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Abstract

In the present research paper we derive results about existence and uniqueness of solutions and
Ulam—Hyers and Rassias stabilities of nonlinear Volterra—Fredholm delay integrodifferential equa-
tions. Pachpatte’s inequality and Picard operator theory are the main tools that are used to obtain
our main results. We concluded this work with applications of obtained results and few illustrative
examples.
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1. Introduction

The Ulam’s stability problem of functional equations [25] “Under what conditions there exist an
additive mapping near an approximately additive mapping?” and its first attempt by Hyers [§] in the
case of Banach spaces is well known. The concept of Ulam-Hyers stability is extended by Rassias [20].
Thereafter, many mathematicians have studied and extend the concept of Ulam-Hyers and Rassias
stabilities for different kinds of equations. Literature survey shows that several techniques have been
developed by mathematicians to investigate the Ulam—Hyers and Rassias stabilities of differential
and integral equations. The most popular techniques that deals with Ulam—Hyers and Rassias
stabilities of different kinds of differential and integral equations includes: fixed points technique
1, 2, B, O 10, 17, 23, 24], successive approximations method [5] [6, [7, 15] and applying integral
inequalities [16], 17, 22].
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Inspired by the work of Rus [22] and Otrocol et al. [16, [I7], in the present paper we derive
results pertaining to existence and uniqueness of solutions and Ulam-Hyers and Rassias stabilities
of nonlinear Volterra—Fredholm delay integrodifferential equation (VFDIE):

t b
x’<t>=f(t,x<t>,:c<g<t>>, /0 ha(t, 5, 2(s), 2(g(5)))ds, /O h2<t,s,x<s>,m<g<s>>>ds) ten, (11

where

(i) I=10,0] 0<b< o0
(i) f € C([0,b] x RLR), h; € C([0,0] x [0,0] x R%R) for i = 1,2 and g € C([0,b],[—r,b]),
0 < r < oo such that g(t) < t.

Picard operator theory, abstract Gronwall lemma and Pachpatte’s inequality play leading role to
obtain the sufficient conditions that guarantee existence and uniqueness of solutions and Ulam-—
Hyers and Rassias stabilities of nonlinear VFDIE ((1.1)). The considered nonlinear VFDIE in
the present is more general than that of considered in [3| 10, 16, 17, 22, 23, 24]. Therefore the
results obtained in this papers can be regarded as generalisation of those which are obtained in
[3, 10, 16 17, 22, 23, 24]. Existence and uniqueness of solutions of nonlinear Volterra—Fredholm
delay integrodifferential equations and their variants have been dealt in [4, [11] [12]. Recently, Kucche
and Shikhare [13| [I4] obtained results about existence and uniqueness of solutions and Ulam-Hyers
and Rassias stabilities of nonlinear integrodifferential equations in Banach spaces.

The paper is arranged as follows. In Section [J, we define the Ulam-Hyers and Rassias type
stability concepts for and we state the theorems which are essential to obtain our main results.
Section , deals with Ulam stability results for VFDIE . At last, we give applications and
examples to illustrate the results.

2. Preliminaries

We follow the notations and definitions of [22] to deal with Ulam—Hyers and Rassias type stability
of VFDIE (|1.1)). Consider the nonlinear Volterra-Fredholm delay integrodifferential equations

t b
2t) = f (t,xm,x(g(t», /0 ha(t, 5, 2(s), 2(g(s)))ds, /0 h2<t,s,x<s>7x<g<s>>>ds) ten, (@1
z(t) = ¢(t), t € [-1,0], (2.2)
where ¢ € C ([-r,0],R).

Definition 2.1. A function z € C ([-r,b],R) N C* ([0,b],R) that verifies the equations (2.1]) and
(2.2)) is called the solution of initial value problem (2.1))—(2.2)).

