>>Z

Stability for comprehensive classes of analytic
functions

Nassireh Ghaderi®*, Saeid ShamsP

@Department of Mathematics, Urmia University, Urmia, Iran
bDepartment of Mathematics, Urmia University, Urmia, Iran

Abstract

In this paper the problem of stability for comprehensive classes of analytic functions in 7s- neigh-
borhoods are studied. Also the lower and upper bounds of radius of stability are obtained.
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1. Introduction and Preliminaries

Let A denote the class of functions of form f(z) = z+ >~ , a,2" which are analytic in the open
unit disc U = {2z : |z| < 1} in the complex plane C. The subclass S of A is the class of univalent
functions. Also Let &* and K denote the subclasses of S consisting of starlike and convex functions
respectively.

A functions f(z) € A is said to be in the class R(«, 3,7) if it satisfies

2f'(z) + 122" () 2f'(z) + 122" (2)
(1 =7)f(2) +72f'(2) (1 =7)f(2) +72f'(2)

wherea > 0and 0 < f < land 0 <~ < 1. For y = 0 and 7 = 1 we obtain the subclasses a-uniformly
starlike of order ﬂ and a-uniformly convex of order 8 respectively. We note that if f € R(«, 3,7)

then for a > 1, ( )Hz2f (Z)) lies in the region G = G(a, ) = {w = u+iv : Rew < alw — 1| + §},

Re( ) > af —1|+8

2f'(
that is, part of tﬁne comp?ex plane which contains w = 1 and is bounded by the ellipse
(u— o Py o _poB1F 1)2,
a?—1 a?—1 (a2 —1)2
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vertices at the points (%3 f \/i =), (zz_f, \/1;2?1) , (z—ﬁ,O) , (z—:’f,O).

For v = 0, the class R(«, 8) = M D(«, ) was studied earlier by J. Nishiwakiand S. Owa [I1] . Many
subclasses of the class R(«,3,7) such as starlike functions and convex functions and uniformly
starlike functions and uniformly convex functions were studied in earlier works[?, 3, [0, T2, I]].
Let the Hadamard product (or convolution) of two functions f(z) = z + > ,a,2" and

g(z) = 24+ > 02, b,2™ , be given by (f x g)(2) = 24+ >, a,b,z" and the integral convolution be
given by

Foo) =+ e

Also note that if I denotes I(z) = z then fx I =1 and f® I = 1.

The convolution has the algebraic properties of ordinary multiplication. In convolution theory, the
concept of duality is important. Many authors have used the powerful method of duality for study
properties of analytic function (for example, see [[4, 8, I7]). The concept of duality in geometric
function theory was stated by Ruscheweyh in the book[I6]. Denote the dual set of v C A by v* then
according to definition in [T5] we have

y*:{gEA:W%O,feu,zeU}.
Let D C A be given such that D* = R(«, 3,7). Then it is easy to see that

(f *9)(2)

z

fEeER(e,B,y) iff #0, (geD,zel).

If f(2) =24 5anz", then Ts- neighborhood of the function f is defined as
TNs(f) = {g(z —z+Zb e A ZT |a, — by| < 6},

where 6 > 0 and T = {T,}>°, is a sequence of positive numbers. In[l7, 6] authors in-
vestigated Ts- mneighborhood for various subclasses of analytic functions.  We also define
TNs(A) = UjeaTNs(f), (A € A). St. Ruscheweyh in [I4] considered T = {T,};%, and
showed that if f € K, then T'Ny,4(f) C S*.

Assume that A, B are subclasses of the class A. Then the set of all functions f * ¢ and f ® g,
where f € A and g € B, will be denoted by A * B and A ® B, respectively. Let Ax B C C ,
the Hadamard product is called T-C-stable on the pair of classes (A, B) if there exists § > 0 such
that TNs(A) « TNs(B) C C. Stability of the integral convolution is defined in a similar way. The
constant o7 which characterizes the stability of Hadamard or integral convolution is called the
radius of stability and it is defined as follows.

Definition 1.1. Let A, B,C be the subclasses of the class A and Ax B C C. Then the constant
dr(Ax B,C), defined by

dr(A* B,C) = sup{d: TNs(A)« TNs(B) C C},
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is called the radius of stability of the convolution on the pair (A, B). The constant ér(A ® B,C),
defined by
dr(A® B,C) =sup{d: TNs(A) @ TNs(B) C C},

is called the radius of stability of the integral convolution on the pair (A, B).

