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Abstract

In this paper, we investigate the existence of solutions of some three-point boundary value problems
for n*~order nonlinear fractional differential equations with higher boundary conditions by using a
fixed point theorem on cones.
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1. Introduction

Fractional calculus is a generalization of ordinary differentiation and integration to arbitrary non—
integer order. Fractional differential equations arise in many engineering and scientific disciplines,
such as physics, chemistry, biology, economics, control theory, signal and image processing, bio-
physics, blood flow phenomena, aerodynamics, fitting of experimental data, etc. (see, for example,
[T, 3, [5, [7, 10] and references therein).

Different kind of fixed point theorems are widely used as fundamental tools in order to prove the
existence of positive solutions of boundary value problems associated to some differential equations,
difference equations, and dynamic equations on scales (see, for example, [2], 3] 6, 8, [, 1T, 12] and the
papers cited below).
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In [2], Bai and Lii studied the existence and multiplicity of positive solutions of nonlinear fractional
differential equations with boundary conditions, of the form:

Dgou+ f(t,u(t) =0, 1<a<2, 0<t<l1
u(0) = u(1) =0,

where Df, is the Riemann-Liouville differential operator of fractional derivative of order a.
In [12], Zhang considered the existence and multiplicity of positive solutions of nonlinear fractional
differential equations with boundary conditions, of the form:

‘Diu+ f(tu(t) =0, 1<a<2, 0<t<l1
uw(0) +u'(0) =0, wu(l)+d'(1) =0,

where “Dg, is the Caputo differential operator of fractional derivative of order a.

In [3], Benchohra, Henderson, Ntouyas and Ouahab used the Banach fixed point Theorem and
the nonlinear alternative of Leray—Schauder principle to investigate the existence of solutions for
fractional order functional and neutral functional differential equations with infinite delay, of the
form:

{ Ddu+ f(tu(t) =0, 0<a<l, 0<t<l

u(t) = ¢(t), <0,

where D§, is the Riemann-Liouville differential operator of fractional derivative of order «, f : [0, 1) %
B — R is a given function, ¢ € B with ¢(0) = 0, and B is the so—called phase space.

Thus, motivated by the results mentioned above, this paper deals with the existence of solutions
for the following n'™ point boundary value problem for n'"-order nonlinear fractional differential
equations with higher boundary conditions

D u(t) + f(t,u(t)) =0, n—1l<a<n 0<t<1 (1)

u™ (1) =uD(p) =ulV0)=0, 1<i<n-2 '
where n > 4 is an integer, p € (%, 1) is a constant and “Df, is the Caputo differential operator of
fractional derivative of order av and f : [0, 1] x (0, 4+00) — (0,400) is a continuous function.

The rest of the paper is organized as follows. In Section [2 we present some preliminaries. Section
Blis devoted to our main result.

2. Preliminaries

In this section, we recall some definitions and facts which will be used throughout the paper.

Definition 2.1. (Kilbas et al., [4]) The Caputo fractional derivative of order a > 0 of a function
u : [0,00) — R is given by

‘D u :—1 t — 8)" oy ™M () ds
sult) = ey [ (=9 (s)ds.

n—uo

where n = [a] 4+ 1 and [-] denotes the integer part.

Remark 2.2. For @« = n € N, the Caputo fractional derivative of order n of a function coincides
with the conventional n—th derivative of this function.
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Proposition 2.3. (Kilbas et al., [4]) Let o > 0 and 0 < a < b. Suppose that u is a function of class
C™(]a,b[,R) and [a] =n — 1. One have
1. “D2 [Igu] =

m—1
2. f “Dou =0 then u(t)= > c;(t —a)
7=0

J!

m—1 .
313 [CDgu) () = u(t) + 3 S5
j=0
4. f0< a,B <1 with a+ 3 <1 and u of class C!, then

(“D% o0 “DPYu = “D*F = (“DF oC D).

Lemma 2.4. Let o > 0. The general solution of the fractional differential equation “Df u (t) = 0
is given by
u(t) =co+ et +eot? + -+ cpt™

where ¢; e R, i=1,2,...,n— 1, and [a] =n — 1.
From Lemma [2.4] one can easily deduce the following property.