For ¢ > 0 and a nondecreasing continuous function ¢» € C ([—r,b],R,), consider the following
inequalities:

t b

y'(t)—f(t,ya),y(g(t)» / ha(t, 5, 9(s), w(g(s)))ds, / hz(t,s,ms),y(g(s)))ds) <e (tel),  (23)
t b

y'<t>—f<t,y<t>,y<g<t>>, /0 ha(t,,9(s), y(g(s)))ds, /0 h2<t,s,y<s>,y<g<s>>>ds> <ut), (tel), (24)

t b
y(t) - f (t,y(t),y(g(t))v/o hl(tas,y(S),y(g(S)))ds,/o hz(tasay(S),y(g(S)))d(S) <ey(t), tel). (2.9)
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Definition 2.2. The equation ([2.1) is said to be Ulam—Hyers stable if there exists a real number
C; > 0 such that for each € > 0 and for each solution y € C* ([—r,b],R) of (2.3)) there exists a
solution z € C* ([—r,b],R) of (2.1) with |y(t) — z(¢)] < Cye, t € [—r,b].

Definition 2.3. The equation (2.1)) is said to be generalized Ulam—Hyers stable if there exists
6y € C(Ry,R;), 64(0) = 0 such that for each solution y € C*' ([—r,b],R) of (2.3) there exists a
solution z € C* ([—r,b],R) of (2.1) with |y(t) — z(t)] < bs(e), t € [—r,b].

Definition 2.4. The equation (2.1 is said to be Ulam—Hyers—Rassias stable with respect to the
positive nondecreasing continuous function ¢ : [—r,b] — Ry if there exists Ct, > 0 such that for
each € > 0 and for each solution y € C! ([—r,b],R) of (2.5)) there exists a solution x € C* ([-r,b], R)

of with |y(t) — x(t)| < Crypetp(t), t € [—r,0b].

Definition 2.5. The equation is said to be generalized Ulam—Hyers—Rassias stable with re-
spect to the positive nondecreasing continuous function ¢ : [—r,b] — Ry if there exists Cry > 0
such that for each solution y € C* ([~r,b],R) of there exists a solution z € C* ([—r,b],R) of
(2.1) with |y(t) — x(t)] < Cryp(t), t € [—1,].

Remark 2.6. A function y € C'(I,R) is a solution of inequation (2.3)) if there exists a function
py € C(I,R) (which depend on y) such that

(1) [py®) <€ tel;
(i) y'(t) = f (t,y(t)vy(g(t)%f(f ha(t,s,y(s),y(g(s)))ds, [ hz(t,s,y(S),y(g(S)))dS) +py(t), tel.
Remark 2.7. If y € C'(I,R) satisfies inequation , then y is a solution of the integral inequation
t s b
0 =30~ [ 1 (5066 ptato. [ mats. o) vlanar, [ hatosrntr)statryar ) s

<et, tel (2.6)
Indeed, if y € C*(I,R) satisfies inequation (2.3]), by Remark , we have

/

t b
y(t) =1 <t,y<t>,y<g<t>>, /0 ha(t, 5,y(s), y(g(s)))ds, /0 h2<t,s,y<s>,y<g<s>>>ds> L pyt), tel.
This gives

0 -v0) - | g (svta), [ mats.mutoatatr e, | sl 7(7), vlo(r))ir ) ds
< [ inyolas

<et, tel.

Theorem 2.8. (Pachpatte, [I8]) Let z(t),u(t),v(t), w(t) € C([a, f],R;) and & > 0 be a real con-
stant and

2(t) §/<:+/atu(s) [z(s)—|—/:v(o')z(a)do’—l—/jw(a)z(a)da] ds for té€a,f).
If ; )
= /a w(o) exp (/a fu(r) + U(T)]ch) do <1,
then i t
() < exp ( / fu(s) —I—v(s)]ds) for ¢ € [a, A].
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Remark 2.9. The constant £ in the Theorem can be replaced by a positive nondecreasing
continuous function. Thus we have the following Corollary and the proof of same can be completed
following the arguments in the Theorem 1.7.4 of [19, p. 39].

Corollary 2.10. Let z(t),u(t),v(t), w(t) € C(|e, B],R;) and n(t) be a positive and nondecreasing
continuous function defined on [«, ] for which inequality

2(t) < n(t) + / tu(s) [z(s)+ /a " o(0) (o) do + /a ﬂw(a)z(a)da] ds for t € [, B].

&7

— /jw(a) exp (/:[u(f) + U(T)]d7> do <1,

e ([ uts) + (601 ) for €

It

then
2(t) <

Definition 2.11. (Rus, [21]) Let (X,d) be a metric space. An operator A : X — X is a Picard
operator if there exists * € X such that

(i) Fa={z*} where F4 = {x € X : A(x) = 2} is the fixed point set of A;
(ii) the sequence (A"(z)), ey converges to z* for all zy € X.

