimensional real
interval matrices or real closed intervals.

Example 5.3. Consider the interval quadratic equation
We can rewrite (5.5 as
[2° — 22 — 3,22* + 2 — 1] = [0,0],

when z > 0 and as
[2% + 2 —3,22° — 20 — 1] = [0, 0],

when = < 0. If there exists a value of z such that
2’ —2r—-3<0< 227 +12—1, (5.6)

or

?+r—-3<0<22® 221, (5.7)
then there exist a € [1,2],b € [-2,1] and ¢ € [-3, —1] such that az?® 4+ bz + ¢ = 0 for this value of z.
Therefore, © € ¥a33([1, 2], [-2, 1], [-3, —1]). (5.6) and (5.7 imply, respectively, that = € [0.5000, 3]
and = € [—2.3028,—0.3660]. Thus the united solution set of this interval quadratic equation is

[0.5000, 3] U [—2.3028, —0.3660].
In the case of nonlinear programming, (4.3)) is as follows

min / max
s.t.
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Taking into account the sign of z, the above equations are exactly the same as and . Then,
the result of nonlinear programming method coincides with the exact united solution set. The total
execution time is also 0.7015 seconds.

Now, if we suppose that x > 0 and compute % as the positive solution (dominant solvent) of
the midpoint system mid([1,2])z? + mid([—2, 1])z + mid([—3, —1]) = 0, then the sensitivity analysis
approach gives [0.5000,3]. The same method produces the interval [—2.3028, —0.3660] when we
choose the negative solution (minimal solvent) of the midpoint system, —1, in Line [2| of Algorithm .
Note that this time we have assumed that x in is less than or equal to 0. An inner estimation for
Ya3a([1, 2], [-2, 1], [—3, —1]) is thus [0.5000, 3] U [—-2.3028, —0.3660] which coincides with the result
obtained from the exact computation above. The total execution time is 0.1728 seconds which is
again much less than the time needed for nonlinear programming technique.

The results of Example lead us to the conjecture that in the case of one-dimensional interval
matrices, the results of both nonlinear programming and sensitivity analysis method coincide exactly.
However, we have neither a mathematical proof nor a counterexample to disprove it.

6. Conclusions and Future Works

In this work, we have generalized Shary’s results about AE-solution sets for [UQMEs. Then, we have
proved some characterization theorems. We have also attained a sufficient condition under which
some particular cases of these solution sets are nonempty. The most significant result of our work
is focused on generating an outer estimation and an inner estimation for the united solution set to
IUQME. To this end, we have proposed two methods: the nonlinear programming technique and the
sensitivity analysis approach.

There are still several problems that can be tackled: one open problem is to develop outer and
inner estimations for different AE-solution sets to interval matrix polynomials of any degree, not
only quadratic ones. It would be desirable to investigate the conditions under which the AE-solution
sets are bounded. Moreover, no attempt has been made in the present paper to develop verification
methods which is another interesting problem.
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