
1. Introduction 

Non-Newtonian fluid mechanics is a field of 

study that has grown in prominence and importance 

over time. In recent years, efforts have been devoted 

to the study of non-Newtonian fluid flow mainly 

because of the many applications of such 

phenomenon in petroleum drilling, bioengineering, 

and food and paper manufacturing. A non-

Newtonian fluid is a class of fluid with properties 

that differ in many ways from those of Newtonian 

fluids. The viscosity of non-Newtonian fluids, for 

instance, depends on shear rate. Additionally, many 

models used to describe the non-Newtonian behavior 

exhibited by certain fluids feature governing 

equations that are of higher order and are much more 

complicated than Navier–Stokes equations. The 

resultant non-linear equations are difficult to solve 

given their considerable complexity and have 

therefore posed tremendous challenges to researchers 

in engineering, applied mathematics, and 

computational mathematics. Most of the 

mathematical models used to describe the physical 

flow behavior of non-Newtonian fluids can be 

grouped into three classes: (a) the rate class, (b) the 

differential class, and (c) the integral class. 

Differential models are used to predict normal stress 

and shear thinning/thickening properties. In the 

integral type model, the stress is given by one or 

more integrals of deformation history, while the rate 

type model are used to describe the response of fluid 

that have slight dependence of the stress on the 

history of the relative deformation gradient. Unlike 

the differential and the integral types whose 

constitutive equations are explicit of the stress 

tensor, the rate type is implicit in the stress tensor. 

The most common rate-type fluid model is the 
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A B S T R A C T 

This study carried out a thermodynamic analysis of the steady-state flow and heat 

transfer of an Oldroyd 8-constant fluid, with consideration for the effects of heat 

source, velocity slip, and buoyancy force under a transverse magnetic field. A model 

for momentum and energy balance was numerically solved using the method of 

weighted residuals, and associated residuals were minimized using the partition 

method. The results were compared with those derived using the built-in numerical 

solver of MAPLE 18 to validate the method used, and the convergence of the method 

was determined. The results of the momentum and energy balance model were then 

used to compute the entropy generation rate and the irreversibility ratio. The effects of 

control parameters such as non-Newtonian fluid parameters, slip parameters, the 

Grashoff, Brinkmann, and Hartmann numbers, and heat source on non-dimensional 

velocity, temperature, entropy generation, and irreversibility were graphically 

represented. The findings revealed that the irreversibility due to fluid friction 

dominates over heat transfer when non-Newtonian fluid parameter α_1 is kept constant 

at various values of α_2, whereas the irreversibility due to heat transfer dominates over 

fluid friction when α_2 is kept constant at various values of α_1. 
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Oldroyd model proposed by Oldroyd [1]. This model 

differs from differential models in terms of 

effectiveness in predicting normal stress and shear 

thinning/thickening properties and measuring 

relaxation and retardation times. The simplest 

subclass of rate-type fluid models is the Maxwell 

fluid model, which can be described only in terms of 

the fluid’s relaxation time. Another subclass is the 

convected Jeffrey model, which is also known as the 

Oldroyd B model and is used to predict the effects of 

relaxation and retardation times. A generalized 

subclass of the Oldroyd model is the Oldroyd 8-

constant model—a non-Newtonian fluid 

representation that has received relatively less 

attention from researchers. To address this gap, the 

present study employed an Oldroyd 8-constant fluid 

model, which is a generalized class because it is used 

to predict normal stress properties, shear 

thinning/thickening properties, and many other 

characteristics [2]. It also identifies the rheological 

characteristics of unidirectional steady flow. Other 

researchers have similarly investigated Oldroyd 

fluids. Hayat et al. [3], for example, discussed the 

flow of an Oldroyd 8-constant fluid subjected to a 

magnetic field using homotopy analysis. Hayat et al. 