Lemma 2.12. (Rus, [21]) Let (X, d, <) be an ordered metric space and A : X — X be an increasing
Picard operator (F4 = z%). Then, for x € X, x < A(z) implies = < 2% while x > A(z) implies
x> Ty

3. Stability Results

First, we list the hypotheses that are needed to prove our main results.

(A1) There exist L(-),G;(-) € C(J,R4),i = 1,2 such that

4
|f(t, 21, 2, w3, 20) — [(E Y1, 92, y3, ya)| < L2 <Z|% Y > ’

2
|hi(t,87$17l’2) - hi(t787y17y2)| S Gl<t) (Z |ZE] - y]l)

j=1
for all t,s € [0,b] and z;,y; € R,j =1,2,3,4.

(A2) The function ¢ : [—r,b] — R is positive, nondecreasing and continuous and there exists A > 0
such that

/Otw(s)ds < M\p(t), t €[0,0].

Theorem 3.1. Suppose that the functions f and h; (i = 1,2) in (2.1) satisfy the condition (Al).
Assume (A2) holds and let Ny = 2f0 [1 + fo Gy(7m)dT + fo Ga(T dT] ds < 1. Then,

(i) the problem (2.1)-([2.2) has a unique solution x € C ([—r,b],R) N C* ([0,0],R);
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(i) the equation (2.1) is Ulam—Hyers—Rassias stable with respect the function v, provided
b o
¢ = / Go(0) exp </ [2L(T) + Gl(T)]dT) do < 1. (3.1)
0 0

Proof . (i) In the view of assumptions, f € C ([0,b] x R, R), h; € C([0,b] x [0,b] x R*|R) for
i=1,2and g€ C([0,b],[—r,b]),0 < r < oo, the initial value problem (2.1)—(2.2) is equivalent to
the following integral equations

)= 00) + [ 1 (s5:206)2(6(6) [ mosra(r).atotrir, [ o ra(r).atotryar ) ds c € ),

z(t) = ¢(t), t € [-r,0].

Consider the Banach space C' = C ([—r,b],R) endowed with Chebyshev norm |-||, and define the
operator By : C'— C by
B0 =00+ [ 1 (s:2(61.2(0(60), [ (o7, g, [ oo, o ) ds (< ),
By(z)(t) = ¢(t), t € [-r,0].

Note that,

1By(x)(t) = By(y)()| = 0, 2,y € C([=r,b,R), te[-r0] (3.2)
Next, for any t € 1,
By (2)(t) = By (y)(0)]

/Otf(s,x(s),x(g(s)),/oshl(s,T,a;(T), (g(T)))dr, /th(s 7,2(r), 2(g(r )))m) ds

-/ f(s,y<s>,y<g<s>>, | mts. o) atatren / hals,7,y(r >>df) s
< [ ) Qts) — )]+ lolg(s) ~ (o)
/ G1(7) [J2(7) — y(r)| + [2(9(7)) — y(g())] dr
/ Co(r) [[2(r) — (7)) + [(g()) —y(gm)udf}ds

0<01<s

< [ 266) { o) — o)) + i a(o1) sl
e [max 2(02) — y(o2)] + max_|z(g <az>>—y<g<02>>|] dr

0<o9<T

+ [ Gatr) [ s, Ioto) — u(on) + mas. [etoton) ~ u(s(os)] ar s
g/ L(s){ max_|z(o1) —y(o1)|+ max |z(r1) — y(m)|

—r<o1<b —r<m1<b

—r<79<b

+[M e | max letow) —slow) +_max o) y(ra)] dr

/ Gal(r [rgax 2(03) — ylow) + _max_[s(rs) — y(Tg)@ dT}ds

—Trso —r< T3S
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< /ObL(S) {QHUU—Z/HCJFQ/ObGl(T) \UC—Z/HchJF?/ObGﬂT) B —yHch} ds
:2</ObL(s) [1+/0bG1(T)dT+/ObG2(T)dT ds) le = yllo

— Nylle -yl (33)
From (3.2) and ({3.3]), we have

1By(x) = By(y)llc < Nelle =yl =y € C([-r b, R).

