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Abstract

In this paper, by the use of the weight coefficients, the transfer formula and the technique of real
analysis, an extended multidimensional Hardy—Hilbert—type inequality with a general homogeneous
kernel and a best possible constant factor is given. Moreover, the equivalent forms, the operator
expressions and a few examples are considered.
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1. Introduction

Fp > 1041 = Lanb, 2 0,0 = {0}, € 70 = {02, € 19, [lall, = (S5, ab)r > 0,

m=1"m

16|, > 0, then we have the following Hardy-Hilbert’s inequality with the best possible constant

sin(n/p) ©

Sy e < sy lalsliol, (L1)

m=1n=1

and the following Hilbert—type inequality

D) P, max{m o3 < vallelll 1l (1.2)

m=1n=1

with the best possible constant factor pg (cf. [1], Theorem 315, Theorem 341). Inequalities ([1.1]) and
(1.2) are important in analysis and its applications (cf. [, [2], [3]).
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Assuming that {u,,}>°_; and {v,}°°, are positive sequences, with
=Y i Va=> v (mneN={1,2..}),
i=1 j=1

we have the following Hardy-Hilbert-type inequality (cf. [I], Theorem 321):

m > aP % > b4 %
ZZU < Sin(n/p) <Z m) (Z ) - (1.3)

m=1 n=1 m:lum n:lvn

For p; = v; =1 (4,5 € N), inequality (1.3]) reduces to (L.1)).
In 2014, Yang and Chen [4] gave the following multidimensional Hilbert—type inequality: For
Z'Oajo S Naaaﬁ > 07

RI=

)

||| |o := (Z |x<k>|a) (z = (W, ..., 2) € RY),
k=1
Jo

lylls = (Z Iy(k)lﬁ> (y=@",....y") e R?),
k=1

0< A +17<1i5,0< Ao +7n<7Jo,\1 + Ao = A\, @y, b, > 0, we have
ZZ (min{||m||a, ||n||s})" a b
(max{||m||a, [|n]|s}) M7 ™
11 . , v . . .
< KYKG > |jm|[pliom20=ioqr {1y " [ dio ) ope | (1.4)

where, > = = Z;ozo_l Dol D = Z%_l ZOO the series in the right hand side are the

ni=1?

positive, and the best possible constant factor K pK 2q is indicated by

) 1 . 1
1 FJO(%) P [ [io(L) ] a A+ 2n
KiKy = |—2. ~ o) .
piAT(g) | BT ] (M +n) (A2 +n)
Forig=j0=A=1n=0)\ = %, Ay = %, inequality ([1.4)) reduces to ([1.2)). The other results on
this type of inequalities were provided by [5]-[17].
In 2015, Shi and Yang [I§] gave another extension of (1.2)) as follows:

o NP\
Z Z hax <pg (D] C;Tl > (1.5)
a {Um7 V } -1 Mm -1 Un

Some other results on Hardy—Hilbert—type inequalities were given by [19]-[25].

In this paper, by the use of the weight coefficients, the transfer formula and the technique of real
analysis, an extended multidimensional Hardy—Hilbert—type inequality with a general homogeneous
kernel and a best possible constant factor is given, which is an extension of and . Moreover,
the equivalent forms, the operator expressions and a few particular examples are considered.
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2. Some lemmas

If,ul(k)>0(k::1,...,i0;i:1,...,m),v§l)>0(l:1,...,j0;j:1,...,n),thenvveset

Uff) = Zul(-k) (k = 1,...,@'0),\/75” = ZU](-” (l=1,...,J0),
i=1 j=1

Uy = (UW, .. U v, =D V) (mneN).

m n

We also set functions g (t) := w1 e (m—1,m] (m € N); v(t) := ot e (n—1,n] (n € N), and

Uk(l') = Axuk(t)dt (/f = 1, Ce ,’io),

W@%I%aMWﬁU=L~w%%

Ulx) = (Ui(), ..., Uig(2)), V(y) == Vi(y), -, Vio(y)) (2,9 = 0).

