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Abstract

In this paper, we present recent results in integral inequality theory. Our results are based on the
fractional integration in the sense of Riemann-Liouville
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1. Introduction

The integral inequalities involving functions of independent variables play a fundamental role in
the theory of differential equations. Motivated by certain applications, many such new inequalities
have been discovered in the past few years ( see [2 [5, [13] [14] [15]). Moreover, the fractional type
inequalities are of great importance. We refer the reader to [I], [16] for some applications. Let us now
turn our attention to some results that have inspired our work. We consider the quantity
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where f and g are two continuous functions on [a,b] and p and ¢ are two positive and continuous
functions on [a, b].
In the case, when p = ¢, S.S. Dragomir [10] proved the inequality:

(1.1)
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provided f and g are Lebesgue pu— measurable, pf?, pg? are Lebesgue pu— integrable on € and
0 <m < |%\ < M < oo, for p a.e.x € €. For other results related to the Cauchy-Schwarz

difference (1), in the case p = ¢, a number of valued extensions can be found in [3, 6, [7, 8, 9] 12} 18]
and the references cited therein.

The main aim of this paper is to establish some new fractional integral inequalities of Cauchy-Schwarz
type by giving an upper and a lower bound for the quantity Some new fractional results related
to Cassel’s inequality [4], [17], [19] are also generated. For our results, some classical inequalities can
be deduced as some special cases. Our results have some relationships with [3], [10].

2. Description of the fractional calculus

We introduce some definitions and properties which will be used in this paper:

Definition 2.1. A real valued function f is said to be in the space C,([0,00]), u € R if there exists
a real number r > p, such that f(t) =t" f1(t), where f1 € C([0,00)).

Definition 2.2. A function f is said to be in the space C};([0,0[),n € N, if f™ e C,([0, 00).

Definition 2.3. The Riemann-Liouville fractional integral operator of order o > 0, for a function
f e Cu(0,00[), p > —1, is defined as

JoF () = ﬁ/(t — e (r)dr a > 0,¢ > 0 2.1)

0
JUf(t) = f(?).
For the convenience of establishing the results, we give the following property:

JUTPf(t) = JoTPf(t). (2.2)
For the expression (2.1)), when f(t) =t we get another expression that will be used later:

F(B + 1) toz—&-ﬂ'

i T(a+p+1) (2:3)

For more details, see [11], [16].

3. Main results

Our first result is the following theorem:

Theorem 3.1. Suppose that f and g are two continuous functions on [0, 00| and p and q are two pos-
itive continuous function on [0, co|, such that p|£|,p|%|, q|£|, q|%|,pf2,p92, qf? and qg* are integrable
functions on [0, 00|. If there exist m and M two positive real numbers, such that

0<m < |[f(r)g(r)| < M;T€[0,t],¢t >0, (3.1)
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then we have

(47l DI G190 + GO I a0 - 20790 (1)

f

< JopfA(t)Jqg?(t) + J¥q f2(t)Jpg*(t) — 2J%(p| fgl)(t)J*(ql fg])(t)

< M2 (AL 2D(0) + T 2D (0T G120 — 27p(0)T4(1)))

for any o > 0,t > 0.

Proof .
In the identity

u? 4 v? 1 U v\ 2
—uv:—uv< - — —);u>0,v>0,
2 2 v U

we take u = |f(7)g(p)| and v = |f(p)g(7)|, T, p € [0,1],£ > 0. Then we can write

F2(1)g*(p) + f*(p)g*(7)
2

= @ g (/1152 — /|02

On the other hand, we have

—f(m)g(p)llf(T)g(p)l

\/| 122 |—\/| 1931 = IZE + 22 g0 - 2
Using (3.4]) and the condltlon ) we can write
m? () 9(0),, fle) 9()
) <|g(7)“f(p)|+|g(p)||f(7)| 2
< FOCELEOTE, | f(1)g(r)]|F(p)g ()
< (IS N9+ 1551551 - 2).
Hence we get,
m? (19(0), o 10) a9 ) — 20
2(f(p)| GO + L8160 - 20700)

