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size of magnetic particles, and non-Newtonian fluid were examined on the mixing efficiency. 
It was demonstrated that the mixing efficiency would increase with applied current and the 
size of magnetic particles. The inlet velocity has an inverse effect on the enhancement of the 
mixing efficiency. It is found that electric currents of 0A and 50A would lead to the mixing 
efficiency of 10% and 83%, respectively. In addition, the results of the present work revealed 
that the mixing efficiency of a non-Newtonian fluid (blood) is smaller than that of a Newtonian 
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1. Introduction    

Micro-mixer is one of the most important components 

of microfluidic or lab-on-a-chip devices. Biochemical 

processes, DNA analysis, and micro-reactors are some 

applications of these systems in which the rapid mixing of 

fluids is essential. Since the flow regime in microfluidic 

devices is laminar (Re<1), the mixing process happens due 

to the diffusion at the interface of the fluids. Hence, a 

homogeneous mixing would be obtained in a very long 

period of time due to a very small diffusion coefficient of 

microfluidic solutions in the order of 10−10𝑚2/𝑠 [1].  

Micro-mixers are generally categorized into active and 

passive mixers. In active micro-mixers, an external 

moving part disturbs the fluids. However, passive mixers 

have no external excitation part. The mixing efficiency of 

active mixers is much higher than that of passive ones due 

to the incorporation of an external excitation source in the 
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flow. In passive mixers, the mixing efficiency directly 

depends on the special design of the macro-channel.  

Numerous designs have been presented for active 

micro-mixers. These schemes utilize electrical field [2-4], 

magnetic field [5-7], pressure field [8-10], or sound field 

[11-13]. Active micro-mixers would utilize Magneto-

Hydro-Dynamics (MHD) to improve the stirring 

efficiency. These mixers use AC or DC electric and 

magnetic fields so as to agitate fluids using Lorentz force 

[14]. It should be mentioned that MHD is utilized only for 

conductive fluids. Most of the micro-scale biological 

systems contain fluids that are not conductive. Hence, the 

suspension of magnetic particle and biological solutions 

allows us to use MHD and enhance mixing [15].       

Wang et al. [1] studied the effect of magnetic force and 

operating frequency on the mixing efficiency in a micro-

channel. They found that the optimum operating frequency 

is a function of microchannel width. The optimal 

frequency leads to a mixing efficiency of 97.7% in a period 
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of time t = 1.1 s at x = 500 μm and the volume fraction of 

5.7%. Nouri et al. [7] investigated the mixing process in a 

Y-shaped magnetic micro-mixer experimentally and 

numerically. They used a permanent magnet and found 

that 2000 G magnet can enhance 90% the mixing 

efficiency. Their results demonstrated that as the Ferro-

fluid flow rate increases, the mixing efficiency decreases 

and equivalently, the mixing length increases. Tsai et al. 

[16] evaluated the mixing process in a Y-shaped micro-

mixer contains Ferro-nanofluid and water using a 

permanent magnetic field. They concluded that the 

permanent magnet leads to the mixing efficiency of 90%, 

while it is below 15% in the absence of the magnetic field. 

The influence of the arrangement of magnetic particles on 

mixing efficiency of a micro-mixer was studied by Kamali 

et al. [17]. They showed that the random distribution of 

magnetic particles leads to lower mixing efficiency in 

comparison with their determined position. Kefou et al. 

[18] studied the mixing phenomenon in an MHD macro-

mixer to purify water from metals. They utilized two 

electromagnets to apply a homogeneous magnetic field 

and revealed that oscillating magneto nanoparticles 

enhance the mixing efficiency. Ergin et al. [19] 

investigated the transient flow field in a magnetic micro-

mixer. The main objective of their work was to measure 

the velocity and estimate the interface location 

experimentally. Kitenbergs et al. [20] performed 

experimental investigations to enhance mixing efficiency 

in microfluidic systems. They reported that the mixing 

efficiency would be enhanced four times in a microfluidic 

device that employs magnetic particles in comparison with 

a simple device in which the mixing happens due to 

diffusion mechanism. They also concluded that the mixing 

with magnetic particles is 10 times faster than that with 

diffusion. The comparison between recent trends for active 

micro-mixers was presented by Cai et al. [21]. Recently, 

Meister et al. [22] investigated the effect of pumped 

recirculation on the mixing of Newtonian and pseudo-

plastic non-Newtonian fluids in anaerobic digesters by 

different impellers. They demonstrated that the highest 

mixing quality would be obtained using the proposed 

model. They optimized the value of impeller angular 

velocity for a total solids concentration. The combined 

effect of pulsatile flow and electro-osmosis on mixing 

characteristics of Newtonian and non-Newtonian fluids 

was studied by Tatlisoz and Canpolat [23]. They 

concluded that rectangular obstacles for non-Newtonian 

fluids are required to obtain the same mixing efficiency for 

Newtonian fluids under similar conditions.  