Bednarz in [3] studied T-C-stability for certain classes of analytic functions. Also, Bednarz, Kanas,
Sokdt, Aghalary and Shams et al. [4, B, [, [7] recently investigated the problem of stability for
various subclasses of analytic functions. In this paper we investigate the problem of stability for the
class R(a, 3,7) in Ts- neighborhoods and we find the lower and upper bounds for radius of stability.

2. Preliminaries

For obtaining our results we need the following definitions and lemmas to prove our main results.

Lemma 2.1. Let Hi(z) be given by

1 1
HUD) = o — sy (0O =)+ Oy = 1)1 = )]
where 0 < f < Liw(t) = ta+ f + 2'\/152—(toz—l—ﬁ—l)Q,t2 —(ta+B-1)2%> 0,0 > 1, and
8 <t < B2 then a function f € A is in R(a, 8,7) if and only if for all z in U

1+ — 11—«
(f x Hi)(2)

£ 0.

Proof . Let us assume that for f € A, M #0, (z € U), then we have

(f* H)(z) _ 1 z z v2(1+ 2)
. = o) = 1){f(2) *[w(t)(1 =) — + (wt)y -1 +7)(1 s R I}

= z(w(tl)—— 1){w(t)(1 —Nf(2) 4+ (wt)y — 14+ 7)2f'(2) = (22 f"(2) + 2f(2)}
70, (2.1)

" S
T +vf@ 7

since boundry of region G can be taken as w(t) = ta+8=+i/t2 — (ta + 3 — 1)2 for any ;—g <t< 2L

= 1 -q0

this means that (f S ;()Z}aizfz{ }(,Z()z) lies completely either inside G or complement of G for all z € U.

_ 2f' ()22 f"(2) 2f'(2)+y2* " (2) :
At z = 0, T = 1 € G so that T € G for all z € U, which shows that
f € R(a,B,7). The converse part follows easily since all the steps can be retraced back. This
completes the proof of Lemma 271 []

Using the definition of dual set and Lemma P71 we can easily obtain the following result.
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Corollary 2.2. Let

D= {h& A h) = (oo (O =)+ (O = 1)1 = )

where 0 < B < Liw(t) = ta+ B xi\/t2—(ta+B8—1)21 — (ta+ 5 —1)? > 0,0 > 1, and

;_g <t< %, then D* = R(a, 8,7).

Lemma 2.3. Leta>1and 0 < < 1. Ifh(z) =2+ > ", 2" € D, then

1-f+(n—-1)(1+a)
1-p

Proof . From the power series expansion of the function h(z) € D in Corollary EZ2 we obtain

|en| < (14 (n = 1)y).

6 = SO T (U (1= 1),
and therefore )
o= (n—1)(n :; 1 —2(ta + B)) (14 (n— 1))2.
Since ;—g <t< 'f_%, then —2(ta+ ) < 2(t — 1) and we get

4+ n—1)n+1+2(t—1)]

el < . (14 (-1
_ t2+(n—122[n—1—|—2t](1+<n_1)7)2
_ (n—1+1)*1+ (n—1)y)?
t? ’
(2.2)
and so
e < (n—1 +t)(t+ (n— 1)7)‘
Now, since ;—g < t, we obtain
el < @+ P ag -1y
<+ N0 -1y
1=+ n-1)(1+a)
= - L+ (n—=1)7).
(2.3)
0
Corollary 2.4. Let o> 1 and 0 < <1 then g(z) = z+ Az" € R(«, 5,7) if and only if
1-p
S T ER e (e (e Tl 24



Stability for comprehensive classes of analytic functions11 (2020) No. 2,237-253 241

Proof . First we prove the sufficient condition. Since for every h € D we have

(g *h)(2)

| | = |1+, 42"
z
> 1—|c, Az
> 1=
> 0, (2.5)

so Corollary E2 gives g € D* = R(«, 3,7). Suppose that g € R(«, 3,7), and

b = S AZBH DA+ )+ (0= 1)