[4] examined the magnetohydrodynamic (MHD) 

flow of an Oldroyd 6-constant fluid. Khan et al. [5] 

inquired into the effects of slip on shearing flow in a 

porous medium, and Ellahi et al. [6] explored the 

analytical solution of the non-linear flow problem of 

an Oldroyd 8-constant fluid. Furthermore, Baris [7] 

investigated the flow of an Oldroyd 8-constant fluid 

in a convergent channel. Using homotopy analysis, 

Khan et al. [8] examined heat transfer from the 

steady flow of an Oldroyd 8-constant fluid into a 

suddenly moving plate. In other studies [9,10], the 

authors numerically investigated partial slippage on 

the MHD flow of an Oldroyd 8-constant fluid.  

Numerous researchers have also delved into the 

various flow behaviors of viscous fluids under slip 

conditions [11–14]. However, little effort has been 

devoted to using the Oldroyd fluid model to 

elucidate velocity at boundaries. Some of the few 

studies in this regard are those conducted by Khan et 

al. [9,10], as well as that carried out by Hayat et al. 

[5], who investigated the effects of slip conditions on 

the flow of an Oldroyd 6-constant fluid. 

Many scholars have likewise been considerably 

interested in entropy generation given its vast 

applications in minimizing the wastage of scarce 

resources [15]. Notable studies on this issue include 

those of Bejan [16,17],who discussed the second law 

analysis of heat transfer, thereby carrying out 

analysis of entropy generation. Vyas and Rai [18] 

examined the entropy regime of radiative MHD 

couette flow in a channel with a natural permeable 

base. Das and Jana [11] examined the entropy 

generation due to MHD flow in a porous channel 

characterized by Navier slip conditions. Adesanya 

[19–22] studied the entropy generation of couple 

stress fluid and third-grade fluid that flow through a 

channel. The effects of buoyancy on the unsteady 

MHD flow of a reactive third-grade fluid with 

asymmetric convective cooling were explored by 

Eegunjobi and Makinde [14]. Adesanya [21] delved 

into the second law analysis of third-grade fluids 

with variable viscosity. Gbadeyan et al. [12,13] and 

Ajibade et al. [23] are also among the researchers 

who have investigated entropy generation during 

various fluid flows. To the best of our knowledge, 

entropy generation during the flow of an Oldroyd 8-

constant fluid has not been examined. This analysis 

constituted the main goal of the current research.   

2. Mathematical Formulation 
 Let us consider the steady flow of an electrically 

conducting viscous fluid between two vertical and 

parallel plates of infinite lengths at    and     

with non-uniform temperature under the combined 

effects of buoyancy and velocity slip (Fig. 1). The 

Cauchy stress tensor   for an incompressible Oldroyd 

8-constant fluid is expressed, following [2], thus: 

 
        (1) 

 
where   is the pressure, denotesthe identity tensor, 

and  representsthe extra stress tensor, expressed as 
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where    is the Revlin–Ericksen tensor, µ is the 

coefficient of shear viscosity, and    (  

       )represents the material constants. Revlin–

Ericksen tensor    is defined as 
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where 
 

  
 is the material time derivative. 
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Fig. 1. Geometry of the model 

 

An Oldroyd 8-constant fluid is the general case of 

Newtonian, Maxwell, second-grade, and Oldroyd 3- 

and 6- constant fluids. When    are set to zero for 

(         ), the Oldroyd 8-constant model is 

reduced to a Newtonian fluid model, but when    

       (        ), the model is converted into a 

Maxwell fluid model. The model becomes a second-

grade fluid model at                

  (        ) and is reduced toan Oldroyd 3-

constant fluid model at              (  

      ). Finally, the model is reduced to an Oldroyd 

6-constant fluid model when         [3]. We 

assume a stress tensor, velocity, and temperature of 

the form 
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where   is the unit vector along the x-axis. The 

dimensional basic field equations that govern the 

flow and heat transfer of an incompressible 

conducting fluid are as follows: 

Continuity equation: 
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Momentum equation: 
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Energy equation: 
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 With displacement currents disregarded, the 

