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Abstract

We present symmetric Rogers—Holder’s inequalities on time scales when % + % + % =0 and ;% + g is
not necessarily equal to 1 where p, ¢ and r are nonzero real numbers.
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1. Introduction and Preliminaries

First we need here basic concepts of delta calculus. The results of delta calculus are adapted from
[3, 7, [§]. A time scale is an arbitrary nonempty closed subset of the real numbers. It is denoted by
T. For t € T, forward jump operator o : T — T is defined by

o(t):=inf{s e T:s >t}

The mapping p: T — Ry = [0, 00) such that u(t) := o(t) — t is called the graininess. The backward
Jump operator p: T — T is defined by

p(t) :=sup{s € T : s < t}.

The mapping v : T — Ry = [0,00) such that v(t) := t — p(t) is called the backward graininess. If
o(t) > t, we say that t is right-scattered, while if p(t) < t, we say that t is left-scattered. Also, if
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t <supT and o(t) = t, then t is called right-dense, and if ¢t > inf T and p(t) = t, then t is called
left-dense. If T has a left-scattered maximum M, then T* = T — {M}. Otherwise T* = T.

For a function f : T — R, the derivative f2 is defined as follows. Let ¢t € T*, if there exists
f2(t) € R such that for all € > 0, there exists a neighborhood U of ¢ with

[f(o(t) = f(s) = F2()(o(t) = s)] < elo(t) — 5|

for all s € U, then f is said to be differentiable at ¢, and f2(t) is called the delta derivative of f
at t. A function f: T — R is said to be right-dense continuous (rd—continuous) if it is continuous
at each right—dense point and there exists a finite left limit at every left-dense point. The set of all
rd—continuous functions is denoted by C,q(T,R). The next definition is given in [3] 7, .

Definition 1.1. A function F' : T — R is called a delta antiderivative of f : T — R provided that
FA(t) = f(t) holds for all t € T*, then the delta integral of f is defined by

b
/f(t)At = F(b) — F(a).

The following results of nabla calculus are taken from [3], 6] [7, [&].
If T has a right-scattered minimum m, then T, = T — {m}. Otherwise T = T. The function
f: T — R is called nabla differentiable at t € Ty, if there exists f¥(t) € R with the following
property: For any e > 0, there exists a neighborhood U of ¢, such that

[f(p(1)) = f(s) = Y (0)(p(t) — s)| < elp(t) — s

for all s € U. A function f : T — R is left-dense continuous or ld—continuous provided it is
continuous at left—dense points in T and its right-sided limits exist (finite) at right—dense points in
T. The set of all ld-continuous functions is denoted by Cj4(T,R). The next definition is given in
[3, 6, [7, [§].

Definition 1.2. A function G : T — R is called a nabla antiderivative of g : T — R provided that
GV (t) = g(t) holds for all t € Ty, then the nabla integral of g is defined by

Now we present short introduction of diamond-a derivative as given in [3] [14].
Let T be a time scale and f(t) be differentiable on T in the A and V sense. For ¢ € T}, where
TF = T* N'Ty, diamond—« derivative fO=(t) is defined by

fe) =aft B+ (1-a)f7(t) 0<as<l,

Thus f is diamond—« differentiable if and only if f is A and V differentiable. The diamond-«
derivative reduces to the standard A—derivative for o = 1, or the standard V—derivative for oo = 0.
It represents a weighted dynamic derivative for a € (0, 1).

Theorem 1.3. (Sheng et al. [I4]) Let f,g: T — R be diamond—« differentiable at ¢ € T. Then



Symmetric Rogers-Holder’s inequalities on diamond-« calculus 9 (2018) No. 2, 9-19 11

(1) f£g:T — R is diamond—« differentiable at ¢t € T, with
(f £9)% (1) = fo(t) £ g™ (1).
(7i) fg:T — R is diamond—« differentiable at ¢t € T, with
(f9)?(8) = fo(t)g(t) + af(t)g>(t) + (1 — ) f*(t)g" (D).