Lemma 2.5. Let @« > 0 and 0 < a < b. Suppose that u is a function of class C™(]a,b[,R) and
[a] =n — 1. We have

I8:°Dgcu (t) = u(t) + co + it + cat® + -+ - + cpt™ ™!
for somec; e R, i =1,2,...,n— 1.
The hereafter fixed point theorem on cones is the fundamental tool on which the proof of our
main theorem is based.

Recall that an operator on a Banach space is called completely continuous if it is continuous and
maps bounded sets into relatively compact sets.

Theorem 2.6. (Kilbas et al., [4]) Let £ be a Banach space and let K C & be a cone in €. Assume
that €2, and €y are open subsets of £ with 0 € Q; and Q; C Qy . Let T : €N (QQ\Ql) — IC be a

completely continuous operator. In addition, suppose either

(B1) [|[Tu]] < ||ul|, Vu € KNy and ||Tu|| > ||ul|, Yu € K N 0Ny, or
(B2) [|[Tu]| < [Jul], Yu € KN 0OQy and [|[Tu|| > ||ul|, Yu € K N 0Qy, holds.
Then T has a fixed point in K N (52\91).

3. Main result

Before to prove our existence result for the three-point boundary value problem (1.1]), we first
determine the Green’s function associated to this problem. Denote by C(J,R) the Banach space of
all continuous functions from J = [0, 1] into R with the norm ||u|| := sup |u(t)|, u € C(J,R).

teJ
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Lemma 3.1. (Podlubny, [7]) Let n — 1 < o < n and h € C(J,R). A function u is a solution of the
initial value problem

{ ‘D& u(t) =h(t), teJ
u(0) = ug

if and only if it is a solution of the fractional integral equation

1/ -
u(t):uo—{—m/o(t—s) h(s)ds, te.J.

Lemma 3.2. Letn —1 < a <n and h € C(J,R) with h(t) > 0, fort € J. The following n*"—point
boundary value problem

‘Dy,u(t) =h(t), telJ (3.1)
u™ V(1) = u D (p) =uV(0) =0, 1<i<n-—2 '
has the unique solution
1 1
u(t) = / G(t, s)h(s)ds + / Gt s)h(s)ds, teJ (3.2)
0 0
where
tnfl (1 )Q—n L <
-5 s
F'(n)T'(a—n+1) T
_G(t7 8) = tn_l 1
1—8)" " — ——(t—95)*", t>
F(n)F(a—n—i—l)( s) F(a)< STtz
and )
( pt"” a-n
1—
Tm—Dl(a—nsn 7%
— "2 a—n
Gp(t78): _F(n_1>r(a_n+2)(p_s) +17 pZS
pt"? a—n
1-— > p.
| T a—nsn 7% 7 2P

Proof . By applying lemmas and , equation D, u(t) = h(t) is equivalent to the following
integral equation

u(t) = co+ et + cot® + -+ cugt" IS A(1) (3.3)
for some arbitrary constants ¢; € R, i = 1,2,...,n — 1. From the n'"point boundary conditions, we
deduce the exact values co = ¢; =--- =¢,_3 = 0 in (3.3]) so that

u(t) = cpot™ 2+ ey i t" T+ IS R(1), tedJ (3.4)

with
1

I'(n)T (a—n+1) /0 (1—5)""" h(s)ds.

u™ () = (n— Dleyoy + I8 R(t)

Cp—1 = —

Indeed, for t € J
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implies that
un ()=m-Dlep1 + ]gf”“h(l) =0,
so that 1
ot =~y ler T, with D) = (o= 1)L
Also we have
W2 (p) =04 (n—2)lcu_s + (n— Dleoip + IS h(p) = 0

from which we deduce that

__(=n o IR
B (I ()]

- (n_l)p ! o n
_F(n)F(a—n+l)/0(1 s)" " his)ds

— 5)* " h(s)ds

"T(n—1T (a—n+2)/ (v

T T(-1T a—n+1/0 (1= )" h(s)ds
1 a—n+1
_F(n—l)F(a_n+2)/0 (p—s) * h(s)ds.