Maxwell equation and the generalized Ohm’s law 

appropriate for the problem can be expressed as  
 

                     (9) 

   (     ) (10) 

 

In equations (7) to(10),  is the density;V is the 

velocity;  is the current density;  is the total 

magnetic field so that       ;b denotes the 

induced magnetic field;  represents the magnetic 

permeability; E pertains to the electric field; and   is 

the electrical conductivity of the fluid. Moreover,  is 

the fluid temperature, and   ,   ,   , and   are the 

reference temperature, internal heat generation 

coefficient, mass specific heat, and thermal 

conductivity, respectively. In view of the above-

mentioned assumptions and for a particularly small 

magnetic Reynolds number approximation (in which 

induced magnetic field b can be disregarded), the 

magnetic body force can be expressed in the 

following form: 

 

     [  (    )   (     )]

     
   

(11) 

 

 With Eq. (5), continuity equation (6) is satisfied. 

Therefore, the three scalar momentum equations 

from (7) are 
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 As discussed extensively in [3], the physical 

components of the Cauchy stress tensor are given as 
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 Incorporating the stress components in Eq. (16) 

in the absence of a pressure gradient into Eq. (12) 

yields the dimensional governing equations for the 

momentum equation: 

 

    

    
 [(        )

       (
   

   
)

 

] (
   

   
)

 
    

    

 
   

   

 
[  (

   

   
)

 

]

 

    ( 

   ) [     (
   

   
)

 

]

 

 

 

(21) 

 Following Khan et al. [8], the heat balance 

equation, in the presence of heat source, is   
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 Substituting Eq.(16) into Eq. (22) yields 

 

 The boundary conditions for the velocity slip of 

viscous fluid were used by Hayat et al. [5] and are 

given as follows: 
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where    is the  -component of fluid velocity,T is 

the fluid temperature,   is the specific heat 

capacity,    is the applied magnetic fluid,   is the 

electrical conductivity,   is the internal heat 

generation,  is the thermal conductivity,   ,     are 

the slip coefficients, and   ,   represent the material 

parameters. 

 The following non-dimensional variable and 

parameters are used to non-dimensionalize the 

governing equations and boundary conditions: 
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Substituting Eq. (26) into Eqs. (21) and (23) to 

(25) produces the following equations:  

 

Dimensionless momentum equation:  
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Heat balance equation:  
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2.1 Entropy Generation 

 Entropy generation is directly associated with 

thermodynamics. Determining the rate of entropy 

generation in a given system is essential to 

optimizing energy for the effective operation of such 

system. The exchange of momentum and energy 

within fluid and at boundaries causes continuous 

entropy generation in the system. Bejan [17] 

presented the volumetric rate of entropy generation 

as follows: 
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 One part of entropy generation is caused by the 

irreversibility due to heat transfer, and the other is 

caused by viscous dissipation.  
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 Incorporating the stress components in Eq. (16), 

we obtain the following equation under the applied 

magnetic field: 
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 Introducing the dimensionless quantities defined 

in Eq. (26) generates anentropy generation rate of 
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where 1N  represents the irreversibility due to 

heat transfer, and 2N denotes the entropy generation 

due to viscous dissipation. To determine whether the 

entropy generation due to viscous dissipation 

dominates over the irreversibility due to heat transfer 

or vice versa, we define the ratio of irreversibility 

thus: 

  
  

  

 (36) 

 The entropy generation due to viscous dissipation 

dominates if    , whereas the irreversibility due 

to heat transfer dominates if       . If     , 

both phenomena provide equal contributions. 

 The Bejan number (Be) is defined as  
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where      indicates the limit at which fluid 

friction irreversibility dominates,   
 

 
 signifies 

that both the entropy generation due to viscous 

dissipation and the irreversibility due to heat transfer 

contribute equally, and      denotes the limit at 

which heat transfer irreversibility dominates. 

 The problem is now reduced to solve the non- 

dimensional boundary value problem governed by 

Eqs. (27) to (30). The solution is derived using the 

method of weighted residuals (MWR).  