To the best of our knowledge, there has been no study 

performed on the effects of non-uniform magnetic source 

on the mixing efficiency in a three-dimensional micro-

mixer. The main objective of the present work is to explore 

the influence of non-uniform magnetic field on the mixing 

efficiency in a micro-mixer. In addition, the present 

numerical simulations are performed in three dimensions, 

and the non-Newtonian fluids were considered using 

Carreau-Yasuda’s model so as to study the effect of 

magnetic field on these fluids like blood. The influence of 

current intensity and inlet fluid velocity on mixing 

efficiency was studied. The paper is organized as follows: 

the governing equations are presented in Section 2. In 

Section 3, the numerical method is described, and the 

results are discussed in Section 4. Conclusions are 

presented in Section 5.   

 

2. Governing equations 

The governing equations for a three-dimensional 

incompressible flow are continuity and momentum 

equations: 

𝛻. 𝑉⃗ = 0 (1) 

𝜌𝑓 (
𝜕𝑉⃗⃗ 

𝜕𝑡
+ 𝑉⃗  .  𝛻𝑉⃗ ) = −𝛻𝑃 + 𝛻. 𝜏 + 𝐹 𝑚  (2) 

Where, 𝑉⃗  indicates the velocity vector, P is the 

pressure, 𝜌𝑓 is the fluid density and 𝜇 is the dynamic 

viscosity. 𝜏 = 𝜇𝛾̇  denotes the shear stress tensor and 

𝐹 𝑚 refers to the magnetic force. The dynamic viscosity 

has a constant value for Newtonian fluids. Since most 

of the biological fluids are non-Newtonian, and they are 

considered in the present study as a part of the 

simulations, dynamic viscosity for these fluids is 

presented based on Carreau-Yasuda’s model:   

𝜇 =  𝜇∞ + (𝜇0 − 𝜇∞) [1 + (𝜆𝛾̇ )2]
𝑛−1

2  
(3) 

where 𝜇0 is the zero shear rate viscosity, 𝜇∞ is an 

infinite shear rate viscosity, and 𝜆 is a time constant. 

Constant n is the power-law index that accounts for the 

shear thinning behavior of the model. The strain rate tensor 

𝛾̇  is defined as: 

𝛾̇ = (∇𝑉⃗ ) + (∇𝑉⃗ )
𝑇
 (4) 

The magnetic force 𝐹 𝑚 is due to the magnetic field 

that is exerted to the particles [24]:  

𝐹 𝑚 = 𝜇0(𝑀⃗⃗ . ∇)𝐻⃗⃗      (5) 

𝜇0(𝑀⃗⃗ . ∇)𝐻⃗⃗  is the Kelvin force density due to the 

electromagnetic field. 𝑀⃗⃗  is the magnitization, which is 

expressed as [24]: 

𝑀⃗⃗ = 𝑀𝑆𝐿(𝜉) =
6𝛼𝑃𝑚𝑃

𝜋𝑑𝑝
3 (coth(𝜉) −

1

𝜉
) 

   (6) 

The particle magnetic moment 𝑚𝑃 is defined as 

[24]: 

𝑚𝑃 =
4𝜇𝐵𝜋𝑑𝑝

3

6 × 91.25 × 10−30 
 (7) 

and 𝜉 is the Langevin parameter as follows [24]: 

𝜉 =
𝜇0𝑚𝑃𝛼𝑃

𝑘𝐵𝑇
    (8) 

In addition, 𝐻⃗⃗  is the magnetic field strength defined 

according to Biot-Savart law [25]:  

𝐻(𝑥, 𝑦) =
𝐼

2𝜋

1

√(𝑥 − 𝑎)2 + (𝑦 − 𝑏)2
 

  (9) 

The schematic of the present problem and the 

electromagnetic force at the macro-channel is shown in 

Fig. 1. The magnetic source is located at (a, b). Applied 

current is in the z-direction. The magnetic field is strong at 

the source point and decreases with increasing the distance 

from the source. 𝐹𝑒3𝑂4 nanoparticles are utilized to 

disturb the fluid flow. The volume fraction of 
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nanoparticles is φ = 5%. The properties of 𝐹𝑒3𝑂4 

nanoparticles are presented in Table 1. The transport-

diffusion equation of streams A and B is expressed as: 

𝑉⃗  .  ∇𝐶 = 𝐷∆2𝐶  (10) 

where C and D indicate the concentration and the 

diffusion coefficient of the ferrofluid, respectively. 