After replacing ¢, 5 and ¢,_1 in (3.4), we obtain

0= 1= 1)pr"(:_ n+1) /01 (1= 5)" " h(s)ds
B
“T(m)T Ea_i nt 1) /01 (1—5)"""h(s)ds + ﬁ /O t (t— )" h(s)ds
T T(n- 1)p;n(:j— nt1) /Op (1 =) h(s)ds
“Tn-1) ?E; “nt2) /0 C(p - 9" h(s)ds
- 1>p1fn<:_ nt1) / (- 8 h(s)ds
T T()T E;i nt 1) /Ot (1= 8)"" h(s)ds

1 tn—l

i m/o (t =)™ hs)ds - F(n)T(a—n+1) /t (1—5)"""h(s)ds.

This completes the proof. [1 B
Hereafter, we give some properties of functions G(¢,s) and G,(t,s) in Lemma , and of the
solution of the n'"—point boundary value problem (3.1)), which we will use later.
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Lemma 3.3. For all (t,s) € [1,1] x J, with 7 >0, and p € (%, 1), we have:

(t,5) < Gp(t,s) < Gi(t,s).

S Tm-Dl(a—n+t1)

(E3) Taflap(l, s) < miglap(t, s) = 7'”*2@1,(1,3).

T<t<

(1—9)*".

(Ey) vG(1,s) < G(t,s) < G(1,s), where y = (1 -

Proof . e Property (E,). We have

r(n)r(a—nﬂ))TQ_1
() '

( tn72 o
F(n—l)F(a—n+1)<1_S)
861,(25, 8) tn—Q -
- T - _ Ja—n >
tn—2
_ \e—n <s.
\F(n—l)l—‘(a—n+1)(1 s) , DS S

Taking into account that p € (3, 1), it is easy to see that %ﬁf’s) > 0. Hence G,(t, s) is nondecreasing

with respect to p and then

Gi(t,s) < Gylt.s) < Gilt,s).

e Properties (Fy) and (E3). The proofs are obvious and then omitted.

e Property (Ey). For s > t, taking into account that ¢ € [r,1] with 7 > 0 and «a < n, we have

ek EUSES
For s <'t, we have
g1 o -
G(t,s) F(n)r(a_n+1)(1—s) _m(t_s)
G(1,s) Gs)
gt o
> i F(n)F(a —n+ 1) (1 N S) ﬁ (t S)afl
Tlgtlgl G(1,8> B fg?é G(l,s)
7l - 1 -
S A A
N G(1,s)
o1 (1 s L g
_ ()T (a—n+1) 5 (o) s i
e 9 oy (- 9)
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-l 1

TSI Tla) U
O CETES LA
F'n)MNa—n+1) (1

I'(a)

. S)Oz—l

>

Z 7_0[*1 _

o )t;v—l

so that when 1 — s < 7, we get

G(t,s) Fn)MNa—n+1) a1l
G(ls) = (1 T T ) T

Now, taking into account that

0§1—§S1_3:>_(1_§)a*12_(1_8)a—1’

we have
i gn—o 1 sya-1
G(t,s) e Fn)I'a—n+ 1)< ) - I(a) (1 - _>
G(1,s) F(n)F(al— Y (1—s) ! — w5 (1= )"
i tn_a a—1 L — 3 a—1
< ot | TN —n+ 1) (=) =yt =9) 1
NN CETES LS Y A
<ot g 1.

This completes the proof. [1

Lemma 3.4. Let 7 <1, p € (3,1) and h € C(J, R) with h(t) >0, fort € J. The unique solution of
the n®"—point boundary value problem (3.1)) is such that

min u(t) = v [|ulf, (3.5)
te[0,7]

where v = 7971,

Proof . Let t € [r,1]. Taking into account that v < 1, by (3.2) and Lemma (3.3, we have

u(t)z/o G(t,s)h(s)ds—i—/o G,(t,s)h(s)ds

> /0 CG(L $)h(s)ds + /0 Gt 5)h(s)ds
> Uol G(1, s)h(s)ds + /Olap(l,s)h(s)ds]

so that

min u(t) > Uol G(1, s)h(s)ds + /Olapa, s)h(s)ds} | (3.6)

T<t<1
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On the other hand, we have
u(t) = /0 Gt $)h(s)ds + /O Gt s)h(s)ds
< [ / G )h(s)ds + / a0, s)h(s)ds}

from which we deduce that
1 1
lull < U G(l,s)h(s)ds+/ ap(l,s)h(s)ds] . (3.7)
0 0

Finally, by (3.6) and (3.7) we get the desired inequality (3.5)). O

Now, we will apply Theorem to prove the existence of solutions for the n'*point boundary
value problem ((1.1). First, we recall that a function u € C(J,R) is a solution of (1.1)), if u satisfies
equation

Deu(t) = f(t,u(t)), teJ

and conditions .
u" V(1) =u" D (p) =V (0) =0, 1<i<n-—2

In the other hand, by Lemma we see that u is a solution of (1.1)) if and only if

u(t)z/o G(t,s)f(s,u(s))ds+/0 Gp(1,s)f(s,u(s))ds, teJ.