It follows that Uy(m) = UW (k = 1,...,ig;m € N),Vi(n) = Vi’ (1 = 1,...,jo:n € N), and for
re(m—1,m), U (z) = u(z) = P (k=1,... ig;m e N);fory € (n—1,n),V/(y) =uly) = e

Lemma 2.1. (Yang and Chen, [21]) Suppose that g(¢)(> 0) is decreasing in R, and strictly de-
creasing in [ng, 00) (ng € N), satisfying [~ g(t)dt € R. We have

/loo g(tydt <Y " g(n) < /Ooo g(t)dt. (2.1)

Lemma 2.2. If iy € N,a, M > 0, ¥(u) is a non-negative measurable function in (0, 1], and

70 a
Dy = {IERfS;u:Z<%> Sl},

=1

then we have the following transfer formula (cf. [26]):

io Ti\ @ Miorio(l) /1 o
- U = dzy - dry = ———2 [ U(u)u=""du.
/ /D (; (M) ) ' aioT(2)  J,

Lemma 2.3. Ifiy,j0 € N, o, 3 > 0,

er:= min {p"}, 2 = min {0},
then for € > 0, we have
ST <« — 20 Lo (22)
m o T edig fai T () ’
e TG .
Xn:||vn||ﬁ an < () +0(1) (= 07). (2.3)
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1/a

Proof . For ¢y > 0,M > cy3y'", we set

D) — 0, 0<u< c]\lﬁ,
(u) - 1 0110 <u < 1
(Mul/a)i0+€7 Mo = 4

By (2.2), it follows that

0 o
e i dxy---dz;
/{xeRO,xPC} ]l MW/ /DM (2 ) ) 1 O

M) / : Do (d)

M—co aZOF(ZO) -

— —du = —
%ig/ Mo (Mul/a)ZOJra 56’{20/ oo 1T(2)

We have
> ||Um||;"0‘€ﬁu;’? < Ho+ ZH
m k=1 i=1
0
N SR A |
k=1

{meN‘0;m;>2}
10
H, = )3 1l T .
{meN0;m;=1,my>1(k#£i)} k=1
Then by (2.1) and the above result, we find

0<Hy= Y /R U (m ‘“Huk
:cE

{meN0;m,;>2} Pimi—1<zi<mi}

= Z /rGR My — lgxi<mz}||U _ZO 81_[/“:

{meN0;m,;>2}

= | (U @) | | il =U(2))
/{xERf;xi>1} H

ro)
<[l = — e
[eR D svier) ecsis/ i 1T (i2)

Without losing generality, we estimate H;,. If ip = 1, then we find

0< Hy = (1)) = (1) < oo
it 9 > 2, then for m;, = 1, we find

7 i0—1
e ¥ f A Iy sl
0 xeRZO Vi< <mi} [( zo)) +Zzo 1( ) ]%

< gio) Hzo 11 Nk( ) _
= /R () 1 S (U)o
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Setting v = (Uy(x), ..., Usy-1(z)), by (2.2), we have

1
0<Hm<u“°)/l —
RO (™)) + M T (35)e)
. Mio—1Ti0—1 1 ’Oal_l
_ ,ugw) lim (la) / U — du
Mose o IT(E) o [(pf))e 4 Mow] e
(“20))0‘ (Mgio))—a AFZ’O_1<'§> /OO tT__ldt
a0 I0(=d) Jo o (14 ¢)"%
; [io—1(1) iv—1 1+¢
(i0) a 0

Hence, we have

[io(L 20
> 1 e < — G §o0),
k=1

e Ela 1 0
ectig "aoTIl(%) o

namely, (2.2]) follows. In the same way, we have (2.3]). O

135

Definition 2.4. If A\, Ay € R, A\ + Ay = A\ ky(z,y) is a positive homogeneous function of degree