The density and viscosity of the mixture are described 

as following [7]: 

𝜌𝑚 = 𝐶𝜌𝑓𝑒𝑟𝑟𝑜 + (1 − 𝐶)𝜌𝑤     (11) 

𝜇𝑚 = 𝜇𝑓𝑒𝑟𝑟𝑜 𝐸𝑋𝑃[(𝐶 − 1)ln (1 + 2.5𝐶)]   (12) 

where subscripts m, ferro, and w correspond to the 

mixture, the ferrofluid, and water, respectively.  

Mixing efficiency, ME, is calculated in order to 

quantify the performance of the micro-mixer: 

 𝑀𝐸 = 1 −
[∑

(𝐶𝑖−𝐶̅)
2

𝑁
𝑁
𝑖=1 ]

1/2

𝐶̅
≈  1 − 

𝜎𝐶

𝐶̅
 

(13) 

where 𝜎𝐶  and 𝐶̅ =  ∑ 𝐶𝑖/𝑁
𝑁
𝑖=1  are the standard 

deviation and the average concentration, respectively. 

N denotes the number of nodes in the considered area 

(N = 15). Therefore, ME = 100% indicates a perfect 

mixing. 

 

Figure 1. Schematic of a magnetic micro-mixer.  
 

Table 1. Properties of 𝐹𝑒3𝑂4 nanoparticles. 

Property value 

𝜌𝑝 5200 (𝑘𝑔/𝑚3) 

𝑚𝑝 2.27 × 10−21 (kg) 

𝑟𝑝 5 × 10−9 (m) 

 

 

Figure 2. Geometrical discretization of the micro-mixer.  

 

3. Numerical method 

The governing equations for laminar incompressible 

flow were solved using a finite-element method. The 

commercial software COMSOL Multiphysics 5.2a was 

employed to solve the mathematical models. The Navier-

Stokes equations include the magnetic force 𝐹 𝑚. The 

magnetization, the particle magnetic moment, and the 

Langevin parameter were defined so as to calculate the 

magnetic force. The computational domain was 

discretized by unstructured triangular meshes. The grid 

resolution was performed using pre-defined fine element 

size to extra fine element size, and pre-defined extra fine 

element size was used for the computational domain. Part 

of the grid profile of the considered geometry is shown in 

Fig. 2. Size parameters for the grid elements are as follow: 

the number of elements is 135513, minimum element 

quality is 0.1057, and average element quality is 0.6273. 

The present simulations indicate that further mesh 

refinement does not affect the magnitude of the mixing 

index. No-slip boundary condition was imposed on all 

walls. The pressure outlet boundary condition was used for 

the micro-mixer exit. The ferrofluid concentration was 

considered as 1 and 0 for stream A and B, respectively. In 

addition, the outflow boundary condition was employed 

for transport-diffusion equation.  

 

4. Results  

4.1 Validation 

In order to verify the present simulations, the 

numerical results were compared to the experimental 

results of Nouri et al. [7] who studied the influence of 

permanent magnetic field on the mixing efficiency of a Y-

shaped micro-mixer (Fig. 3). The figure demonstrates the 

mixing efficiency along the micro-channel and shows that 

the present results are in a very good agreement with the 

experimental ones. It should be mentioned that the 

experimental results correspond to the steady-state 

condition (t = 80s).   

