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Abstract

We extend the notion of approximately multiplicative to approximately n—multiplicative maps be-
tween locally multiplicatively convex algebras and study some properties of these maps. We prove
that every approximately n—multiplicative linear functional on a functionally continuous locally mul-
tiplicatively convex algebra is continuous. We also study the relationship between approximately
multiplicative linear functionals and approximately n—multiplicative linear functionals.
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1. Introduction

A locally multiplicatively convex (LMC') algebra is a topological algebra whose topology is defined
by a separating family P = (p,) of submultiplicative seminorms. A complete metrizable LMC
algebra is a Fréchet algebra. The automatic continuity of homomorphisms between different topo-
logical algebras, including Fréchet algebras and Banach algebras, have been studied by many math-
ematicians. It is well-known that every homomorphism ¢ : A — B is automatically continuous,
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when A and B are Banach algebras and B is commutative and semisimple. Let A and B be two
complex algebras and n > 2 be an integer. A map ¢ : A — B is called an n-multiplicative if
elaray . ..a,) = @e(ay)p(as) ... ¢(ay,) for all elements aq,as,...,a, € A. Moreover, if ¢ is a linear
mapping, then it is called an n-homomorphism. Clearly, every 2-homomorphism is just a homomor-
phism, in the usual sense. We recall that a topological algebra A is called functionally continuous
if every homomorphism on A is continuous. For the automatic continuity of homomorphisms and
n—homomorphisms between Banach algebras and topological algebras one may refer to [2], [3], [4],
[51, [6], [7], [8], [12] and [15].

In [10], K. Jarosz introduced the notion of approximately multiplicative function between normed
algebras and showed that every approximately multiplicative linear functional on a Banach algebra
is bounded.

Let A and B be normed algebras and let ¢ : A — B be a linear map. Then ¢ is approximately
multiplicative linear function if

le(zy) — e@)e)ll <ellzllllyll  (z,y € A)

for some ¢ > 0. Many mathematicians have extensively investigated the properties of such maps.
See, for example, 1], [9], [11], [13], [14].

In this paper, we define approximately n—multiplicative functions between LM C' algebras and
investigate some properties of these functions. Let ¢ > 0 and n > 2 be an integer. Suppose that
(A, (Py)acr) and (B, (¢a)acs) are LMC' algebras and let ¢ : A — B be a map. We say that ¢ is
(e, n)—multiplicative with respect to (P,)aes and (¢a)acs, if for each a € J there exists § € I such
that

Qo1 .. xn) —@(x1) .. 0(x)) < epg(ar) ... .pp(an) (x1,...,2, € A)

and we say ¢ is approximately n—multiplicative if ¢ is (g, n)—multiplicative for some ¢ > 0. Clearly,
every (e,2)—multiplicative is just an e—multiplicative, in the usual sense. In the case where B = C,
a map ¢ on an LMC algebra (A, (Pa)acr) is (¢,n)-multiplicative with respect to (P,)acr, if there
exists a € [ such that

lo(1 .. 2p) —@(x1) .o p(2n)| < epalzr) .. palzn) (X1,...,2, € A).

2. The main results

First we give a theorem to show that there exists a relationship between approximately multiplicative
linear functionals and approximately n—multiplicative linear functionals.

Theorem 2.1. Let (A, (pa)acr) be an LMC' algebra and let ¢ be an approximately n—multiplicative
linear functional. If ¢(a) = 1 for some a € A, then the linear functional 7 : x — ¢(ax) is an
approzimately multiplicative linear functional.

Proof . By the hypothesis, there exist ¢ > 0 and 8 € [ such that

|o(z1 ... xn) — d(z1) ... P(xn)| < eps(zr)...ps(xn)  (21,...,2, € A).