D.
-3 FANNS
Hhen h 1 1)(1 1 1
(921)(E) (0=t = D+t m—10)
z 1-p
Then, for. |A| > _(1&(”1)(;5))%1“”1)7) there exist a point & € U such that 9*’2 = 0, this shows
that the inequality 224 must hold. [J

Corollary 2.5. Leta>1and0<f<1land f(z) =2+ - ,a,2" € A If

(e 9]

S UMty o

then f € R(a, B,7).
Proof . Let h(z) =z + ), c,2" € D, since for all n > 2,
(1-=f+mn-D0+a)(1+(n=1))

el < - :
then we have
(f = h)(2) - -1
= 1 nCn2"
| . | | —i-;a Cn2"
> 1= faglea]|2]
n=2
> 1= ) lanlel
n=2
> 0. (2.6)
Then ¢ f*h ;é 0 and from Corollary 22 we have f € D* = R(«, 8,7).

O

Lemma 2.6. Let o > 1 and 0 < B < 1, if for f € A and every € € C such that |e| < 9,
F(z) = f(f);fz € R(w, B,7), then for every h € D, |(f*h | >0, (z € U).

Proof . Let F. € R(a, 3,7), then by Corollary E2 for every h € D we have Ff*h)(z) # 0,2 € U.

Equivalently, % #0in U or Y o ¢ which shows that |22 > 5.0
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Lemma 2.7. [1d] Let f(z) and g(z) be in the class K and S* respectively. Then for every function
F(z) analytic in U, we have

f(2)* F(2)g(2)
FErglz) Co(F(U)), z €U,

where Co denote the closed convexr hull.

Lemma 2.8. Leta>1and0< < 1. If f € R(a,B,7) and g € K. Then fxg € R(a, 5,7).

Proof . It is sufficient to prove that

2(f*g)(2) +72°(f x g)"(2)

(BT OEL (T IO

We have
2A(fxg)(2)+72°(f*9)"(2)  _ g(2) x2f'(2) +1(9(2) * 22f"(2))
(L= x9)(2) +v2(f *x9)(2) (L =g = f)z) +(9(2)f(2))
g* (ff;(f }Bij:}(f()z) (L =f(2) +72f'(2))

Y L oI e

Since
(L= (z) +72f'(2)) 2f'(2) +92%1"(2)
(1 =Nf(2) +72f(2) (L =) f(2) +vzf"(2)

thus (1 —7)f(2) + vzf'(z) € S*, so using LemmalZ~7 we obtain

2(fx9)(2) +72°(f x 9)"(2) o
A=)+ 95 120+ < CoFUN &

where F(z) = (ff lv(f}zgiz }(,Z()Z) and G is a convex domain. Then

Re(

) = Re(

) >0,

fxgeR(f,7)
U
Definition 2.9. A function f € A is said to be in the class N(a, ) if for all z € U,
2f'(2) € R(a, B,7).
Let f € A and p(2) = f'(2) + zf"(z), then a function f is said to be in the class N («, 3) if for all

z2p!(z) zp!(z)
zeU, Re(l+ “55) >oz‘ o) )—irﬁ.

Lemma 2.10. Let « >0 and 0 < g < 1. If f € N(«, 8), then for € with |e| < %,

P2 =197 % cRiap )
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Proof .Let f(z) =2+ > ", a,z". Then

f(z) + ez
Foz)=122T%
(2) = =
2(L4€)+ 3 nsan?”
B I+e
s+ T,
1+ 6
Z — 1_—&-52
= f(2) * —I—, = = f(2) * h(z),
(2.8)
where h(z) = Z_fgz . Differentiating logarithmically we obtain,
W) 2ot
h(z) — z— =22 1—2
— 1
N ’
l—pz 1—-2
(2.9)
where p = ——. Hence ReZh )) > 0if |p| < % then |e| < 1. Therefore h is starlike in U if || < fand so
h(t 1
/ dt ) * log(—— )
0 1 -

is convex for || < 1. Also we have,

Ful2) = (f # h)(2) = 2'(2) * (h(z) * log ) € (e, 7).