(2ii) For g(t)g°(t)g”(t) # 0, % : T — R is diamond—« differentiable at ¢t € T, with

(i>oa<a-_ 10 (097 (g (1) — a7 ()9 (g™ (1) — (1 = ) f*(H)g” (g™ (1)

g g(t)g°(t)g°(t)

Definition 1.4. (Sheng et al. [14]) Let f : T — R be diamond-« differentiable at ¢ € T. Then:

() ())%2(t) = af2(t) + (1 — a) [Y2(1);

(i1) (f)=V(t) = af2V(t) + (1 —a) fYV(1);

(idi) ()29 (t) = af>3(t) + (1 —a)f2V(t) # (f)*2(1);

(i) (/)Y (1) = af VE(E) + (1= a) fYV(t) # (f)°V(1);

(v) (f)%0(t) = @2 f22(t) + a(l = a)[f2V () + fY20)] + (1 — @)’ fYV (1)

# a2 fA5(1) + (1 —a)? fVV(1).

Theorem 1.5. (Sheng et al. [14]) Let a,t € T, and h : T — R. Then, the diamond-« integral from
a to t of h is defined by

t t t
/ h(s)0as = a/ h(s)As+ (1 — a)/ h(s)Vs 0<a <1,
provided that there exist delta and nabla integrals of h on T.

Theorem 1.6. (Sheng et al. [I4]) Let a,b,t € T, ¢ € R. Assume that f(s) and g(s) are Qn—
integrable functions on [a, b]T, then

(i) J,[f(5) £ 9(5)]0as = [, f(5) Oas % [, 9(5)0as
(i) [ cf(s)0as = c [! f(5) Qas

(iii) [} f(5)0as = — [ F(5)0as

v) [ £(5)0as = [} (5) Oas + [, £(5)0as

v) [ f(5)0as =0.
Corollary 1.7. (Sheng et al. [14]) Let ¢ € Tf and f: T — R. Then

o(t)
[ £(5) Oa(s) = p()af (£) + (1 — a)f2(1)
and

/ fs v(t)]af?(t) + (1 - a)f(1)).
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The following result is given in [I, page 147].

Theorem 1.8. If for positive values of sets of f;, g;, h; with condition f;g;h; = 1 fori=1,...,n
and the nonzero real numbers p, ¢ and r satisfy 1—17 + % + % = 0, then the following inequality holds

(fo)p (Zg;f)q (Z h;)r >, (L

if all but one of p, ¢ and r are positive. Inequality (1.1)) is reversed if all but one of p, ¢ and r are
negative for positive values of sets of f;, g; and h;.

I

The upcoming theorem is given in [4].

Theorem 1.9. Let p, q, ax and by (k=1,2,...,n) are positive real numbers, then
o\ 5 f
(Z m) (Z Z pbz) (Z Y kb) | (12)
k=1 k=1 k=1 k=1

The sign of equality holds in if and only if there exist real constants Cy and Cy such that
-1 qg—1
= Cib, and b = Chay, (k: =1,...,n).

Inequalities and can be unified and extended in weighted form on dynamic time scales
which was initiated by Stefan Hilger given in [I1]. Our aim is to present these applications of Rogers—
Holder’s inequalities on diamond—« calculus. Discrete form of Holder’s inequality is given in [12] and
found separately by Rogers and Holder. Integral form of classical Rogers—Holder’s inequality on time
scale calculus is given in [2, [3].

Theorem 1.10. (Agarwal et al. [3]) Let a,b € T with a < b and let f,g € C([a,b]T,R) be {n—
integrable functions. If }D + % =1, with p > 1, then

/ 1) |<>ats(/ 7 |p<>a);(/ab|g<t>|q<>at);. (13)

Theorem 1.11. (Agarwal et al. [3]) Let a,b € T with a < b and let h, f,g € C([a,b]T,R) be
Qo—integrable functions. If ]% + % =1, with p > 1, then

/ablh(t)llf(t) |<>at<(/ (8] (t |P<>a) (/ |h(t)]|g(t |‘I<>a> . (1.4)

In the case when p = ¢ = 2, then Rogers—Hélder’s inequality reduces to the following diamond—a
Cauchy—Schwarz’s inequality on time scales as

/ab [ROIIF()g()|0at < \/</b |h(t)||f(t)|20at> (/b |h(t)||g(t)|2oat). (1.5)

Theorem 1.12. (Chen et al. [9]) Let a,b € T with a < b and let f; € C([a,b]r,R), i =1,...,n be

Qn—integrable functions and p; > 1 such that > 1% = 1. Then
i=1""

/b H £i010ut < H / 50

which is generalized Rogers—Holder’s Inequality.