-\, such that ky(vz,vy) = v kx(z,y) (v,2,y > 0), for any fixed y > 0(x > 0),kx(z,y) 5

10 A1

(k:,\(x Y) o —-L+) is decreasing with respect to z € R (y € Ry), and strict decreasing in an interval

(ay. 00) (b 00)) € (0, 00), N
k(A1) ::/ E(u, DuMdu € Ry,

then for ig, jo € N, a, 3 > 0, we define two weight coefficients w(A;,n) (n € N°) and W (\y, m)

(m € N™) as follows:

IVall3* 12
w(Ai,n) ka Ul [[Valls) ———5 =5 Huiﬁf),

U]l
UL 50
W (A2, m ka U, Ha,HVHB)HVHJO =TI
=1

Example 2.5. For A\, \s e R, A1 + X=X, 0 < A1 + 1 <4p,0 < Ag + 1 < Jo, we set

(min{z, y})"

kx(z,y) = ,y > 0).
)\(‘T y) (max{x7y}))\+n ($ Y )
Then for any fixed y > 0,
(1) — :{W V<a<y,
777 oA xiof/\QJrnv x> Y,

(2.4)

(2.5)

is decreasing in € R, and strictly decreasing in ([y] + 1,00). In the same way, for fixed z >
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0, kx(z,y) 55 ]O x5 is decreasing in y € Ry, and strictly decreasing in ([z] + 1, 00). We still have
* (min{u, 1})" 1
o) = [ e
o (max{u, 1})M71ul-M
1 u" o] 1 1
:/0 in du—i—/l —an—ul_)\ldu
A+ 2n
= eR,.
M+t
Note 1. For b, a« > 0, we have
d 1
y —(b+ 3% =0b+a")s 2 >0 (x> 0).
x
Hence, with regards to the assumptions of Deﬁnition, form;—1 < z; <m; (i=1,...,ip;m € N0),
we have [|U(m)||o > ||U(2)||o and
1 1
Ea([Unllas (IVallg) =7 < kalllU(@)l[a, [|Vallg)
1U(m)]Ja= 1U ()&~
for m; <z; <m;+1(i=1,...i0;m € N°), n; <y; <n;+1(j =1,...,jo;n € NI, %,3 > 0, we
have [|U(m)lla < [U@)lla, [[V(n)[ls <[IV(y)l]s and
Ea([Um|la [[Valls)
io—A1+5 Jo—Aa+%
1Unlla ™2 1IVallg ™
_ RUm)la, [[V()lls) 1
U )V ()| [TV (m)]]3
- RalU@)lla, [V (y)lls) 1
Y jo—X £ 3
U@ VOIE™ JU ))&V ()13
U@)|la, ||V
- IO IV 26)
NU@)la "IV ()]s
Lemma 2.6. With regards to the assumptions of Definition [2.4], we have
w(A,n) < Ko(A\1) (n € N°), (2.7
W()\g,m) < Kg()q) (m € Nio)’
where Py L
oL I‘ZO =
Ko) = 2 k(). Ko(M) = 2

- y Doy = i k()\l)a
pP=I0(%) a1 (L)
Proof . By (2.1), (2.2) and Note 1, it follows that

Fx (Ul 1Valla) V2l 152 £
wnn) = 3 [ e T
m {a:ER:?;mi71<CL‘¢§mi} HU( ||

_ 2/ k(U (@)l [[Valls) ||V||A212—°[
o H{zeR Y mi—1<ai<mi} 1U ()]~
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A2 10
n

-/ 2_0kA<||U<x>||a,||vn||ﬁ>WHuk<x>dx

+
A
& / a(lalles Vall) 25 g,
o [l

+

| I M=o ||V, || 32da
= lim k)\(M[Z(M) ]1/ A Valls) :