U

Lemma 2.11. Leta>1and 0 < B < 1. If f € N(o, ) and h € D, then |W| > 1

Proof .Let f(z) =2+ Y ", a,2" € N(a, f) and h € D, then from Lemma PT0 for |e| < § we have
F(2) = 125 € R(a, 5,1). Thus

é[h(z) FF(2)] 40, |d < Zi

Now from the properties of Hadamard product we obtain

1+eh *f(z)—i-ez
z 1+e€

I = ()« (f(z) +€2)]

[h(2) * f(2)] + € # 0. (2.10)

Hence for [e] < 1, 2[(2) * ()] # —¢, and so [ > 1 0

z
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Lemma 2.12. Leta>1 and 0 < g < 1. If f € R(a, B,7), then

2(1-5)
= Gy
21 ) oy 208
an] < (yn?2 —2ny+n—14+7v)(a—1) Hj:l (1+ Jjla— 1)) (n=3)
Proof . Let f € R(a, 3,7), then
21(2) + 7221 (2) ()42
T T e T B L R T Ry s R
2f'(2) £ 9221 (2)
S OErE e R
implies that ,
0 — B+ (1—a)Re(LEEAEE)

(1 =7)f(z) +72/'(2)

Let us define the function

_ . zf’(z)+'yz2f”(z)
a—=F+(1-a) A=)+ (2.11)

1—p
Then p(z) is analytic in U, p(0) = 1 and Rep(z) > 0 (z € U). Therefore, if we write

p(z) =

p(z) =1+ paz", (2.12)
n=1

then |p,| < 2 for n > 1. From 210 and ZT2, we obtain

o0

(1—a) Z(fynz —2ny+n—1+7)a,z" = (Z(l — B)pnz™)(z + Z(n’y +1—7)a,z").

Therefore we have

1-p
ap = (7 =2y +n—1+7) (1 —a) [Pn—1 + Pna(y + 1)az + pu-3(2y + 1)az + ...

+p2((n = 3)y + Dan—2 +p1((n — 2)y + 1)an—_1],
for all n > 2. When n = 2,

8
a— D)1 +7)

—B

Pl <2y

las| <
(

And when n = 3,

1—-p
20a—1)(2y + 1
2(1-p)
2@ — 1)(27 + 1)

jas| < )(\pz\ﬂleaz\(Hv))

(1+ (v +1)[az]).

(2.13)
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Let us suppose that

2(1-5)
vk? = 2ky+k—1+7)(a—1)
+ (k= 2)v+ 1) |ax-1])

2(1 — s 2(1 —
= (vk2 — 2k +(k; —ﬁ1)+ (a—1) Hj=1 (1+ -( B)) (k> 3). (2.14)

Then we see

|ax| < ( (14 (v + Dlag| + .. + ((k = 3)7 + 1) |ar—|

L+ (v + Dlas| + ..+ ((k = 3)y + Dlag—a| + (k= 2)y+ Dar—| < ] [ 527 1+ =

By using 7T4 and 2713, we obtain that

|ak |< 2<1_ﬁ>
= k12 =20+ Dy + (k+1)—1+4)(a—1)
+ ((k = 2)y + D]ag_a| + ((k = 1)y + 1)|ax])

< 2<1_6> (Hl;72 (1+ 2(1_5))

(1+ (v + 1)|ag| + ...

T (yk+12 -2k + 1)y +(k+1)—1+79)(a—1) J=1 jla—1)
21 = B) (k= 1)y +1) b2 (] 2(1—B)>>
(k2 —2ky + k — 1 +7)(a — 1) L13=! jla—1)

2(1-0)
(YE+1)2 =2k +1)y+(k+1)—1+7)(a—1)

<

o jla—1) (k= 1)(a—1)
. 2(1 - ) 1, 2020
T (yk+12=2k+ 1)y + (k+1) —1+7)(a—1) 1177 jla—1)"
This completes the proof of Lemma 212, [
Corollary 2.13. Leta>2and 0 < g < 1. If f € R(«, 3,7), then
n(l—p)
< —— > .
ol < g (2 (216)

Proof . Since a > 2, then « — 1 > 1 and ﬁ < 1 so from Lemma T2 for n > 3 we have

2(1 - p) na g, 20=F)
O R S iy | SRR ey
2(1-5) n—2 J T2
- ’yn2—2n'y+n—1+7Hj:1 (T)
21— B) 142 242 342 n—2+2
(n—l)((n—l)v—f—l)( 1 ) 2 ) 3 ) n—2

B (1-5) 2x3x4x..n—1)xn

C ((n—=1)y+1) (n—1)!