Since Ny < 1, the operator By is a contraction on complete space C. Hence by Banach Contractlon
principle the operator B has fixed point @ : [—r,b] — R which is solution of the problem (2.1))—(2.2).
(ii) Let y € C ([-r,b,R) N C* ([0,b],R) be a solution of inequation (2.F). Let z € C ([—r, b] R) N
C* ([0, 0], R) is the unique solution of the problem

/

t b
()= f (t,w),x(g(t», [ mlts.sts) stateas. [ h2<t,s,x<s>,x<g<s>>>ds) (teD,
x(t) =y(t), t € [-r0].

Then x satisfies the integral equations

t s b
£(t) = y(0) + /0 I (m(s),x(g(s)), /0 ha(s, 7, 2(r), 2(g(r)))dr, /O hz<smx<f>,x<g<v>>>dr> ds (te 1),
(3.4)
l’(t) = y(t)7 te [—T, 0] (35)

Let y € C ([-r,b],R) N C* ([0,b],R) satisfies the inequation ([2.5). Then using the hypothesis (A2)
and Remark [2.6) and [2.7], we obtain

‘yu) —y(0) - /0 g (s,y<s>,y<g<s>>, /0 (s, 7 y(r), yg(r)))dr, /0 ’ h2<s,T,y<T>,y<g<T>>>dT) s

< /0 py(s)] ds < /0 ew(s)ds < Aew(t) (¢ € I). (3.6)

Clearly
ly(t) —x(t)] =0, te[-r0]
Next, using hypothesis (A1), the equation (3.4 and the estimation in (3.6)), for any t € I,

ly(t) — x(t)]
_ ‘y(t) —y(0) — /Otf (s,x(s),w(g(s)),/os b (s, 7, 2(7), 2(g(r)))dr. /Ob ho(s, 7,2(7), 2 T)))d7> ds
< |t v - [ 1 (s,y<s>,y<g<s>> /0 (s, 720(7), (g /0 o () w0 ) s

+/Ot
—f< /hlsT:L' dT/thT:L’ )))m)

< eX(H) + /0 <>{|y<> #(s)| + y(9(s)) — 2(g(s))
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+ /S G1(7) [ly(r) — 2(7)[ + ly(g9(7)) — =(g(r))[] d7
0

b
+/ Ga(7) [ly(7) — 2(7)[ + [y (9(7)) — 2(g(7))]] dT} ds. (3.7)
0

In the view of inequality (3.7]), we consider the operator A : C' ([—r,b],R,) — C ([-r,b], R, ) defined
by

A =0, € [-r,0]
A (® =0+ [ 260 )+ mta(s) + [ i) i) + mla(lar

b
+ [ Gl ) + o) dT} ds, t€[0.b].

Next, we prove that A is a Picard operator (see Definition [2.11)). Let any n;,n2 € C ([—r,b],Ry).
Clearly,

|A(m)(t) — A(n2)(t)| = 0, t € [-r,0].
Using hypothesis (A1), for all ¢ € I,

|A(m)(t) = A(n2) (2)]
S/ L(s) {Im(s) = n2(s)| + m(g(s)) = n2(g(s))]

+ [ 610 ) = ()| + o) — i)l
+ [ Galr) ()= ) + o) ~ ot} s
< [ 26){ pmax, lon) — mlo) + (o)~ mla(on)
+ [ et | s (o)~ mlon)] + max_n(o(oa)) ~ mo(oa))] dr

/ Gatr) | max Im(os) ~ m(ow)| + max_m(o(o) ~ mla(on) | dr | ds

0<0o3< 0<o

</ L(S){ max_ |n1(o1) —n2(01)] + _max | (71) = 72(71)|

—r<o1< —r<11<b

v [ [rgax (o)~ mlow)] +_max () - m(r)] dr

—r 2

/ Gatr) | max Im(os) — mon)| +_max () —ma(r) | ar f s

—r<

s/o (){2||?71—n2||c+2/ Gi(7) | — 772||ch+2/ Galr) i — 772Hcd7}d8
b

</ L<s>{2um—muc+2/ Gr(r) Hm—n2HodT+2/ Ga(r) Hm—chdT}ds
0 0 0

=2 </Ob L(s)[1+ /Ob Gy (7)dT + /Ob GQ(T)dT]dS> m —n2llc

= Nyllm —mlle-
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Therefore,
[A(m) = Am2)llc < Ngllm =2l for all my,my € C([=r,b], Ry).