3. Solution Method 

3.1 Principle of the MWR 

 The MWR is an approximation technique used to 

solve differential equations. It is categorized into 

various sub-methods, among which partitioning is 

one. This approach has been discussed by 

Aregbesola [24], Ghesemi et al. [25], Ledari et al. 

[26], and Odejide and Aregbesola [27].The basic 

principle of the MWR is to seek an appropriate 

polynomial solution to the boundary value problem 

of the form  
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where   is the differential operator acting on a 

function   to produce a known function  . Operator 

  can be a linear or non-linear expression of the 

spatial derivatives of dependent 

variable  .  ( ) denotes the appropriate boundary 

conditions, and   is a domain with boundary   . 

 Function   is approximated by a function   (i.e., 

a solution), which is represented as the linear 

combination of the basis function chosen from a 

linearly independent set, such that  
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where  are constants to be determined.   is 

sometimes called a trial function and is chosen in 

such a way that it satisfies all the boundary 

conditions of differential equations. Substituting 

Eq.(39) into  the   in Eq. (39), whose result is 

generally not exactly equal to function  ( ), 

generates a residual or an error, such that  
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The idea of MWR is to ensure that residual 

function )(yR is as small as possible in some 

average sense over the domain. That is, 
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where the number of weight functions iW  is 

exactly equal the number of unknown constants 

  in . This process translates to minimizing Eq.(41). 

The partition method is then used to minimize the 

residual function. The resultant systems of equations 
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are solved to determine parameters  . The 

polynomial   in Eq. (39) is the approximate 

solution. 

 The idea of partitioning is to force the weighted 

residual to zero not only at a fixed point in the 

domain but also over various subsections of the 

domain. To accomplish this, the weight functions are 

set to unity, and the integral over the entire domain is 

broken down into a number of partitions sufficient to 

evaluate all unknown parameters. That is, 
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3.2Application of the MWR to Equations 

 Consider the following trial solutions for the 

momentum equation: 
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 Similarly, for the heat balance equation, we 

assume 

 

Note that Eqs. (43) and (44) satisfy the boundary 

conditions mentioned in Eqs. (29) and (30). 

Substituting  ( ) and  ( ) into Eq. (27) and (28) 

leads to residual functions   (       ) 

and  (       )as follows: 
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 To determine unknown constants      and     , 

each of the residuals is minimized using the partition 

method. Domain [0,1] is then divided into equal 

ranges. In particular, the sub-intervals below are 

chosen: 
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 Simpson’s rule is then applied on residuals 

 (    ) and  (    ),            using the 

intervals in Eq. (47). A set of 10 equations and 10 

unknown coefficients are obtained. The specific case 

for which                        

                   is considered.For this 

particular case, constants      and     are calculated 

thus: 
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 The approximate solutions of the equations are 

easily obtained by substituting the     and     values 

derivedvia the partition method into the trial 

functions in Eqs. (43) and (44). These values are 
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4. Graphical Illustration and Discussion 
 In this work, the effects of entropy generation on 

a viscoelastic Oldroyd 8-constant fluid in a vertical 

channel were investigated. The MWR was used to 

numerically solve the governing equations. The 

results of the MWR were compared with the 

numerical solutions obtained using the built-in 

package of MAPLE 18 for a Newtonian fluid (i.e., 

where      ) (Table 1). The package uses a 

fourth-order Runge–Kutta procedure. The error in 

Table 1 is defined as 

 
      | ( )     ( )   | (51) 

 

 The results of the MWR are in good agreement 

with those of the MAPLE 18 package. To validate 

the code, we considered simplified versions of Eqs. 

(27), (28), and (30) by setting    and   to zero and 

setting   
  

  
 to unity. The resultant model is the 

same as the problem studied by Hayat et al. [3], that 

is, the steady plane Couette flow of an 

incompressible Oldroyd 8-constant fluid with no slip 

conditions. Hayat and his collaborators used 

homotopy analysis to solve the aforementioned 

problem. The comparison of the present results with 

those of Hayat et al. [3] is presented in Table 2. The 

table shows excellent correlation between the 

findings. Hence, confidence in the solutions derived 

through the present numerical method is high.  