2 ay, £2 2 “pg?
< L O ® — | F(p)g(p)] T (pl f9) (8)

< (15517 GHDE + I FGLT @l —27°0(0)).
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(3.2)

(3.4)

(3.6)

Multiplying both sides of (3.6 by (t}’z)aa)_l q(p), then integrating the resulting inequalities with respect

to p over [0, t], we obtain
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m? (oo S0y a9 Y YR a4 T
5 (7@ DO G + TGl D W D) — 27807 a(1))

Q £2 ayq2 a, £2 a2
< L2pI (1) (t);rJ af*()J*pg®(t) _ J(plfg)) (&) T%(q| fg])(t) (3.7)

< 22 (JIEDOI @D + Il D@20 — 2000 Ia(0)).
Theorem is thus proved. [J

Remark 3.2. Applying Theorem [3.1] for p = q,a = 1,du(t) = dr, we obtain Theorem 1 of [3] on
[0,¢] = Q.

The previous result can be generalized to the following:

Theorem 3.3. Suppose that f and g are two continuous functions on [0,00[ and let p and q be two
positive continuous functions on [0, 00|, such that

p|§|,p|§|,C]|§|>Q|§|,pf2,qf2,p92 and qg* are integrable functions on [0,00[. If there exist m and M
two positive real numbers, such that

0<m<|f(r)g(r)] < M;7€[0,¢],t >0, (3.8)
then the inequalities
m%ﬁmgwwwgww+ﬂm§wwwﬁmw—N%wﬂww
< JpfA(t)JPqg?(t) + Joqf(t) T pg*(t) — 2J°(pl f9]) (1) J7 (al Fal) (D) (3.9)

< M2 (1o (plL)(0)7(al2D(0) + Tl L) (0TG4 (1) — 27°p(1) (1))
are valid for any a > 0,8 >,t > 0.

Proof . Multiplying both sides of (3.6) by %q(p), then integrating the resulting inequalities

with respect to p over [0,t], we obtain:

m® o f g Fivin a9 o
S (TGO LD + 7l DOT RN ~ 27007 a(1))
< S S E IR — 7 (p]f9]) ()7 (0l 1) 1) (310)

< 2 (IO Il + IO I GEE - 27007,
The proof of Theorem [3.3]is thus achieved. [

Remark 3.4. It is clear that Theorem would follow as a special case of of Theorem when
a=p.

Now, we shall propose a new generalization of Cassel’s inequality. We have:
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Theorem 3.5. Let f,g be two continuous functions on [0,00[ and let p and q be two positive con-
tinuous functions on [0, 00[, such that pf?, qf?, pg? and qg* are integrable on [0, c0|. If there exist m

and M two positive real numbers, such that

f(7)

0<m<|—=| < M;7€]0,t],t >0,
9(7)

then we have

Jopf2(t) g’ (t) — J*(p|fg)) (1) J* (al f9])(¢)

< QI oy £g|)(£)T° (| fol)(t),
for any o > 0,t > 0.

Proof . From the condition |%| < M;t €[0,t],t >0, we have

f2(r) < M|f(r)g(r)|:m € [0,4] .t > 0.
Therefore,

P TR M
) / (t= " D)) < s

Consequently,
JopfA(t) < MJ(plfg])(t).

Now, using the condition m < |%|; 7 € [0,t],t > 0, we can write

mJ%qq*(t) < J*(q|fg])(t).

Multiplying (3.15)) and (3.16]) we obtain

RIS

Jopf2(t) %> (t) < —J(p|fgl)(t)T*(ql fa])(t).