Since Ny < 1, A is a contraction on C ([—r,b], Ry ). Using Banach contraction principle, A is Picard
operator and F 4 = {n*}. Then, for t € I,

70 =+ [ 16 {n D+ [ G + o] ar
/G2 ((T))]dr}ds, te[0,8].

Observe that 7* is increasing and (n*)" > 0 on I. Therefore n*(g(t)) < n*(t) as g(t) < t,t € I and

hence
70 < owo+ [ 2r { + [

/ Golr }ds, el (3.9)

Applying variant of Pachpatte’s inequality given in the Corollary to inequation (3.8]) with

2(t) = n*(t), n(t) = e (t), u(t) = 2L(t), v(t) = G1(t) and w(t) = Ga(t),

we get
. eAp(t) !
70 T ep ([ 226) + Grtoas)
€ b
< ﬁ’(qtf exp ( /0 2L(s) + G1 ()] ds) .
Therefore
n'(t) < Crye(t),
where

Cro =1 _Aq* exp ( /O "RL(s) + G (s) ds) |

For n(t) = |y(t) — x(t)| the inequation (3.7)) gives n(t) < A(n)(t). By applying abstract Gronwall
lemma we obtain

n(t) <n*(t), t € [-rb],

and hence

ly(t) —2(t)] < Crypep(t), te[-r0] (3.9)
This proves that the equation is Ulam—Hyers—Rassias stable with respect to the function . [J
Corollary 3.2. Suppose that the functz’ons fand h; (i = 1,2) in (2.1) satisfy the condition (Al).

Assume (A2) holds and let Ny = 2f0 [1 + fo Gy(7)dT + fo Ga(T dr] ds < 1. Then, the equa-

tions - . ) has a unique solution and the equation 15 generalized Ulam—Hyers—Rassias
stable with respect to function the 1, provided that the condm'on (3.1)) is satisfied.
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Proof . By taking € = 1 in the proof of Theorem B.1], we get |y(t) — z(t)| < Cry (1), t € [—r,b].
Therefore (2.1)) is generalized Ulam—Hyers—Rassias stable with respect to ¢ : [—r, 0] — R,.. O

Corollary 3.3. Suppose that the functz’ons fand h; (i = 1,2) in (2.1) satisfy the condition (Al).
Assume (A2) holds and let Ny = 2f0 [1 + fo Gy(r)dT + fo Ga(T dT] ds < 1. Then, the equa-
tions . . ) has a unique solution and the equation 1s Ulam—Hyers stable, provided that
the condition 15 satisfied.

Proof . By taking ¢ : [, b] — R, defined by 1(t) = 1, t € [—r,b] in the proof of Theorem [3.1 we
get |y(t) — x(t)| < Cre, t € [—r,b]. Therefore equation (2.1)) is Ulam-Hyers stable. [

Corollary 3.4. Suppose that the functz’ons fandh; (i =1,2) in (2.1) satisfy the condition (A1). As-
sume (A2) holds and let Ny = 2f0 [1 + fo G1 Ydr + fo Go(T dT] ds < 1. Then, the equations

- . ) has a unique solution and the equation 15 generalized Ulam—Hyers stable, provided
that the condition (3.1) is satisfied.

Proof . Consider the function 67 : Ry — R defined by 0¢(¢) = e Cy. Then §; € C(R,R,), 04(0) =
0 and |y(t) —z(t)| < 0¢(e), t € [—r,b]. Therefore equation (2.1) is generalized Ulam-Hyers stable. [J

4. Applications

Fix any r > 0 and define ¢g(t) = t—r, t € [0,b]. Clearly g € C (]0,b],[—r,b]) and ¢g(t) < t. In this case
VEDIE ([2.1)—(2.2) reduces to a difference equation. Consider the nonlinear difference equations:

P =7 <t,a:(t),x(t _ r),/t it 5, 2(s), (s — r))ds,/b Fa(t, 5, 2(s), 2(s — r))ds) L te (0.0,

' " (4.1)

z(t) = ¢(t), t € [-r,0], 4.2
which is special case of VFDIE —. Consider the inequality

/

~ t b
J(0) - ] (t,yu),y(t =), [t uts s, [t p(s)uts - r))ds)

0

< Ew(t)a te [O’b]’

where €,79 and ¢ are as specified in the preliminaries section.
As an application of results obtained in section [3, we have the following theorem for the difference

equations ((4.1)-(4.2).