 The convergence of the series solution obtained 

by partitioning weighted residuals is confirmed in 

Table 3. Given that this work focused primarily on 

entropy generation in a non-Newtonian Oldroyd 

fluid, the effects of various flow parameters on 

velocity, temperature, entropy generation, and the 

Bejan number were plotted graphically for the fluid 

(i.e., where      ). Fig. 2 depicts the effects of 

Hartmann number   on velocity. An increase in   

reduces fluid velocity because of the retardation 

effect of Lorentz forces on flow. Velocity 

distribution is plotted against internal heat generation 

in Fig. 3. As observed from the plot, fluid velocity 

increases as internal heat generation parameter   

rises. This result can be attributed to the rise in fluid 

concentration. 

 
Table1. Comparison of result for:                 
                          

 
 The influence of variations in internal heat 

generation parameter   on temperature was also 

determined. An increase in   increases the fluid 

temperature throughout the channel. Figs. 5 to 8 

depict the effects of non-Newtonian parameters    

and    on the velocity and temperature profiles. Fig. 

5 indicates that an increase in    reduces the velocity 

profile, and Fig. 6 shows that an increase in    

accelerates fluid velocity. This finding can be 

attributed to the shear thinning/thickening properties 

of the fluid. Fig. 7 reveals that under a variable    

and a constant   , the temperature profile increases. 

Fig. 8 shows that under a variable    and a constant 

  , the temperature profile decreases. These 
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observations are due to the thickening/thinning 

phenomenon exhibited by the fluid. 

 
Table2. Comparison of result for:             

 
  

 Figs. 9 and 10 illustrate variations in the 

Brinkman number (  ) against the velocity and 

temperature profiles, respectively. The results show 

that an increase in Brinkman number increases both 

the velocity and temperature profiles because of the 

kinetic energy in the fluid. 
Table 3. Convergence result for:                   

                              

 
 Variations in slip parameters    and    and their 

effects on the velocity profile at the walls of the 

channel are displayed in Figs. 11 and 12, 

respectively. As    increases, the fluid velocity in 

Fig. 11 rises at the wall with    . However, a 

slightly reversed flow effect at the wall with     

also occurs. Fig. 12 indicates variations in slip 

parameter    and their effects on fluid velocity. As 

slip parameter    increases, fluid velocity decreases 

throughout the channel. The influence of the Grashof 

number (  ) on the velocity profile is shown in Fig. 

13. The plot demonstrates that an increase in    

causes a corresponding increase in fluid velocity. 

This may be due to the fact that an increase in 

thermal buoyancy means a temperature difference in 

flow, which enhances fluid velocity. 

 Variations in various parameters for entropy 

generation are illustrated in Figs. 14 to 20. The 

effects of group parameter       on the entropy 

generation rate are presented in Fig. 14. The plot 

shows that the entropy generation rate increases with 

increasing       within the first width of the 

channel, but the reverse occurs within the remaining 

width of the channel. This phenomenon is due to the 

increase in the irreversibility    of fluid friction with 

rising       within half of the channel’s width. A 

decrease in    causes the reverse within the 

remaining width of the channel. Fig. 15 indicates the 

effects of    on the entropy generation rate, which 

increases as the Grashof parameter increases. This 

result is expected given that    increases the 

temperature profile (Fig. 13). 

Figs. 16 and 17 illustrate the influence of non-

Newtonian parameters    and    on the entropy 

generation rate. As presented in Figs. 7 and 8, an 

increase in    and    decreases fluid temperature. 

Parameter    is expected to enhance the entropy 

generation rate, and   is expected to decrease such 

rate. The effects of slip parameters    and    on the 

entropy generation rate are shown in Figs. 18 and 19. 

A slight increment occurs as both    and    increase. 

