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Abstract

In this paper, we describe some topological properties of dualistic partial metric spaces and establish
some fixed point theorems for weak contraction mappings of rational type defined on dualistic partial
metric spaces. These results are generalizations of some existing results in the literature. Moreover,
we present examples to illustrate our result.
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1. Introduction

Let M be a metric space. A map T : M — M is a contraction if for each x,y € M, there exists a
constant k € (0,1) such that
d(Tz,Ty) < kd(x,y).

A map T : M — M is a g-weak contraction if for each x,y € M, there exists a function ¢ : [0, 00) —
[0, 00) such that ¢ is positive on (0,00) and ¢(0) = 0, and

d(Tz, Ty) < d(z,y) — p(d(z,y)).

The concept of the weak contraction was defined by Alber and Guerre-Delabriere [3] in 1997. Actually
in [3], the authors defined such mappings for single-valued maps on Hilbert spaces and proved the
existence of fixed points. Rhoades [12], in 2001 showed that most results of [3] are still true for any
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Banach space. Also Rhoades [12] proved the following very interesting fixed point theorem which is
one of generalizations of the Banach contraction principle because it contains contractions as special

cases (¢(t) = (1 — k)t).

Theorem 1.1. (Rhoades, [I12, Theorem 2]) Let (£, d) be a complete metric space and A be a p-weak
contraction on E. If ¢ : [0,00) — [0,00) is a continuous and nondecreasing function with ¢(¢) > 0
for all £ € (0,00) and ¢(0) = 0, then A has a unique fixed point.

Karapinar et al. [6] in 2013, proved the following result.

Theorem 1.2. Let (X, p) be a complete metric space and T': X — X be a mapping satisfying

op(T(x),T(y))) < p(M(z,y)) —(M(z,y)) for all z,y € X,

where

M) = el , K TOULE T,

1+ p(x,y)

¢ :[0,00) — [0, 00) is a continuous and monotone non-decreasing function with ¢(¢) = 0 if and only
if t =0 and ¢ : [0,00) — [0,00) is a lower semi—continuous function with v (¢) = 0 if and only if
t = 0. Then T has a unique fixed point.

In this paper, we shall establish aforementioned theorem in the context of dualistic partial metric
spaces. We shall show, with the help of examples, that the new result allows us to find fixed points
of the self-mappings in some cases in which the results in partial metric spaces cannot be applied.

2. Dualistic Partial Metric

Throughout this paper the letters Rj, R and N will represent the set of nonnegative real numbers,
set of real numbers and set of natural numbers, respectively.

Definition 2.1. (Consistent Semilattice) Let (X, <) be a poset such that
(1) forallz,y e X x Ay € X,
(2) if {z,y} C X is consistent, then z Vy € X,

then (X, <) with (1) and (2) is called consistent semilattice.

Definition 2.2. (Valuation Space) A valuation space is a consistent semilattice (X, <) and a func-
tion @ X — R, called valuation, such that

(1) f z <y and z # y, pu(x) < pu(y) and
(2) if {z,y} C X is consistent, then
p(@) + ply) = ple Ay) + ple Vy).
Matthews generalized the notion of metric, as follows:

Definition 2.3. (Matthews, [7]) Let X be a non-empty set. If the function p : X x X — R{
satisfies following properties, for all x,y,z € X
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(p1) z=y e pxx)=py) =pYy);
(p2) p(x,2) <p(r,9);
(p3) p(z,y) =p(y,z);
(pa) p(2,2) +p(y,y) <plx,y)+pY,2)

Then p is a partial metric.

Definition 2.4. (O’Neill, [9]) Let X be a non-empty set. The function p* : X x X — R complying
with following conditions

(p1) v=y < p"(z.2)=p" (z,y) =p" (y,9);

(p3) P (z,2) <p*(2,9);

(03) P* (z,y) =p" (v, 2);

(P1) p* (z,2) + 0" (y,y) <p* (2,9) +p" (y, 2);

is called dualistic partial metric on X and the pair (X, p*) is known as dualistic partial metric space.
Example 2.5. Let p be a partial metric defined on a non empty set X. The function p* : X x X — R
defined by

p(z,y) = pl,y) — p(z,z) — p(y, y) for all 2,y € X.

It is easy to see that p* satisfies conditions (p}) — (p}) and hence defines a dualistic partial metric on
X. We note that p*(z,y) may have negative value.