Theorem 4.1. Let the functions f, h; (1 =1,2) in (4.1]) satisfy the following conditions:
(B1) Let fN € C([0,b] x RLR), h; € C(]0,b] x [0,b] x R?,R), and suppose there exist constants

Lf, Gi (i=1,2) > 0 such that
|f(t,U1,U2,U3,U4) - f(t U1, V2,3, V4 | < L (Z |u_] - UJ)
) ) ) 2
|i(t, 5,1, u2) = ha(t, s, v1,v2) < Gi(t) [ D fuy — vy
j=1

for all t,s € [0,b], uj,v; e R (j=1,2,3,4).
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(B2) the function ¢ : [—r,b] — R is positive, nondecreasing and continuous and there exists A > 0
such that

/Otz/)(s)ds < Mp(t), t €[0,0].

(B3) N;=2 [ Li(s) [1 + [P Gy(r)dr + [ Galr dT] ds < 1.

Then the problem (4.1)—([.2) has a unique solution z in C' ([—r,b],R)NC" ([0, b], R) and the equation
is Ulam— Hyers Rassms stable with respect to the functlon ¥, provided

¢ = /Ob Ga(0) exp </OU[2L]3(T) + él(f)]d7> do < 1.

Next, consider the nonlinear Volterra—Fredholm integrodifferential equations of the form:

t 1
z(t) = f(t,a;(t),a:(tZ),/ hl(t,s,az(s),x(SQ))ds,/ hg(t,S,:II(S),(lZ(SQ))dS> , telI=]0,1], (4.3)
0 0
z(t) = ¢(t), te[-r0L (4.4)
Note that, the nonlinear Volterra—Fredholm integrodifferential equations (4.3)—(4.4)) is the special
case of (2.1)-(2.2) with g(t) = t*, t € I = [0,1]. Clearly g € C([0,1],[~r,1]) for any r > 0 and
g(t) <t, t € I =10,1]. Consider the following inequality
0= 1 (10062, [ matssaoh s, [Tt sp(s)o(62)as)
<ey(t), te[0,1].

where €,7 and ¢ are as specified in the preliminaries section.

Theorem 4.2. Let the functions f, h; (i = 1,2) in (4.3)) satisfy the following conditions:

(D1) Let f € C([0,1] x R, R), h; € C([0,1] x [0,1] x R* R) and there exist constants L, G; (i =
1,2) > 0 such that

‘f(tv u17u27u37u4) - fT(t 01702703704 | < Lf (Z ‘u] - U])

2
‘Hi(tu Sy“ly“?) - Hi(tv 571}171}2)‘ < G_l(t) (Z |uj - vj)
=1

for all t,s € [0,1], uj,v; € R (j =1,2,3,4).

(D2) the function v : [—r, 1] — R is positive, nondecreasing and continuous and there exists A > 0
such that

4%@@swwwemm

(D3) Nj=2 [ Lj(s) [1 + L Gy(r)dr + [ Galr dr} ds < 1.



Ulam stabilities for nonlinear Volterra-Fredholm ... 9 (2018) No. 2, 145-159 155

Then the problem (4.3)—(4.4) has a unique solution z in C ([—r, 1], R)NC ([0, 1], R) and the equation
(4.3)) is Ulam—Hyers— Rassms stable with respect to the functlon ¥, provided

¢ = /0 1 Ga(0) exp ( /O “2Ly(r) + GI(T)]dT> do < 1.

Remark 4.3. Ulam-Hyers stability, generalized Ulam—Hyers stability and generalized Ulam—Hyers—
Rassias stability of the equations (4.1)) and (4.3]) can be discussed on similar line as discussed in the
section 3.

5. Examples

We now present examples to illustrate the stability results we obtained.