Piddat , (1.6)
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2. Main Results

Our first main result is proved for different conditions imposed on p, ¢ and r as p > 0, ¢ > 0 but
r<0;p>0,r>0butg<Oorqg>0,r>0but p<0and is reversed if ¢ < 0, r < 0 but p > 0;
p<0,r<0butg>0o0rp<0,q<0butr>0in upcoming theorem.

Theorem 2.1. Let h, f; € C([a,b]r,R) be On—integrable functions for i = 1,2,3 and p, q¢ and r be

3
three nonzero real numbers with 1—17 + % + % = 0. Further assume that [] fi(x) = 1.
i=1

(7) If p>0, ¢ >0 but r <0, then

(/|h i vwa) (/|h ol VOx);(Aﬁmmuﬁuwoﬂ) >1 (@)

(1) If g <0, <0 but p >0, then

(/'m i FOx) (/'m ol VOQJ;(lﬁhunmg |0x>is1. (22)
+

Proof . To prove (i), given condition X —i— + 1 =0 can be rearranged as

<=

- )
P=-2>10Q=-%>1. Applying Rogers—Holder S mequahty, we have

/‘m |u1>ﬁ<|oﬂ~<(/\h Hﬁ)P@ﬁ) </|h ol NQ@w)l,
L/|h A )ﬁ(|@w<i(/|h A r-aw) </|h ol |—<mg>g. 23)

By replacing |fi(x)| by |fi(z)|™" and |fo(z)| by |f2(x)|™" and taking power —; > 0, (2.3) takes the

form

(/ab|h(x)||f1(x)f2(x)|‘r<>ax) (/ h(2)|| f1(2) PO x) (/ ()| fal)[70 m) (2.4)

As fi(z) fa(x) f3(x) = 1, then (2. 4) takes the form

(lﬂmwuﬁ@woﬂ) (/|h A vww) (/|h s wOﬂ)l

This follows inequality (2.1)).
Now to prove (ii), the given condition 5 + ¢+ = 0 can be rearranged as ﬁ + ﬁ = 1. Let
p P

and

P = —ﬂ >1,0Q= —f > 1. Applying Rogers—Holder’s inequality, we get

/|h o) f( w@w<(/|h fole \poﬂj (/|h i fs(e |poﬂ)

and then replacing |fo(z)| by |fo(z)| 7P and |f3(x)| by |f3(x)|™ and taking power —5 < 0, we get
required inequality (2.2)). This completes the proof. [

*.

Now we generalize the inequalities (2.1]) and (2.2)) in upcoming theorem.
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Theorem 2.2. Let h, f; € C([a,b]T,R) be On—integrable functions for i = 1,2,...,n and p; be

nonzero real numbers with > — = 0. Further assume that [] fi(z) = 1.
= i=1

1
‘i
(1) If all p; for i =1,2,...,n but one are positive, then

([ e

=1

)Pioax) T (2.5)

~

(#3) If all p; fori=1,2,...,n but one are negative, then

1
n b E
([ el on)” <1 20
i=1 \Ja
n—1 n—1
Proof . To prove (i), the given condition becomes Z —|— — = () can be rearranged as Z = 1,
T pn
where all p; are positive for 1 = 1, . — 1 but p, 1s negatlve Let P, = — £ = > 1 for i = 1 —1.

Applying generalized RogerSfHélder s mequahty, we have

/ab |h(z)]| ij | fi(2)|Oa < ﬁ (/ab \h(z)]|f:(x)

1
Py
r ioaw)

/ e !H!fz 0z < 121(/ab|h<x>ufi<x>|ﬁoaz)_%. 2.7)

By replacing |f;(z)| by |fi(z)| P fori =1,...,n— 1 and taking power —i > 0, (2.7) takes the form

and

" [0 ) < TL( ] @lh
([ rtficar~our) ~ <T1( [

Applying condition [] fi(z) =1, (2.8) takes the form
i=1

(/ab !h(x)\|fn(x)|p”<>aa:>_;l < ;i:[ll (/ab \h(z)||fi(2)

This follows inequality (2.5)).

0. x)? 28)

1
Pi
pi%x>

— n—1
Now to prove (ii), the given condition % + pi = 0 can be rearranged as » ﬁ
- 7 n - " bn
fori=1,...,n — 1 are negative but p, is positive. Let P, = —5—2 >1fori=1,...,n— 1. Applying

Rogers-Holder’s inequality, we get

/ab |h(x)!ﬁ|fi(x)|0ax < :f[ll (/ab |h(@)]]fi(z) _ﬁ%x)

End then replacing |f;(x)| by |fi(z)| P and taking power —pln < 0, we get required inequality ([2.6]).