Fig. 20 reveals that an increase in  elevates the 

entropy generation rate within the first half of the 

width of the channel and that a flow reversal takes 

place within the remaining width of the channel. 

 To examine the effects of different parameters on 

the Bejan number, we plotted related graphs in Figs. 

21 to 28. Fig. 21 shows that an increasing   causes a 

decrease in the Bejan number, indicating that the 

irreversibility due to fluid friction is less dominant 

than heat transfer irreversibility. Figs. 22 and 23 

depict variations in    and   and their effects on the 

Bejan number, respectively. An increase in both    

and   indicates the strong dominance of fluid 

friction irreversibility over heat transfer 

irreversibility. 

 Figs. 24 and 25 illustrate the irreversibility ratio 

versus various values of    and   . As   increases, 

fluid friction dominates over heat transfer 

irreversibility (Fig. 24), but as    increases, heat 

transfer dominates over viscous dissipation (Fig. 

25).Figs. 26 and 27 present the effects of slip 

variation parameters    and    on the Bejan number. 

As    and   individually increase, fluid friction 

dominates over heat transfer irreversibility. Finally, 

the effects of       on the Bejan number are 

depicted in Fig. 28, which shows that an increase in 

      decreases the Bejan number. This result 

implies that the irreversibility due to heat transfer 

also decreases. 

 

 
Fig. 2. Plot of velocity profile at different values of    
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Fig. 3. Plot of velocity profile at different values of    

 
 

Fig.  4. Plot of temperature profile at different values of    

 
Fig.  5. Plot of velocity profile at different values of    

 

 
Fig.  6. Plot of velocity profile at different values of     

 

 
Fig.  7. Plot of temperature profile at different values of     

 

 
Fig.  8. Plot of temperature profile at different values of     
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Fig.  9. Plot of velocity profile at different values of     

 
Fig.  10. Plot of temperature profile at different values of 

    

 

 
Fig.  11. Plot of velocity profile at different values of     

 

 

 
Fig.  12. Plot of velocity profile at different values of    

 
Fig.  13. Plot of velocity profile at different values of     

 

 
Fig. 14. Plot of entropy generation rate at different values 

of        
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Fig.  15. Plot of entropy generation rate at different values 

of    

 

 

 
Fig. 16. Plot of entropy generation rate at different values 

of    

 
Fig. 17. Plot of entropy generation rate at different values 

of    

 

 
Fig. 18. Plot of entropy generation rate at different values 

of     

 

 
Fig. 20. Plot of entropy generation rate at different values 

of    

 

 
Fig. 21. Plot irreversibility ratio at different values of    
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Fig. 22. Plot irreversibility ratio at different values of     

 

 
Fig.  23. Plot irreversibility ratio at different values of    

 
Fig.  24. Plot irreversibility ratio at different values of     

 

 
Fig.  25. Plot irreversibility ratio at different values of     

 
Fig.  26. Plot irreversibility ratio at different values of     

 
Fig.  27. Plot of irreversibility ratio at different values 

of    
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Fig.  28. Plot of irreversibility at different values of       

 

5. Conclusion 

 The effects of buoyancy and Navier slip on the 

entropy generation of an MHD Oldroyd 8-constant 

fluid in a vertical channel were investigated. The 

MWR was implemented to calculate the solutions of 

the momentum and thermal equation. The results 

were then used to compute the entropy generation 

rate and the irreversibility ratio. The core findings of 

the research are summarized as follows:   

1. Velocity increases with rising magnetic 

parameter . 

2. When non-Newtonian parameters increase, shear 

thickening and shear thinning properties are 

reflected by both fluid velocity and fluid 

temperature.  

3. Entropy generation increases at the wall with 

   when the internal heat generation parameter 

and the group parameter increase. The reverse 

occurs at    . 

4. The irreversibility due to fluid friction dominates 

over heat transfer when    is kept constant at 

various values of  , whereas the irreversibility due 

to heat transfer dominates over fluid friction when 

   is kept constant at various values of  . 
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