Moo D, p [Z]O (zz )a] i0—A1)/a
Miorio(l) 1 N HVnHﬁ‘ uE’ldu
— im —/ E(Mu, |[Vallg) 3 sy
00 Ozor( ) 0 M= to=A

M/\lrig 1 1
—  lim ())/ (M, [V [5)][Val 2™ s

M—o0 aZOP(ZO

— Mul/e o (1
Y=1Va (= > (S
IVallg #))/ kn (v, 1)oM 1y = #k()\l) = K,(\1).
0

aio—1 (% aio—lf(%‘))

Hence, we have (2.7)). In the same way, we have (2.8]). O

3. Main results

We set the functions

U, p(io—A1)— '
d(m) = [T (m e N"),
(Hk 1ﬂm )
B |V [ 500 :
U(n) = " e,

1
( ?011)7(1)> -1

and the following normed spaces:

lpo = {a = {am};lallpe = (Z D(m)|an|?)? < OO},
lyo = {bz i Bl = (S W) < oo}
lLywr—» = {c— {cn}sllellpwr-» = Z\yl “P(n)|cn |P)p < oo}

137

Theorem 3.1. With regards to the assumptions of Deﬁm’tion ifp>1, %—I—i =1, ap,b, > 0,a =

{am} € 0,0 ={b,} € l,u,||a||pe,||b]lgw > 0, then we have the following equivalent inequalities

1= 3 k(U 1Vall)amba < K5 ) KE O)lallp.o ] [bllg.0-

n m

Jo

’
Un
J = {ZHVkHﬁ [Zk/\ HU HavHVHB) ] }

< K”(A VK2 () allpo

(3.1)

(3.2)
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where

L ochon - [TPG) P e
REGUII ) = [ﬁjo—lw%)] e (s 5 oo

Proof . By Holder’s inequality with weight (cf. [27]), we have

SN B Unllas Vil l6)
Jo—A2

Rt s RO ; ;
1Unlla © ([T, o) 7 | | Valls " (TTs im0

Jjo—A2

1 iq AT
Valls * (T, i) 1Ulla * (T2, )

i 1)—i % —X2)—jo %
|| Uy [0 0 g0 |V |4 bl
S wosmE i S )

k=1 n 1=1Yn

Then by (2.7) and (2.8)), we have (3.1). We set

jo . (1)

p—1
Un .
by = W [Z Fx([[Unn] | s ||Vn||ﬁ>am] (n € N7).

X

Then we have J = [|bl[3 g ' Since the right-hand side of 1} is finite, it follows that J < oco. If J = 0,
then is trivially Vahd if J > 0, then by (3.1] - we have
1
Ibl[gw = J" =1 < K”(/\l)Ké (A)llallp.[bl]g.w,
1Bllge =T < K A)EE )l

namely, (3.2]) follows. On the other hand, assuming that (3.2)) is valid, by Holder’s inequality (cf.
[277]), we have

( Jo Ug))l/iv
- ¥ Wzkxuwmumuvnu@am

m

||V || (Jo/p)—
R
Then by (3.2), we have (3.1, which is equivalent to (3.2). O

Theorem 3.2. With regards to the assumptions of Theorem (3.1, if Hm) > ,ugill (m E N), v O >

v,(fil (n € N), U =¥ = (k=1,...,00,l=1,...,Jo), then the constantfactorK ()\1)[( (A1)
mn and (5.2 (-) 1s the best possible.

Proof . For ¢ > 0, we set

< J[bllq,- (3.3)

10
i9+A i
a={an} am = |[Unlla Huﬁ,’f) (m € N"),

. . Jo .
b= bt = IVl [0 (n € N).