Example 5.1. Consider the nonlinear delay Volterra—Fredholm integrodifferential equations

2x(t) n sin(z(g(t))) N sin(2x(t)) N 1 /t 1
0

' (t) = 0.506775 — [sin?(2(s)) — cos(z(g(s)))] ds

500 25 500 12.5 20
+ % 121'5 [siHQ(a;(s)) — cos(:z:(g(s)))] ds, tel0,7], (5.1)
z(t)=0, t e [—2,0], (5.2)

where g(t) = £, t € [0, 7], then g(t) < t, t € [0,7].
Note that:

(i) Define hy : [0, 7] x [0,7] x R xR — R by
1

ha (t, s, 2(s), 2(g(s))) = o5 [sin®(z(s)) — cos(x(g(s)))] -
Then for any ¢, s € [0, 7] and x1, %2, y1,y2 € R we have

1 1
|hi(t, s, z1,22) — hi(t, s,y1,92)| < 20 ‘sin2 z1 — sin® yl‘ + 20 |cos x9 — cosya| .

Note that for any «, 8 € R with a < 3, applying mean value theorem, there exists v € («, ) such
that W = —2sinycosy = |sin® a — sin? B < 2|a — f]. Thus

1
|h1(t, s, 21, 72) — hi(t, 8,91,92) |LU1 — 1| t 55 |952 — 2|

=% 20
_TO{’xl y1\+!:c2—y2\}-
(i) Define hy : [0,7] x [0,7] x R x R — R by

1

B (1, 2(s),2(9())) = 132 [502(a(s)) = cos(a(g(5)))].
Then for any t,s € [0, 7] and z1, za, Y1, Y2 € R we have

1
|ho(t, s, 1, x2) — ha(t, s,y1,y2)| < o5 ‘st 1 — sin yl‘ + — o |cos x2 — cos ya|

2
T {lz1 —y1| + [v2 — y2l} -



156 Kucche, Shikhare

(iii) Define f:[0,7] x Rx R xR xR — R by

f <t,x(t),a:(g( ), /0 hi(t, s, x( /0 ha(t, s, x( (g(s)))ds)
:oamwny—i$?4-wﬂﬁg(») $“§§“) 1;51;;)[m%xwﬁ—wmﬂ$@@»ﬂds
1 /™ 1

T ), Tap [ (a(s)) — cos(z(g(s))] ds

0506775 — 2;3(58) " sin(1?2(5g(7f))) " Sin(E)QOJB(t)) + 121.5 /0 h (t,s,3(s), 2(g(s))) ds
1 s

20 ; ha (t,s,2(s),x(g(s))) ds.

Then for any ¢t € [0,7] and z;,y; € R, j =1,2,3,4, we have
‘f(t’1:1’$27x37$4) - f(t Y1, yg,yg,y4)|

1 1 .
<{50()’2:c1 2y1‘+500‘81112%1—Sln2y1‘}+25’Sin$2 siny| + —— |z3

1
125 y3!+%\m4—y4\

1
= ﬁ{m y1| + |z2 — yo| + |r3 — y3| + x4 — yal}.

The functions f,h in the equation (B.1]) verifies the assumption (Al) with L(t) = =, Gi(t) =
15, Go(t) = 2. Further,

b
Nf:2/L [1—1—/6‘1 dT+/G2 dT:|dS
0 0
g 1
and
q* —/ Go (o) exp (/[ (T)+G1(T>]d7‘) do

2
= =0.2021 < 1.
125 5 e (/0 [12 5 ]dT> do =0.2021 <

Hence by Corollary [3.3] the initial value problem (5.1)—(5.2) has unique solution on [—2, 7] and the
equation (5.1 is Ulam—Hyres stable on [0, 7].

In fact, we see that
Lojftelo,n
z(t) = {2 ! 0, 7,

0 ifte[-20]

is the unique solution to the problem (5.1)—(5.2)). The verification of the same is given below. For
x(t) =%, t€[0,7] and g(t) = £, t € [0, 7], we have

0500775 — 250 SO )y [ (el — costalg(e))] ds
1 1 )
+ 2 ; 158 [Sln2(:n(s)) — cos(z(g(s)))] ds
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_ 0506775 - 23) + sin(gp) + o) + 3 /ot % [Sinz (§> oo (%)} ds

500 25 500 12.5 20 2
1 /M 1
+ — — [sin2 (§> — cos (i)} ds
20 Jo 125 2 10
1 /
=5=2 (t).

Next, we discuss the Ulam—Hyres stability of the equation with fixed delay g(t) = £, ¢ € [0, 7]
by finding the exact solution z(t) of equation (5.1) corresponding to given values of ¢ and given
solutions y(t) of the inequations.