= 1, where all p;

_Pn
Pj

As diamond—« integral is the combination of delta and nabla integrals. Now we present our
results on delta and nabla calculus.
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Corollary 2.3. Let h, f; € C.q4([a, b]t,R) for i = 1,2,3 and p, ¢ and r be three nonzero real numbers
3
11,1 () —
with &+ &4 & = 0. Further assume that ZI;[l filr) =1

(1)) fp>0,¢g>0butr<0;p>0,r>0but ¢g<0orqg>0,r>0Dbut p<0, then

([ menine Ma:) ([ st \qA:v) ([ it rm) > 1 (29)

(7)) f q<0,7<O0butp>0;p<0,7<0butg>0o0rp<0,g<0butr>0,then

([ menine Mx) ([ st |qA:c) ([ eniste |Ax) <121

Remark 2.4. If T = Z and h(z) = 1, then (2.9) takes its discrete form for positive values of sets of
fi» 9i, hi with condition f;g;h; = 1 for ¢ = 1,...,n, which is given in (I.1). Moreover, if T = Z, then
(2.10)) takes reverse discrete form of (|1.1)).

b b
/.Ax:/.dx.

Therefore we can get continuous versions of (2.9) and (2.10]), respectively in next corollary.

Remark 2.5. As for T = R, we have

Corollary 2.6. Let h, f; € Cj4([a, b]T,R) for i = 1,2,3 and p, ¢ and r be three nonzero real numbers
3

R T T () —
with >4 2 + & = 0. Further assume that Zl;ll filz) = 1.

(1) fp>0,¢g>0butr<0;p>0,r>0but ¢g<0orqg>0,r>0but p<0, then

(/ @A )P w) ( / h@)| o) w)é(/abrmwwg(a:w w)1 > 1)

(1) If q<0,7<O0butp>0;p<0,7<0butg>0o0rp<0,g<0butr >0, then

([ s |pw) ([ st |qv:r) ([ st ) <1 @1

Now second part of our main results is started. The following inequality is a weighted symmetric
form of Rogers—Holder’s inequality.

Theorem 2.7. Let h, f,g € C(|a,blr,R) be On—integrable functions.

’r

(1) Take p, q and r three nonzero positive real numbers. Then the following inequality holds

( /ablh(ﬂf)llf(ﬂf)g(iv)l%x)p - <( / @) ()] Oz / (@) () oam);
(/ |hx||gx|r<>ax/a h@) 9@ () oax)z; (2.13)
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(13) Take p and q are positive real numbers and r be negative. Then the following reverse inequality

holds
B (/|h fa |<>a:/|h JIIf(a |2-|g<>|oa)p

([ mens@swion
([ 'T%“’/a @l @) 0 ) "

and sign of equality holds in ) and ( Cif|f(2)]7 7t = |Cg(x)] and |g(x)|*~! = |Df(x)],

where |C| and |D| are two real numbers

’r

'B

Proof . For the proof of (i), we can write

([ e >|<>a)
= ([ w@ls@iE @ Fawion
([ enisartow) ([ @iswre-lowio.s
= ([ w@lsertow) ([ ol iewio.)

As If) > 0, then by taking power z% on both sided we obtain

(f !h(w)l\f(ﬂc)g(x)l%w); < ([ @k [ m@irwp-twron) . @15

Similarly, we can write
b . b , 2
< ([ malg@1tous [ m@ls@PHr0Pos) . @19

(f !h<x>||f<x>g<x>|<>ax>

Combining (2 and (| -, we get - If p and g are posmve real numbers and r be negative,

then (2.14) is clear Clearly the sign of equality holds in and Cif |f(x)|" 7! = |Cg(z)]
and |g(z)|*~! = |Df(z)|, where |C| and |D| are two real numbers O

2

IN

Q3

Remark 2.8. If 2 = 4 = 2, then ([2.13)) reduces to (1.5)).