=1
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Then by (2.2) and ([2.3]), we obtain

1
||U ||1Ho A1)— Zoam
I

1
A
ol Vel b]
p,® q, v —

Z ( Jo (l)) —1

n =1 Un

3=

IN

0 0 7
- (ZHU 7" €HM£§>) (Zuvn—” fHW)
m k=1 =1
1
e

Téo(L
€/a <a) . +501<1)
cfig " a (L)

By (20). since uff) > u,, = j@)(m; <z < my +Lim € No), o) = o, = u(y) (ny <y <
n; + 1;n € N, we find

:Zzbuwmua,||vnr|ﬁ>am’5n
ZZ/ / k,\(HU ||a7||V||,8)
ER’in; <yj<n;+1}

io—A1+2 Jo—A2+%
XH,u Hvl)dxdy
k=1

{eeRPimiswi<mit} |[Upla — "[|Valls

N ZZ/ / Ex(1U ()|, [V ()]]5)
yERJO nj<yj<n]+1} {weRi0§mi§$i<mi+1} ||U( )||Z) )\1+
) e
1V (y )||5
U . V ) Jo
BN
oo oo U @IE MV IE T e

Setting v = U(z),v = V(y), since U = v = o, for

@
c= max v
1<k<io, 1<z<]0{’u1 i

we have

= Aullas [v]]s)
r > / / Jio 10— >\1+p Jo— >\2+SdUdv
[e:00)%0 J[e00)'0 | || ][
/ ) Ml[z L(E0)e]w, Mo [ (L)P]7 ) dardy
¢,00) [c,00)%0 {Ml

Jj
i £ 105 e”
i (F)T YT A1+p{Mz[ G LIEh
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1/8

For M; > cz'(l)/a, My > cjy'", we put

0, 0<u<s a,
\Ijl(u):{ ) i

l{:)\(Mlul/a,Mg[ JO (]\314—) ]E W, C]wlo? <u < 1
(v) 0, O<uv<<h
\112 v) = 2 B

By (2.2) twice, it follows that

I> lim lim —
M —00 Ma—00 azoF(Z_O) ﬁlof‘(ﬁo

u «

M{'orio( ) ]OI‘JO(%) / n_y
) cio /M

0

! k(M M%)?
x[/ A 1uQ 2Y dv]du.

Sjo/ME (Myua )0~ MF5 (M UB)JO Aty

Setting x = Mlué,y = Mgv% in the above, we find
1

" o 1 TJo(l S . 0 5
I > 1( ) 1( )J / at e / k(w,y)y™ "0 dy | dx
QO TT(2) G T (B) Juye e

B
o 1 TJo 1 00 x/cjé/ﬂ <
= ) : (6) / x ! / k,\(v,l)v’\l’LE_ldv dx
Q0 TT(2) FotD(%) oy o

I‘\io I‘jo 1 oo 1/C“/jl/ﬁ .
= () () / gt / ka(v, oM dy | de
(@) 5o (@) e\
00 x/cgo e
—i—/ r ! / Ex(v, Do s do | do
Cil/a il/a/jl/ﬁ
0 0 0
I“Zo l F]O l 1 1/a/j1/ﬁ .
- ] —1(a)io : 1<ﬁi0 1/ay / k (le)v)\ﬁ_g_ldv
a0~ 1D(2) BotT(%) | e(cig ™) Jo
—i—/ / e Y | ky(v, DM e dw
Z‘l/a/jl/ﬁ le/B
0 0 0

il/&/jl/ﬁ

Fio 1 1—‘]0 1 1 R
- 1( )lo 1( i 1/ / o kA(v? 1)1})\1+5—1d1}
eao 10(2) B tI(R) | (cig’®) Jo

1 /°° M—i-1
—_— Ex(v, )™ " do| .
(cdo ") Jiife i/

If there exists a constant K < Kg (A1) K2 (M), such that (3.1)) is valid when replacing Kg (A KL (M)

by K, then we have eI < €K||5\|p7¢||5]|q,¢, namely,
l/a 1/8
/do

[io(L Tvo(l 1 )
ato F(a)ﬁo F(F) (cid/*)e Jo

1 /Oo M—E-1
+ — Ex(v, o™ 7 do
(cdo’")" Jig/= s/

+
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Q=

[io(L1 P [Jo(L
<K ; ,(a) — +£04(1) e ,(5) — 4 20,(1)
ciig "o~ 1T(2) 5o’ BT (%)