For each x,y € A, we have

[V(xy) — Y(2)Y(y)| =|p(ary) — dlax)d(ay)]
=|¢(axy) £ (0" 'zya) + ¢(ax)p(ya) £ plazaya?) — p(ax)(ay)]
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<|¢(azy) — ¢(a" " zya)| + |¢(a" " zya) — d(ax)d(ya)|
+ |p(az)p(ya) — ¢plaxaya )| + |p(azaya™?) — ¢(ax)p(ay)|
<l¢(a)"*¢(azy)d(a) — d(a" " zya)| + [d(a" " zya) — ¢(a)" *¢(ax)d(ya)l
+|p(az)d(a)d(ya)d(a)" " — ¢(azaya™?)|
+|é(azaya™?) — ¢(az)$(ay)$(a)" |
<depj(a)ps(x)ps(y).
Then 1) is 0-multiplicative linear functional, where § = 4epjj(a). O

A topological space (X, 7) is completely regular if it is Haussdorf and, given every x € X and every
nonempty closed subset K of X such that ¢ K, there exists a continuous function f : X — [0, 1]
such that f(z) =0 and f(y) =1 forall y € K.

Example 2.2. Let X be a completely regular topological space. For each non—-empty, compact
subset K of X, define px(f) = sup,cx | f(x)], f € C(X). Then pk is an algebra seminorm on C'(X).
The family {px} of seminorms defines the compact open topology on C'(X), where K varying over
all non—empty, compact subsets of X. C(X) with respect to this topology is an LMC algebra. Fixed
a € X and 0 < A < 1. We define linear functional ¢ : C(X) — C by ¢(f) = Af(a). Then for all
fi,oo, fn € C(X), we have

[p(f1- - fo) = o(f1) - o(fu)l =[Afila) .. fula) = A" fi(a) . .. fu(a)]

=[A=N"[[fi(a) ... fu(a)]

§|)‘ - )‘n|p{a}(fl) . p{a}(fn)
Therefore ¢ is (¢,n)-homomorphism (with € = |\ — A"|) but it is not n-homomorphism.
Theorem 2.3. Let n > 2 and let (A, (Pa)acr) and (B, (qa)acs) be LMC algebras such that for each
a€Jand xq,...,x, € A,

Qo1 ... Tp) = qa(x1) - . . qolTh).

If p: A — B is an approzimately n—multiplicative, then at least one of the following results holds:

(i) ¢ is n—multiplicative,
(i1) there exist « € J, B € I and a constant k such that q,(p(z)) < kpg(x) for each x € A.

Proof . Suppose that ¢ is not n—multiplicative. Therefore there exist aq,...,a, € A such that
o(ay . ..an)—p(ar)...p(a,) # 0, and so, there exists a € J such that g, (¢(a; ... a,)—p(a1)...p(a,)) #
0. On the other hand by the hypothesis, there exist € > 0 and 8 € I such that

Qa1 ... xn) —@(x1) .. 0(xy)) <epg(xr)...pg(an) (21,...,2, € A).

Therefore for each x € A, we have

n—1

Ga(0(2)"a(plar .. an) — p(ar) .. @(an)) = qa(p(x)"p(ar - .. an) — o(2)" " o(ar) ... p(an)
+ p(z" .. an) £ (" rar)e(ag) . .. p(an))

<qalp(@)" ro(ar ... a,) — (" tay ... ay))
+a(p(@" a1 an) — 92" ar)p(az) . p(an))
+ 4o (02" ar) — ()" plar))p(az) . .- p(an))

<eph (2)ps(ar) 2ps(az) ... pslan) + da(p(a2)) - . qalp(an))].

n—1
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Thus if

1

eps(a1)[2pg(az) - - - ps(an) + 4a($(a2)) - - galp(an))]]
Go(plar ... an) —(ar) ... p(an))
then we have ¢, (¢(x)) < kpg(x), as desired. [

k:

Y

Corollary 2.4. Let (A, (pa)acr) be an LMC algebra and let ¢ : A — C be an approximately
n—multiplicative map. Then either ¢ is n-multiplicative or there exist o € I and a constant k such
that |p(x)| < kpo(z) for each z € A.

Remark 2.5. (Fragoulopoulou, [4, p. 8]) Let (A, (pa)acr) and (B, (¢a)acs) be LMC algebras and
let ¢ : A — B be a linear map. Then ¢ is continuous if and only if for each « € J there exist 5 € [
and ¢, > 0 such that

Ga(p(7)) < Capp().