Let us consider the Banach space & = {u € C(J,R) : u(t) >0, t € J} equipped with the norm
||u|| = max{u(t) : t € J}. We define on £ the integral operator T : &€ — & given by

Tu(t) = /0 G(t,s)f(s,u(s))ds +/0 Gp(1,9)f(s,u(s))ds, uweé&, tel (3.8)

It is not difficult to see that T" is well defined and fixed points of T are solutions of problem ({1.1J).
Let K be the cone in £ given by K = {u S H[lén]u(t) >y HuH} The following result gives
te|0,7

some properties of the restriction of T to .

Lemma 3.5. Let f : J x (0,400) — (0,400) be continuous. The operator T : € — & given
by (@ 15 such that

(1) T(K) Cc K.
(2) Tx =T : K — K is completely continuous.

Proof . e Property (1). Let u € K and t € J. We have

Tu(t):/0 G(t,s)f(s,u(s))ds+/0 Go(1,8)f(s,u(s))ds
Sv/o G(l,s)f(s,u(s))ds—i—/o Go(1,5)f(s,u(s))ds

g/o G(l,s)f(s,u(s))ds+/0 Go(1,5)f (s, uls))ds,
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which implies that

ITu] < / G(1, 5)f (s, uls))ds + / G (p. 5)f (s, u(s))ds.

On the other hand, we have

/Gts 5. u(s /013 u(s))ds
_/OG( ) ds+/é Juls))ds
27{/01(;(13) +/é (1,8)f(s,u(s))ds| .

t€[0,7]

41

(3.9)

(3.10)

From inequalities ‘) and (3.10) we deduce that min Tu(t) > v ||Tu|| and consequently we have

T(K) C K.

e Property (2). We divide the proof into two steps.
Step 1. T is continuous.

Let (u,), be a sequence such that u, — uy in K, and let

1 1
M:2(F(n—1)F(a—n+2) _r(a+1))'

Fix ¢ > 0. For n sufficiently large, we have ||T'u,, — Tuy||

/0 G(t, S)f(s,un(s))ds+/o G,(1,5)f(s,u,(s))ds

—/ G(t,s)f(s,uo(s))ds—/ @p(l,s)f(s,UO(s))ds

0 0

IN

€
< =

/1 [G(1, s)ds + G1(1,5)] ds

If we replace G(1,5s) + G1(1,s) by its value, we obtain

1 1

1 . 1 -
| Tu, — Tugl| < MF( 1)F(a—n—|—1)/0 (1—3) ds—m/o (1—15)"""ds

1

LA n—DD(a—n+1) /0 (A=) = (1 =) ] ds

- / G(t, ) (F(5wn(s) — f(s,uo(s)) ds + / Gy(1,5) (F(5.1n(s) — f(s, uo(s)) ds

7/0 G(1,5) (f (s, un(s) —f(s,uo(s))ds+/0 Gi(1,5) (f(s,un(s) — f(s,uo(s)) ds

< /0 G(1,s) (f(s,un(s) — f(s,uo(s))ds+/0 G1(1,8) (f(s,un(s) — f(s,u(s))ds
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S%F(n—1)F1(oz—n+1)/ol(l_s)a_nd‘s’_ﬁ/ol(l—s)“‘lds
T rl(a “nt1) /01 [(1=9)"" = (1 =9 ds

S%r(n_npz(a_nm/Ol(l—s)a‘"ds—ﬁ/olg_s)a—lds
_F(n_l)rlm_nﬂ)/01(1—5)“—1d5.

After some calculations we get
€
||Tun — TUOH S MM =g,

which finishes to prove that 7' is continuous.