)

)

(2.17)
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Remark 2.14. According to Lemma 213 we have |as| < % then by the condition of Corollary

213 we obtain |as| < 2(176), this shows that the inequality 218 holds for all n > 2.
y+1

3. Main Results

Throughout this section 7' = {T',}2° , will always be the sequence given by

1-B+(n—-1)1+a)
— 5

unless otherwise mentioned.

Theorem 3.1. Let a > 2 and 0 < 5 < 1, then for

0§6<\/[(2_ﬁ+o‘)(3_25+7)]2+(2—ﬁ+a)(1+7) (2—B+a)3—-28+7)

2(1 - B) 21-8) 2(1-9) ’

we have
TNs(R(er,3,7)) ® TNs(K) C R, 8,7).

Proof . Let fo(z) =2+ - ,amz" € R(a,B,7) and go(z) = 2+ > -, bonz" € K. Also suppose
that

f(z)=z+ Zanzn € TNs(fo)

n=2

and

g(z)=z+ Z bn2" € T'Ns(go).

n=2

(f ®g*h)(2)

We want to show that
#0, (heD).

By the identity

f®gxh=fo®goxh+ fo®(g—g0)xh+(f—fo)®@goxh+(f— fo)®(9—g0)*h,
we obtain

|
((f = fo) ®go * h)(2>| _ ‘((f — fo) @ (g — go) * h)(2) . (3.1)

z z

From Lemma 278 it follows that fq* go € R(«, 5,7), also we have

Z(fO ®90)/(Z) =ZzZ+ ZQOnbOnzn - (fO * gO)(Z) S R(Oé,ﬁ,")/),

n=2

thus fo ® go € N(«, 8). Now from LemmalP 11 for all h € D we obtain

‘(fo®go*h)(z)

1
> - 3.2
. 27 (3.2)
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Making use of Corollary 213 and Lemma 23 for fo(z) =2+ >~ ,ap,2" and h(z) =z + >~ , ¢, 2"

1— n—1)(1+«a n(l—
G0 (1 4 (n — 1)y) and |agn| < g

T f1)" Now from the definition of

we obtain |c,| <
TNs(fo) and TNs(go) we have

5 |a0n||bn;b0n||cny - 1—52 1-B+(n— 1)(1+a)(1+<n_ 7)1 — bon|
n=2

1 + v n=2 1- 5
1— 8
= — T,|b, — bon
1+ n; b= bon
_ 01 p)
- 14y
(3.3)
Similarly, we get
- |bon||an — aon||cn| 1«
nz; n S §§Tn|an Qon
)
< -
- 2
(3.4)
Finally we have
S lan — aon||bn — bonl|cnl 6(1—5) .
< T |by — bon
2 . S W pray 2 Tl
5%(1 —
( B3) ‘ (3.5)
22—+ a)(1+7)
By virtue of B2, B3, B4 and B3, inequality B gives
|(f®g*h)(z)|>1_5(1—,3)_é_ 0*(1—p) (3.6)
2 =1 1+4 2 22-B+a)(l+9) '

The right side of B is positive whenever

0<6< \/[(2—ﬂ+a)(3—2ﬁ+7)]2+(Q—B—i-a)(l—{—’y) 2-F+a)8-20+7)

2(1 - B) 2(1-8) 2(1 - 9)

O

Corollary 3.2. . Let o > 2 and 0 < 8 < 1, then we have

5T(R(aa B? 7) ® IC: R(Oé, ﬁa 7)) 2

¢ﬁ2—6+®®—25+wP 2-F+a)l+y) (@2-B+a)B-28+7)
2(1—5) 21— B) 21— B) '
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Theorem 3.3. Leta>2 and 0 < (5 < 1, then for