Corollary 2.6. With the same hypotheses of the Corollary if ¢ is a linear mapping, then it is
n—multiplicative or continuous linear functional.

We now have the following result.

Corollary 2.7. Let (A, (pa)acr) be a functionally continuous LM C' algebra and let ¢ be an approx-
imately n—multiplicative linear functional on A. Then ¢ is automatically continuous.

Theorem 2.8. Let r > 0 and (A, (pa)acr) be an LMC' algebra. Suppose that the map ¢ : A — C
satisfies the following conditions:

(1) le(z +y) = o(z) — oY)l < e(Ph(r) + Ps(Y)),
(2) lp(zr. . mn) = (1) ... p(an)| < eph(ar) ... pplan),

for each x,y,xq,...,x, € A and some B € I. Then at least one of the following results holds:
(i) ¢ is additive and n-multiplicative,

(ii) there exists a constant k such that |¢(x)| < kpj(z) for each x € A.

Proof . Suppose that ¢ is neither n—multiplicative nor additive. If ¢ is not n-multiplicative,
then by Theorem [2.3] the result follows. If ¢ is not additive, then there exist a,b € A such that
o(a+b) — ¢(a) — p(b) # 0. Hence for each = € A, we have

()" Hp(a +b) — @(a) — o(b)] =lp(@)" ola+b) — (x)" p(a) — p(z)" (D)
+ (" a4+ b)) £ (@™ a) £ o(z" D)
<o) o(a+b) — p(z"(a + b))l
+|p(@" " a) — p(z"Ha + b)) — p(z"7'D)]
+ o) p(a) — o(="ta)| + |p(a" 1) — p(x)" (b))
<epy "V (@)phla +b) + & (P2 a) + pl(a" D)
2 @)ph(a) + epp " (2)p(0)

+€pg
<epy" V(@) [pha+b) + 2pj(a) + 205(0)] ,

which completes the proof. [



A class of certain properties of approximately n-multiplicative ... 9 (2018) No. 2, 111-116 115

Theorem 2.9. Let (A, (pa)acr) be an LMC' algebra and ¢ : A — C be an approximately n—
multiplicative linear functional. Then either ¢ is n—multiplicative or

o)l < (L+e)ps(z) (€ A),

for some B € 1.
Proof . Let ¢ be an (¢, n)—multiplicative for some € > 0. Then there exists § € I such that

o(r---an) = @(1) - - p(@n)] < epp(a1) -~ - pplen)

for each x1,...,2, € A. If ¢ is not n—multiplicative, then by Theorem [2.3] there exists k > 0 such
that

()| < kpg(x) (€ A).

Suppose that there exists a € A such that |p(a)] > (1 + €)pg(a). Since |p(a)| < kpg(a) and
lo(a)] > (1 + ¢)pg(a), then we have pg(a) # 0. Hence, we can write |¢(a)| = (1 4 € + p)ps(a) for
some p > 0. Now by induction on m € N, we prove that

(@) > (1 +&+mp)pjs (a). (2.1)
If m =1, then

p(a™)] Z[e(a)]" = [w(a)" — p(a”)]
(

>l @

>(1+e+p)"psla) —eps(a)

>(1+e¢+p)ps(a),

o (2.1)) is true for m = 1. Now assume that (2.1)) is true for m. Then

'm+1 n nm\n nm+1
(@™ )] Z[(a™ )" = (@) = p(a™ )]
n, nm+1 n/ nm

>(e+1+mp)"ps  (a) —epz(a™)
>(e+ 1+ (m+1p)ps" " (a),

this gives ([2.1)). For each x1,...,x, € A, we have

[p(@nii)lle(@r. .. 2n) = @(21) ... p(an)| < keps(Tnr1)ps(1) - - - pa(@n). (2.2)
By taking x,,1 = a™" in (2.2), it follows from (2.1]) that
kepg(a™ ps(x1) ... pslan
1) = ) o) < A ol
p(a™")]
<k5p5(x1) .pplxn)
l+e+mp

If ps(z;) # 0, (1 < ¢ < n), by letting m — oo, we obtain that ¢(zy...z,) = ©(x1)...0(x,).
Therefore ¢ is n—multiplicative, which is a contradiction. [
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