Remark 2.6. We observe that, unlike partial metric case, if p* is a dualistic partial metric then
p*(z,y) = 0 does not imply = y. The self distance p*(z, x) referred to as the size or weight of z, is
a feature used to describe the amount of information contained in x. The smaller p*(z, ) the more
defined x is, = being totally defined if p*(z,z) = 0. The restriction of p* to Ry, is a partial metric.

Example 2.7. Suppose that (R, <, ) is a valuation space, then p*(x,y) = p(xVy) defines a dualistic
partial metric on R.

Proof . Axioms (p}) and (p}) are immediate. For (p}) we proceed as
if p* (z,2) = p* (,y) = p* (y,y) , then p(x Vy) = p(x) = p(y) implies = = y.
Converse is obvious. We prove (p}) in detail

pi(w,2) +p (v, y) = plaVz)+ply)
pzVyVz)+plzVy) Ay Vz)
(
(

IN

pxVyVe)+plzVy) +uyVe)—pzVvyVz)
= plxVy)+uyVz)=p(z,y) +py,=2).
O

For a dualistic partial metric space (X, p*), we immediately have a natural definition (although
slightly different from the one given in [7]) for the open balls:

Bl (z;p") ={y € X|p*(z,y) < p*(x,z) + €} forall z € X, e > 0.
Unlike their metric counterpart, some dualistic partial metric open balls may be empty. For example
if p*(x,z) # 0, then
By (@ip®) = {y € X[p™(x,y) < 2p"(z, v)
—plz, @) = ply,y) < —2p(z,z)}
(z,2) <ply,y)} = 2.

8

—
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Proposition 2.8. The set {B!(x;p*); for allx € X, e > 0} of open balls forms the basis for dual-
istic partial metric topology denoted by T [p*].

Proof . It is obvious that
X = Upex Bl (z;p")

and for any two open balls Bf(z;p*), Bi(y; p*) we note that
B (z;p") N Bi(y; p") = U{Bg(c;p*)| ¢ € B (x;p*) N B (y; p*) }
where
Kk =p*(c,c) + min{e — p*(x,¢),0 —p*(y,0)} .
O

Proposition 2.9. Each dualistic partial metric topology is Ty topology.

Proof . Suppose p* : X x X — R is a dualistic partial metric and x # y. Then with out loss of
generality, we have p* (z,z) < p* (z,y) for all x,y € X. Choose € = p* (x,y) — p* (x, x), since

p*(z,x) <p"(z,2)+e=p" (z,y),

so x € Bf(x;p*) and y ¢ Bf(z;p*) because otherwise we obtain an absurdity (p* (z,y) < p* (z,y)).
U

Proposition 2.10. FEvery open ball in a dualistic partial metric space is an open set.

Proof . Let (X, p*) be a dualistic partial metric space and B (v;p*) be an open ball, centered at v,
of radius € > 0. We show that for z # v,

v € Bj(x;p") € B: (v;p).
Suppose that x € BZ(v;p*) then using (p}) and (p}), we have
pi(z,z) < p*(x,v) < p*(v,v) + €. (2.1)
Take § = € + p*(v,v) — p*(x, x), (2.1) implies p*(x,z) < p*(z,z) + . Thus, x € Bj(z;p*). Next we
show that
Bs(;p") © Bi(vip").
Suppose that y € Bf(x;p*), then
p(z,y) <p'(z,z) +6;
Pz, y) <p(z,2) + €+ p"(v,0) = p'(x,2) = €+ p*(v,v),
which implies that y € B} (v;p*). O
If (X, p*) is a dualistic partial metric space, then the function d,« : X x X — R{ defined by
dp* (.CE, y) - p*(]"v ?J) - p*(iﬁ, Z’),

is a quasi metric on X such that T[p*] = T[d,-] where B(z;d,) = {y € X|dy(z,y) < e}. In this
case, d’.(z,y) = max{dy(z,y), dp-(y, )} defines a metric on X, known as induced metric.

The following definition and Lemma describe the convergence criteria established by Oltra and
Valero in [§].
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Definition 2.11. (Oltra and Valero, [8]) Let (X, p*) be a dualistic partial metric space.

(1) A sequence {x,}nen in (X, p*) is called a Cauchy sequence if
limy, ;00 D*(Tn, Tm) exists and is finite.