22— B+ a)(1+7)
15

—(2-8+a),

O§5<\/(2—B+a)2+

we have

TNs({1}) ® TNs(R(ev, 8,7)) € R(a, 5,7)-
Proof .. Let fo(z) = I(z) = z and go(2) = 2+ > bon2™ € R(a, 8, 7). Also suppose that

f(z)= z+Zanz” € TNs(fo)

n=2
and -
g(z) =z + Z b,z" € TNs(g0),
n=2
then we have > 7, Tyla,| <6 and > o, Ty|b, — bos| < 0. We want to show
h
U9 L0 e

z

We have

(G =) @0 G, (= o) 0= g0) * h)(2)

observe that, (fo ® go* h)(z) = z and (fo ® (9 — go) * h)(z) = 0. Moreover we have

|((f_f0)fg(]*h>(z>’ S i‘an||bOnHCn|
n=2
- B 1—f+ n—l)(1+a)
) P04 - )l
_ R
= m;Tﬂ|an|
o(1—p)
< ﬁ, (3.7)

and

|((f—fo)®(z—go)*h)(2)| 3 |an||bn;b0n|lcn|

IN

1 S
a ZTn|angn - bOnl

<
5(1- B)
. @—B+®ﬂ+v§:Tw  bon|
. P0-p .

22— B+ a)(1+7)
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Now, following the same techniques as in the proof of theorem Bl we conclude the result and we
omit details. [

Corollary 3.4. . Let 0 < S <1 and a > 2. Then we have

22 —-B+a)(l+7)
1-5

or(({1}) @ R(e, B,7), R(e, B,7)) < \/(2 —B+a)+
—(2-0+a).

Corollary 3.5. Let0 <3 <1 and a > 1. Then we have

5r(R(a, B,7) @ K, R(a, 8,7)) < iy = \/E L 28+ +7)} L 2=B+a)(1+)

2(1-p) 1-8
1 2-F+a)(l+79)
—{54— 21— 3) 1 (3.9)
and
r({1) ® R 5.). Ra. \/ e (3.10)
Proof . Let go(2) = =z+22+22+ ..., fo(z) =2+ o= 5+a)ﬁ(1+ )z , and ho(z) = I(2) = 2. From
Corollary 24 we have fo € R(a, B,7). Smce go € K, we have
_ 6(1 -5 2
g(z)=z+(1+ IR +7))z + 2%+ ... € TNs(go) C TN;(K),
_ 1-p 2
h(z) =z + o1 = B) 2* € TNs(ho) C TNs({I}).

2-F+a)(l+7)
To show B9 and B0 it is sufficient to prove that

f®g¢R(aB,y) when 5>

and
h®gd¢ R(a,,7) when 5 > po.
We have -3 51— 5)
Vo0& =t graarn T e ranen)
Let
o(6) = Sl AN P 1S SN ) N

22-F+a)(1+7) 2-0F+a)(1+7)
—p

Then we have p(p;) = m and p(9) > p(p1) for § > pq, therefore by Corollary2Z4a we have
(f®g)(2) € R(a, 5,7) when § > p;. Also we have

(1-5)°
22— B+ a)?(1+7)?

(h® f)(z) =2+ (6 + 0%)22
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and )
(1-5)

22 -0+ a)?(l+79)?

thus similarly h ® f ¢ R(«, 5,7) when § > po. O

Theorem 3.6. Let0< (8 <1 and o > 1. Then we have
(i) for 6y = /BN TN, ({1}) * TNs, ({1}) € R(a, 8,7),
(i) for 8, = \/ B TN, ({1}) @ TN, ({1}) € Ra, 8,7).

1-8
The result is the best possible in each case.

Proof . (i) Let

(1-5)
2—B+a)(l+7)

(b2 + p2”) = (

f(z)=z+ Zanz" € TNs, ({1})

n=2
and -
g9(z) =2+ anz” € T'Ns, ({1}).
n=2

By making use of definition T'Ny, ({I}) we have

> Tolaq| < 61, (3.11)
n=2

and
> Tlba| < 61 (3.12)
n=2

Since0<f<landa>1T,= %W(l + (n — 1)7) is an increasing function of n so that
from BT we get

* (1 - B)o,
2ol < G aa

which implies that

(1= p)dy
2-F+a)(1+7)
Using the above inequality, it follows that

lan| <

(n > 2).