Consequently, we get
Topf ()T ag*(t) — J*(p|fgl) () J*(al fg])(t)

< 25T (plfgl)(8) T (al fal) (1),
which implies (3.12]) Theorem [3.5|is thus proved. [

Remark 3.6. If we take a = 1,p = q, then we obtain Cassel’s inequality [10],[19] on [0,1].

[ @=or st

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

Also, with the same assumptions as before, we get the following generalization of Theorem [3.5}
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Theorem 3.7. Let f, g be two continuous functions on [0, 00] and let p and q be two positive contin-
uous functions on [0, 00[, such that pf?, qf?, pg*> and qg* are integrable on [0, 00[. If there exist m, M
positive real numbers, such that

0<m§|—:|§M,TE[0,t],t>O, (3.19)

(7)

then, for any a > 0,5 > 0,t > 0, the inequality

f(7)
g

Jepf? (t) JPag® (t) — J*(plfgl)(8)T7 (al fol)(8) < %J“(plm (t) J°(al foh () (3:20)

18 valid.

Proof . From the condition m < |%\, T € [0,t],t > 0, we can write

g
mJ%qg?(t) < J7(alfaD)(t). (3.21)
Thanks to (3.16]) and (3.21)) we obtain

P ag’) <

T*(plfgD) ()7 (al fal)(t). (3.22)

Therefore,
JopfA (). qg?(t) — J*(pl fg))(£)T" (q| fa])()

< A= ge(pl fal) ()% (gl fal)(2).
Hence, we deduce the desired inequality (3.20)). OJ

We give also the following corollaries:

(3.23)

Corollary 3.8. Let F,G be two continuous functions on [0,00] and let p and q be two positive
continuous functions on [0, 00[, such that p|£|,p|S|, q|5 |, q|%], pF?, pG?, qF? and qG* are integrable
functions on [0, 00]. If there exist n, N, M positive real numbers, such that |F(7)G(7)| < M and

F
0<n§|%|§N,re[O,t],t>0, (3.24)

then, for any a > 0,t > 0, the inequality
JOpF2(8)JqG(t) + JqF2 (1) J°pG*(t) — 2% (p| FG)(t)J* (a| FGI)(1)
, (3.25)
2
< MY o g

18 valid.

Proof . In Theorem we take f 1= /|%|, g := 1/|%|. We constat that n < % < N;7€l0,t],t>
0, and then

—

F

TG 0T 10 — T80 140 526

—n2 [e «
< W0 Jeg(t)Joq(t).
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We have also

F G
Tl ST A1) (6) — Tp(t)Ta()
G r (3.27)
< Bl Jep(t) I (t).
Combining and , we obtain
TN I (6l ) (0) + Tl ()7 (ol ) (0) — 27°p(0) (1) .
3.28

< U= Jep(t) Joq(t).

Since |F(1)G(7)] < M;7 € [0,t],¢ > 0, then thanks to the second inequality of (3.2) (Theorem [3.1)),
we claim that

JEpF2 (1) JqG2(t) + J*qF>(1)J*pG(t) — 2J%(p|FG|) (1) J*(q| FGI)(¢)
(3.29)
< M2 (T (Pl 5D T (@ ED(E) + T @ EDE T (I D) = 27°p(t)I°(1)).

Using (3.28) and (3.29)), we obtain the desired inequality (3.25)). O

Remark 3.9. If we take p = q,o« = 1,du(7) = dr, then we obtain COTOllary on §2 provided that
Q= 10,t].

Corollary 3.10. Let F,G,p and q satisfy the conditions of Corollary[3.8. Then, for any o > 0,3 >
0,t > 0, we have

JOpF?(t)JPqGA () + JPqF? (1) pG?(t) — 2J%(p| FG|)(t)J° (q| FG|)(t)
(3.30)

M2(N-n)? ;4
< (Qn—N)J pJPq(t).

Proof . We apply Theorem [3.5] and Theorem ?7. [

Remark 3.11. If we take o = 3, then we obtain Corollary[3.8.
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