(i) Choose € = 0.8 and

_Jt ifte 0,7,
yl(t)_{o if ¢ € [—2,0].

Then for ¢ € [0, 7], we have

yi(t) — <0.506775 ~ 2yi(t) N sin(y1(g(t))) N sin(2y1(t)) 1 /Ot 1

500 25 500 125 /o 20 [sin®(y1(s)) — cos(y1(g(s)))] ds

1 s

tag | g () ~ costunao)] ds)
2y1(t)  sin(y(g(t)))  sin(2y1(¢)) 1 /t 1
0

500 25 500 " 125 /. 20 (S0 W) — cos(ynlg(s))] ds

y1(t) — 0.506775 +

I |

% ), 123 [sinQ(yl(s)) — cos(y1(g(s)))] ds

_ 2t sin(f)  sin(2t) 1 Y L T S s
= '1 —0.506775 + — — - /0 20 [sm (s) — cos (5)} ds

500 25 500 125
Ll [s' 2(5) cos(s)]d < 0.5322357 <
—_ — 1m-(s) — = S . €.
20 J, 125 5 =

For the solution z(t) of (5.1)—(5.2) and constant C' = 2 we have

t
(1) — o(t)] = ]t— 5] <T<ce telal,

and
|y1(t) - C(](t)| =0, te [_270]'

Therefore
[y (t) —z(t)] < Ce, t € [-2,7].

t if £ elo,n
t — 3 ) )
ba(?) {0 if ¢t € [~2,0].

(ii) Choose € = 0.4 and

Then for ¢ € [0, 7], we have

o (t) — <0.506775 _ 2?;20(0'5) + Sm(yz(;(tm 4 Sm(ggé(t)) . /0 o5 (5% (s)) — cos(ya(g(s)))] ds
1 T 1

50 o 12.5

[sin®(42(s)) — cos(a(a(s)))] ds>
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yy(t) — 0.506775 + 2y2(t)  sin(ya(g(t)))  sin(2y2(t)) 1 /t 1
0

500 25 s00 125 [ ap S0 (wa(s) — cos(ua(g(s))] ds

- O“ s [52(02(5)) — cos(un(g(s)] ds

1 2(3) sin(y5) sin(2(5)) 1 [P 1 . 5(s s
- '3 S OSU6TT 0 T Ty T T 00 12.5/0 20 [Sm (5) oo (E)] ds

1 1 .9 (S s
- — [sm (7) — cos (—)} ds
20 Jo 125 3 15

For the solution z(t) of (5.1)—(5.2)) and constant C' = 1.5 we have

< 0.179402 < e.

t

t
nlt) —a(0] = | - 5| < § < e te ]

ol 3

2
and
|y2(t) - C(](t)| =0, te [_270]'

Therefore
ly2(t) — z(t)| < Ce, t € [-2,7].

(iii) Choose € = 0.7 and y5(t) = 0 ¢t € [=2,7]. Then for ¢ € [0, 7], we have

2y3(t) | sin(ys(g(t))) | sin(ys(t)) 1 [*1
500 25 500 +12.5/020[

sin®(y3(s)) — cos(ys(g(s)))] ds

ys(t) — <0.506775 -

1 s

Yoo | T [sin?(y3(s)) — cos(ys(g(s)))] d8>
(1) _sin(ys(g(t)) _ sin(2y3()) 1 /0 2% [sin®(y3(s)) — cos(ys(g(s)))] ds

/ 2y3
= |ys(t) — 0. -
ys(t) = 0506775 + =55 25 500 125

1 /™ 1 .
~50 /, Ta5 (S s(s)) — cos(us(g())] ds

1 [ 1
0.506775 +0 —0—0—0 - 55 ; o5 1ds

=0.5193 < e.
For the solution z(t) of (5.1)—(5.2)) and constant C' = 1.3 we have

t
lys(t) — x(t)| = ‘O— 5‘ < % < Ce, t €[0,7],
and

|y2(t) - Ji(t)| =0, te [_2’0]'
Therefore
lyo(t) — x(t)| < Ce, t € [-2,7].

It is observed that corresponding to given values of € and given solutions y(t) of the inequations, we
are able to find the the exact solution z(t) of equation (5.1)) satisfying |y(t) —z(t)| < C'e, t € [-2,7].
Hence ({5.1)) is Ulam—Hyres stable on [0, 7].
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