For e — 07, in view of Fatou lemma (cf. [28]), we find

PR(5) To(L)k(\) rod) 10 [ T
BIT(E) ao T(E) S [aiolf(i—w} [ ‘

«

1 1 1 1
and then Kj(A)Kd (M) < K. Hence, K = Kj(A)Kd (A1) is the best possible constant factor of
(3.1). The constant factor in (3.2) is still the best possible. Otherwise, we would reach a contradiction
by (3.3)) that the constant factor in (3.1]) is not the best possible. [J

4. Operator expressions
With regards to the assumptions of Theorem [3.2 in view of
io_l 'Uv(zk) " j
Cn 1= W > ka(1Unllas [1Valls) am (n € N7)

c={eakllellpwi—r = J < Kf(M)Kd (M)||a

p,@d < 00,
we can set the following definition:

Definition 4.1. Define a multidimensional Hardy-Hilbert-type operator 1" : [, — [, y1-» as fol-
lows: For any a € [, 4, there exists a unique representation T'a = ¢ € [, y1-», satisfying

Ta(n) := Y ka(l|Unllas [Valls)am (n € NP).

For b € I, ¢, we define the following formal inner product of T'a and b as follows:

(Ta,b) == Z Zkk(HUm“w [Vallg)am | ba.

n m

Then by Theorem [3.1], we have the following equivalent inequalities:

1 1
(Ta,b) < Kz (M)Kd (M)llallpa!0l]q0, (4.1)
| Tallpwr» < KZ(A)Kd(M)]]al]pe (4.2)
It follows that T is bounded with
TCL 1-p 1 1
= swp b o i)
a(#0)€ely o lallp®

By Theorem the constant factor KE(AI)KOE (A1) in (4.2) is the best possible, we have

_konkiog - |G |T @)
171 = K5 ) K () = [mlr(%)] [am_w%)} k(). (43)
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Example 4.2. (i) In view of Example 2.5, by (4.3), for kx(z,y) = Aminfr v e have

(max{z,y ) 7

- K PZO(%) a A+ 2n
1= [ﬁm 1r<%>] ] G

(i) For kx(z,y) = x>\+y (0 <A1 <ip, 0 < Ay < jo, A\t + A = A), we find k() = v ?ﬂl), and
sin T
then by (4.3)), we have
1711 = £(5) [ ) ] m
Bao= 1F(%) a0~ 1T(%) | Asin(T1)
(iif) For kx(x,y) = 28 (0 < Ay <o, 0 < Ay < jo, M + Ay = A), we find k(\)) = [ )%, and

)\sin(%)

then by (4.3 -, we have

S =

(e Prred s T
HTH—[/Bjo—lr(%)] L IF(Z)} Lsm(%l)].

Remark 4.3. (i) For 0 < A\ + 71 <i0,0 < Xy + 1 < jo,
(min{z, y})"

(max{z, y})**7

k)\(.l’,y): (ZL’,y>0),

(31) reduces to (23) in [29], which is an extension of (T.4) for u{¥ = vj(.l) =1 (k=1,... 0
i=1,....ml=1,... jo;5=1,...,n).
(ii) For A =g = jo = 1, \1 = 57/\2 = %,kl(x,y) = mlTy (m)v (3-1)) reduces to (L.3)) ((L.5)).

5. Conclusion

In this paper, by the use of the weight coefficients, the transfer formula and the technique of real
analysis, an extended multidimensional Hardy—Hilbert—type inequality with a general homogeneous
kernel and a best possible constant factor is given in Theorem and Theorem [3.2] which is an
extension of and . Moreover, the equivalent forms, the operator expressions and a few
particular examples are considered. The lemmas and theorems provide an extensive account of this
type of inequalities.
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