1-4 2-06+a)(1+7)

which in view of Corollary E33,(f * ¢)(z) € R(«, 5,7). The proof of (ii) is similar to part (i) and we
omit the details.
To see that the containment relation in (i) is the best possible, we consider the function f and g
defined in U by

n=2

= zZ) =2z 1_6 22
£z) = g(2) +\/<2_6+a)(1+7),
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clearly, f,g € TNy, ({I}) and (f * g) € R(«, 3,7). Also considering the function f and g defined in

U by
ﬂdzg@%=v+¢< 20-5) -

2—B+a)(l+7v) "’
it is easily seen that the result in (i7) is the best possible. This evidently completes proof. [
Corollary 3.7. Let0< 3 <1 and a > 1. Then we have

(2=B+a)(1+7)
1-5 ’

\/2(2—B+a)(1—|—’y)
15 '

(i) or({I} *{I},R(a, B,7)) :\/

(@) or({1} @ {1}, R(e, 8,7)) =

Proof . (i) From Theorem B@ we have

2-5+a)i+9)

or({1} {1}, R, B,7)) = 61 = \/ =5 (3.13)
Moreover, Let ( )
B B o(1—p 5
F6) = 0(2) = 2+ gy € TN,
Then we have 501
(Fro)e) =2+ (D)2

(2—ﬁ+04)(1+’v)

Let 0(0) = (%) , then p(0) > p(d1) = W for 6 > ;. Therefore, by Corollary 24,

f*g ¢ R(a,B,v) when 6 > ¢;. This means that
or({I} = {1}, R(a,B,7)) < d1. (3.14)

The relation B3 and B4 give the result. The proof of part (i7) is similar to part () and we omit
the details. [J

Theorem 3.8. let a,b € C , ¢ > |a| + |b| and

L(e)I(c—|a|—[b]) [1 4+ 20=A)+0+a)(y+1) |abl 4+ 2U+a) (lal)o([b])o <9

[(e—[a])T'(c—[o]) 1-5 c—lal—[b]-1 1= (c—la|=[b]=2), | =
then
2F(a,b,c;z) € R(a, B,7).
Proof . Since zF(a,b,c;z) =z + Y, —(c: 11((32 L2, we see from Corollary P73 that our conclusion

is equivalent to

[e.e]

(1=F+n-1)1+a))+(n—1)7) |(@)n-1(b)n1
; 1-p (C>n71(1 n—1 =1 (3'15)

Let
S=>(1-8+®n-11+a)1+(n—1)7)

n=2
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Note that the left side of BIA converges if ¢ > |a| 4 |b|. Since |(a)|, < (]a|), we have

(laDn-1(16])n—1
()n-1(1)p—1 '

Z 1-F+(n—1)1+a)(1+(n—1)y)

It suffices to prove that

i(l =B+ -1 +a)(1+(n—1)y) <‘(ac|))”_11((’1l;|)7_111 =1

n=2

— 8.
We have

Yo ,(1=B+n—1)(1+a)l+(n— 1>7)%
=2, 1=B+n+1)1+a)(l+(n+ 1)7)(\?!))%1&

( )n+1

= (1= )Xz, il 91— 8) T o(n + 1) el

(@n+1(Dnt1 nt1(D)nt1
2 (

+(1 +a> Zn 0(n+ 1>(‘EZ|)):I;((|I;|)TL+1 +’Y(1 + a) foo("ﬂL 1) |a|))n+1(|b|)n+1

n+1 = (C n+1(1)n+1

= (1- B T, henslilons 4 (1 — )y, (el

(
(@nt1 (Dt (C)n+1(1
(aDn+1(00n+1

(a1 (B o0
1+ a) X Famn - T e) X+ )Gy
(1= )T, Gedesshuss (g 4 )30 e (e

©nt1(Dnt1 n=1 (n+1(n-1
o0 al)n b n

T+ = B) + (L+a)(y+ 1) T, (alkeatthiy

B 0o (laD)nt1([b)nt1 (aDnt2(bDn+2

=1-58)> (C)nLa)nﬂ +y(1+a) Zn 0 (C):Jrz(l)n+

(1= + (1 a)(y + D] T2, e
= (=) [HEERRERS — 1] + 0 + o) [ s
Fh( = 8) + (1 + )y + 1)) [y RelSeclei=t ]

The last expression is bounded above by 1 — g if and only if

I ()T (c—a] b)) Y(1-B)+(1+a)(3+1) __ab| v(1+0) _ (lal)a (b))
F(c—Tal)T (c—[o]) [1 + 15 a1 T T1-8 (c—|a|—|b|—2)2} =20
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