Remark 2.9. Further by using GM—AM inequality, (2.13|) can be written as

([ roisesion) =1 [ e |<>ax) ([ mesttons)’ +
([ vonser o) ([ r@lser iepos) - e

+

hSAbt
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Remark 2.10. If « = 1,7 =1, h(z) =1, %—l—é <land T=7Z and p, q, fr and gx (k=1,2,...,n)
are positive real numbers, then discrete version of (2.17)) can be written as

(S <3 ((E) ) - (o) (o))

as given in |10, [13].
Now we present delta and nabla versions of Theorem

3=
Q=

N —

Corollary 2.11. Let h, f,g € Cyq([a, b]r,R). Take p, ¢ and r three positive real numbers. Then the
following inequality holds

(/:m(x)uf(a:)g(as)m)“ (/ @) f ()| A / @£« |2_|g<x>|m>2;
“( / h(@)l o) 2 A / |h<:c>ug<x>|2?\f<x>|2Ax);q, (2.18)

and sign of equality holds if |f(z)|*~' = |Cg(z)| and |g(z)|*~* = |Df(z)|, where |C| and |D| are two
real numbers.

Remark 2.12. If T = Z, r = 1 and h(z) = 1, then we get discrete version of (2.18]) as given in
(1.2). And if T =R, then we get continuous version of (2.18)).

Corollary 2.13. Let h, f,g € Cj4([a, br,R). Take p, ¢ and r three positive real numbers. Then the

following inequality holds
(/abm(a:)uf(x)g(x)m) b (/ W@« / W@« |2--|g<x>|2w)2;
“( / h@)lg()]# vz / |h<x>||g<x>|2-?|f<x>|2w)Jq, (2.19)

and sign of equality holds if | f(z)|*~' = |Cg(z)| and |g(z)|*~* = |Df(z)|, where |C| and |D| are two
real numbers.

‘d\i

Remark 2.14. Let h, f,g € C([a, b]t,R). Let p, ¢ be positive real numbers and r be negative. Then
inequalities (2.18)) and (2.19)) will be reversed.

To conclude this paper, we present two dimensional inequalities. Our results in two dimensional
case are given in next section.

3. Two Dimensional Symmetric Rogers-Holder’s Weighted Inequalities

Theorem 3.1. Let h, f; € C([a,b]r X [a,b]T,R) be On—integrable functions for i = 1,2,3 and p, q

3
and r be three nonzero real numbers with % + é + 2 =0. Further assume that [] fi(x,y) = 1.
i=1
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(1) Ifp>0,¢g>0butr <0;p>0,r>0butq<0orqg>0,r>0but p<O0, then

(/ab /ab (e, y)l f1(, y)|”<>a:c<>ay);
X </ /ablh(x’””f“’y>|q<>am<>ay); </ /ab|h(x,y)|\f3(w,y)|’“<>a9:<>a3/) >1 (3.1)

(16) Ifg<0,7<0butp>0;p<0,r<0butq>0o0rp<0,qg<0 butr >0, then

([ [ enintnron %y);
X (/b /“blh(x’y)”fz(x’y)|q<>a$<>ay); (/b /abIh(x,y)l\fs(x,y)lroawoay) <1. (32)

Proof . Similar to proof of Theorem 2.1 O

Theorem 3.2. Let h, f,g € C([a,blr X [a,b]r,R) be On—integrable functions.
(1) Let p, q and r be positive real numbers. Then the following inequality holds

(/ab /ab \h(z, )| f(z,y)g(x, y)‘OQany) Tyr

borb b b
< ([ [ it ousou [ [ it nllste B Hate, ) Pouow

Sl

Sl

T
2p

T

2

q

([ [ tilatentouda [ [ intellote. s 0u0m) " 6

and sign of equality holds if |f(x,y)|" ™" = |Cyg(x,y)| and |g(z,y)|* " = |Df(z,y)|, where |C|
and |D| are two real numbers.
(7i) Let p and q be positive real numbers and r be negative. Then the following reverse inequality

holds
bopb Lyr
( [ Ih(l‘,y)llf(m,y)g(w,y)l%w%y)

b b b b ﬁ
> ([ ] el ouow [ [ ik -HatenPouou )

([ [ tiliatelouuy [ [ inalote. 215000000

and. sign of equality holds if |f(z, 1)~ = |Cg(x, )| and |g1*"(x,) = |DF(z, )], where |C|
and |D| are two real numbers.

Proof . Similar to the proof of Theorem 2.7 O
Remark 3.3. If 2 = 2 = 2 and h(x,y) = 1, then (3.3) reduces to

/ab /ab |f(z,9)9(7,y)[0azOay < \/(/ab /ab \f(x,y)!20ax<>ay) (/ab /ab |g($7y)!20a$<>ay>,

which is given in [5].
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