 

4.2 Effect of inlet velocity 

In order to evaluate the effect of flow rate (inlet 

velocity) on the mixing efficiency, different Reynolds 

numbers were considered. The Reynolds number is 

defined as: 

𝑅𝑒 =
𝜌𝑤𝑈𝑖𝑛ℎ

𝜇𝑤
 

  (14) 

Fig. 4 shows the concentration contours of the 

magnetic micro-mixer for different Reynolds numbers for 

I = 50 mA, n = 1, and φ = 0.05. The concentration of 

ferrofluid and water are represented by red and blue colors, 

respectively. Green color represents completed 

concentration. The figure shows that as the inlet velocity 

(Reynolds number) increases, the mixing quality 

decreases.  
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Figure 3. Mixing efficiency along the micro-channel for  

φ = 2.5% and H = 3000G. 
C (%) 

 

  

(a) (b) 

  

(c) (d) 

Figure 4. Concentration contours at different Reynolds numbers for 

I = 50 A, n = 1, and φ = 0.05: (a) Re = 5, (b) Re = 10, (c) Re = 25, and 

(d) Re = 50. 

 

Figure 5. Mixing efficiency along the micro-channel at different 

Reynolds numbers for I = 50 A, n = 1, and φ = 0.05. 

C (%) 

 

 

  

(a) (b) 

  

(c) (d) 

Figure 6. Concentration contours in the central plane at different 

electric currents for Re = 25, n = 1, and φ = 0.05: (a) I = 0A, (b) I = 10A, 

(c) I = 25A, and (d) I = 50A.  

 

In order to quantify the results, mixing efficiency 

along the mixing channel is plotted in Fig. 5. It was found 

that mixing efficiency enhances with decreasing the flow 

rate. This is due to the fact that at lower Reynolds numbers, 

the fluids have enough time to mix completely. Also, it can 

be concluded that the mixing length increases with the 

Reynolds number. Nouri et al. [7] showed that there is a 

linear relationship between the mixing length and the flow 

rate for the case of a permanent magnetic field. Fig. 5 

indicates that for Re = 5, only the mixing length x = 0.43L 

is required to reach a complete mixture. This value for Re 

= 10 and Re = 25 is x = 0.78L and x = 0.94L, respectively. 

These values demonstrate that there is not a linear 

relationship between the flow rate and the mixing length 

for the present simulations.   

 

4.3 Effect of the magnetic field  

In this section, the influence of magnetic force is 

studied by changing the applied current and size of the 

magnetic particles. Several parameters affect the magnetic 

force, including applied current, nanoparticle size, the 

magnetization of nanoparticles, and the position of a 

magnetic source. Here, two first factors are considered. 

Since a magnetic source is employed in the present 

simulations, the maximum magnetic force occurs at x = 

100μm cross-section (x = 100μm, 0 < y < 2μm, and 0 < z 

< 2μm). The magnetic field strength is obtained using Eq. 

(9) for different electric currents and the magnetic force is 

calculated from the Eq. (5). 

 

a. Electric current effect 

Different values of electric current (I = 5, 10, 25, and 50 

A) were considered to evaluate the influence of applied 

current on mixing efficiency. Concentration contours are 

presented in Fig. 6 for n = 1, φ = 0.05, Re = 25, and 

different electric currents. This figure qualitatively shows 

that the mixing efficiency increases with applied currents. 
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The concentration contours for no magnetic force is also 

presented in this figure. The mixing mechanism for this 

case is the only diffusion, and the mixing efficiency is 

small and remains approximately constant (see Fig. 6). 

This the finding is consistent with the results of Wang et 

al. [1]. Fig. 7 shows the mixing efficiency along the 

channel quantitatively. At low electric currents, the 

amplitude of oscillation of magnetic particles in the lateral 

direction is small. Therefore, most of the particles do not 

reach the interface. In other words, a small fraction of the 

particles collide with the interface and disturb it. Hence, 

the low mixing efficiency is obtained for low applied 

currents. For instance, the mixing efficiency at the exit of 

the micro-mixer is approximately 38.9% for I = 5A. As the 

oscillation of magnetic particles in the lateral direction 

increases, the mixing enhances. For I = 50A, the mixing 

efficiency at the exit of the micro-mixer reaches 83.25%. 

It can be concluded that the mixing length in which a 

complete mixing occurs, decreases with the electric 

current. 

 

Figure 7. Mixing efficiency along the micro-channel for 

different electric currents at Re = 25, n = 1, and φ = 0.05. 

 

Figure 8. Mixing efficiency along the micro-channel for 

different sizes of magnet particles at Re = 25, n = 1, I = 

50A, and φ = 0.05. 

 

Figure 9. Mixing efficiency along the micro-channel for 

non-Newtonian fluid (blood) in comparison with 

Newtonian one at Re = 25 and φ = 0.05. 