Step 2. T takes bounded sets into relatively compact sets in K. From the Ascoli-Arzela Theorem,
it is sufficient to prove that for each bounded subset B of I, the set Ti(B) is bounded and equicon-
tinuous. Let B be a bounded set in K. Then there exists a real number m > 0 such that |ju|| < m,
for all u € B. For u € B, we have

il = | Gt ) (s, u(s)ds + / Cylp.5) (s, u(s))ds

< tou(t
< o ax | f(t,u(t) |

1 1
/ G(t,s)ds + / G,(p, s)ds
0 0

<c M

where ¢, = max {|f(t,u)|: t € J, ||ul]| < m}. Hence T'(B) is bounded Now, let u € B and t;,ts € J,
t1 < te. We have

[Tu(ty) — Tu(ts)| =

/OG(tl,s)f(s,u(s))ds—/O G(ta, ) f(s, u(s))ds

<c¢m

/0 (G(t1,s) — G(t2,s))ds

/Ol(cal,s) —G(tg,s))ds+/2(G(t1,s)—G(tg,s))ds

t1

<c¢m

+/ (G(t1,8) — G(ta,s))ds

to

[ (v rgi 0 gt )

- (r (n)T l(tii mo A ST il S)CHN ds

! / (rr Ea— 0 )

(v rfa— T 0T gt ) @

<cp
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+/ [(F(n)rgi 0T g )

e 0 )]

After some standard calculations we get

|Tu(ty) — Tu(ts)| < e

FTa =ty G %)

+W (=1 = (ta = 1)) = W (t7 —t3)

When t; — t5 the right—-hand side of the above inequality tends to zero. This property holds also for
ty < t;. This finishes to prove that T'(B) is equicontinuous. The proof is complete. [

In what follows, we will use the following notations:

e f (G u(t)) L f(tu(t))
S i O R et ATO N

where f : [0,1] x (0,+00) — (0,+00) is a given function. f is called superlinear if f, = 0 and
foo = 00.

Finally, our main result reads as follows.

Theorem 3.6. Suppose that f : [0,1] x (0,4+00) — (0,400) is continuous and superlinear. Then
the n*"—point boundary value problem has at least one solution.

Proof . Since fy = 0, for any € > 0 there exists 1 () > 0 such that, for w € C(J) and t € J,

(¢, ult))
)

Jul <ne) = =

<e = f(t,u(t)) <eu(t). (3.11)

Let @ = {u € C(J,R) : |lul]| < n(e)}. For any u € KNOQy and t € J, it follows from (3.8)) and
Lemma [3.3] that

Tu(t) = /01 G(t,s)f(s,u(s))ds + /01 @p@, s)f(s,u(s))ds
<o [ G090 ue s + [ Tyl
< /01 G(1,s)f(s,u(s))ds+/016p(1,s)f(s,u(s>)ds.

By use of we get
G(1, s)u(s)ds + /O 161(1,s)u(s)ds)
G(1,s)ds + /0161(1,s)ds) ] -
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€= </01 G(1,s)ds + /0161(1,s)ds)1

[Tull < lull- (3.12)

Now, if we let

we get

In the same way, since f,, = oo, for any A > 0 there exists B > n(e) > 0 such that, for u € C(J)
and t € J,

t,u(t
lu|| >~B = % > A = f(tu(t)) > Au(t). (3.13)
Let Qo = {u € C(J,R) : ||u|]| < B}. For any u € KNIy and t € J, we have ||u|| = B and by Lemma
3.4, we get

in u(t) > — ~B.
trer[lég}U()_vHUH v

Thus, from (3.8) and Lemma we can conclude that

NI

1 1
Tu(t) 2/ G(l,s)f(s,u(s))ds—I—/ G
0 0
By use of (3.13) we get

At this stage, if we let

we get
[Tull > lull- (3.14)

From inequalities (3.12)), (3.14) and T heor case (B1), we deduce the existence of a solution
(L.1)

for the n'"point boundary value problem .
Example 3.7. Let f:J x (0, 4+00) — (0, +00) be the continuous function defined by
flt,z) =tln(2e” — 1), teJ, x>0

It is easy to verify that

fo = liminf minf (t, u(t)) =0
lul—=0 tes  u(t)
and e
foo = limsup maXM = +00,

lul—4o0 €4  ult

so that f is a superlinear function. Thus, by Theorem , the n'"point boundary value prob-
lem (|I.1)), associated to f, has at least one solution.
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