 

b. Particle size effect 

One of the parameters affecting the magnetic force is 

the size of magnetic particles. Fig. 8 shows the mixing 

efficiency along the micro-channel for different 

nanoparticle radiuses at Re = 25 and I = 50 A.  

As the size of the magnetic particles increases, they 

exhibit two opposite effects. The disturbance of larger 

particles is higher than that of smaller ones. However, 

larger particles need a stronger magnetic force to oscillate 

in the lateral direction. In other words, there is a 

competition between these effects. Enhancement of the 

radius of magnetic particles from 5 nm to 40 nm would 

lead to an increase of 7.7% in the mixing efficiency at the 

exit of the micro-channel. The figure demonstrates that the 

mixing efficiency corresponds to 𝑅𝑝 = 20 𝑛𝑚 is 

approximately equal to that corresponds to 𝑅𝑝 = 40 𝑛𝑚. 

It can be concluded that the effect of the size of magnetic 

particles is not considerable in comparison with the 

electric field. 

 

4.4 Non-Newtonian fluid 

Rapid mixing is of considerable importance in a 

variety of biological applications, especially in lab-on-a-

chip systems. Blood is a non-Newtonian fluid where its 

viscosity depends on the shear rate and suspension of 

viscoelastic particles. There are several non-Newtonian 

models commonly used for simulation of human blood 

flow: Power-law, Carreau, Carreau-Yasuda, Casson, and 

Walburn-Schneck [26]. In the present work, the Carreau-

Yasuda model was used to evaluate its non-Newtonian 

behavior during the mixing process. It should be 

mentioned that this model is an appropriate one for 

modeling the shear-thinning fluids. According to Eq. (3), 

three constants of the model for human blood are: 𝜇0 =

0.056 𝑃𝑎. 𝑠, 𝜇∞ = 0.0035 𝑃𝑎. 𝑠, λ = 3.313, and n = 

0.3568. 
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It was known that the mixing quality is significantly 

affected by shear-dependent viscosity of shear-thinning 

and shear-thickening fluids [27]. Kunti et al. [27] used the 

power-law model for non-Newtonian fluids and 

demonstrated that the mixing efficiency increases as the 

power-law index of non-Newtonian fluids increases. They 

concluded that the mixing quality of the dilatant fluids 

(n>1) is higher than that of Newtonian (n=1) and 

pseudoplastic (n<1) fluids. In the present work, for the 

case of a shear-thinning fluid (blood), it was revealed that 

the mixing efficiency increases with the power-law index. 

Fig. 9 shows that the mixing efficiency of blood decreases 

for two applied currents I = 25 and 50 A in comparison 

with the Newtonian fluid. In addition, mixing 

characteristics of two-phase flows can be determined using 

different schemes such as front tracking methods [28-30]. 

  

5. Conclusions 

Rapid mixing in a magnetic micro-mixer consisted of 

a magnetic source was studied numerically. The 

enhancement of mixing efficiency was evaluated in terms 

of a ferrofluid by COMSOL Multi-physics 5.2a 

computational software. The results demonstrated that the 

magnetic force has a significant effect on the mixing 

efficiency where the electric current changes. However, 

the effect of the size of magnetic particles is not 

considerable. It was shown that the mixing process 

improves as the inlet velocity of fluids decreases. The 

results also revealed that the mixing quality of Newtonian 

fluids is higher than that of shear-thinning one (blood) for 

constant magnetic force.           

 

Nomenclature 

a, b Magnetic source coordinates (m)  
C  The concentration coefficient of the 
ferrofluid 
D The diffusion coefficient of the ferrofluid 
𝐹 𝑚 The magnetic force (N)  
h  The macrochannel height (m) 
𝐻⃗⃗  The magnetic field strength (N.m/A) 
𝑚𝑃 The particle magnetic moment (A)  
𝑀⃗⃗   The magnetization (A/m) 
ME  The mixing efficiency 
P The pressure (Pa) 
Re Reynolds number  
t  time (s) 
𝑉⃗  The velocity vector (m/s) 
x, y  The coordinates (m) 
 
Greek letters 
ρ The density (kg/m3) 
𝜇 The dynamic viscosity (Pa. s) 
λ  Time constant (s) 
𝛾̇  The strain rate tensor 
𝜎𝐶   The standard deviation 
𝜉 The Langevin parameter 
𝜑 The volume fraction of nanoparticles 
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