(2) A dualistic partial metric space (X, p*) is said to be complete if every Cauchy sequence {2, }nen
in X converges, with respect to 7 [p*], to a point v € X such that

p(w,x) = JJm p (Tns Tm)-

Lemma 2.12. (Oltra and Valero, [§])
(1) Every Cauchy sequence in (X, d;.) is also a Cauchy sequence in (X, p*).
(2) A dualistic partial metric (X, p*) is complete if and only if the metric space (X, d;.) is complete.

(3) A sequence {w, }nen in X converges to a point v € X with respect to T[(d?.)] if and only if

lim p*(v,z,) = p*(v,v) = im p*(z,, T,).
n—oo n—oo

3. Fixed Point Theorem

Let

M(z,y) = maX{lp*(ﬂzy)l,

P (y, T(y))(1 +p*(x,T(x)) ‘}
1+ p*(z,y) '

Theorem 3.1. Let (X,p*) be a complete dualistic partial metric space and T : X — X be a self-
mapping satisfying

p(lp"(T'(x), T(y))]) < pM(z,y)) — Mz, y)) for all z,y € X. (3.1)
If ¢ : [0,00) — [0,00) is a continuous and monotone non—decreasing function with ¢(t) = 0 if and
only if t =0 and ¢ : [0,00) — [0,00) is a lower semi—continuous function with ¥ (t) = 0 if and only
ift =0. Then T has a unique fixed point.
Proof . Let z( be an initial point of X and let us define Picard iterative sequence {z,} by

xy, = T(x,_1) for all n € N.

If there exists a positive integer i such that z; = z;,1, then x; = x;,1 = T'(x;), so x; is a fixed point of
T'. In this case proof is complete. On the other hand if x,, # z,,, for all n € N, then by contractive
condition (3.1f), we have for x,,x,11 € X

p(p* (@0, 2ni1)]) < @M(2n1, 20)) = P (M(201, 20)), (3.2)

|

where

* p*(xnaxn-‘rl)(l +p*<xn—1axn)
M(xp_1,x,) = max Tn—1,Tn)l,
( ' ) {lp ( ! )| 1 +p*(l'n—1awn)

= max{]p* (mn—b xn)|> ’p* (mm $n+l)|}'
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If M(xy_1,2,) = |p*(2n, Tne1)| then inequality (3.2)) implies,

e(|p* (2, Zpa1)]) < ([P (@0, Tnt1)]) — V(" (T0, Tnsa)])
< o(|p" (0, Tuya)l),

which is a contradiction to |p*(x,, xn41)| > 0. Hence M(xy,—1, 2,) = [p*(2p-1, )| Thus,

90(|p*(xm$n+1)|) < @(|p*(xn—laxn)|) entails |p*(xmxn+1)| < |p*(xn—1amn)|'

This shows that {|p*(zn, Tni1)|}nen 1S a non increasing sequence of positive real numbers. There
exists a number £ > 0 such that lim, . |[p*(zp, Tni1)] = £. We claim that £ = 0. On contrary
suppose that £ > 0 and taking the upper limit of

P(p" (@, 2ni1)]) < (1P (@01, 20)l) = V([P" (@01, 20)1),

we get
p(L) < @(£) = lim inf(|p" (201, 2n)]);
(L) < (L) —P(L) < (L),

which is a contradiction, so £ = 0. Hence

li_>m |p* (20, Tnt1)] = 0 and then ILm P (Tn, Tns1) = 0. (3.3)

We use (3.1)) to find the self distance p*(x,, z,), as follows:

o(Ip*(wn, 74)]) < e(M(Tp1, T01)) = V(M(Tp1, 01)), (3.4)

b

where
p*<xn> xn71)<1 + p* (.’L’n,b xn)

1 + p*(xnfla xnfl)

My 1,20 1)) = max {\p*(:cn_l, _—

If
p*(xn; mn—l)(]- + p*(17n—1; mn)

1 + p*<xn—17 xn—l)
then taking the upper limit lim, ., on (3.4]) and using (3.3)), we obtain

M(In—la xn—l) =

Y

Tim o (|p*(an, 2n)]) < 0= lm o(|p (2, 2)|) = 0.

The continuity of ¢ implies lim,, o |p*(zp, z,)| = 0. Similarly if M(x,_1,2,-1) = [p*(Tn_1, Tn_1)|
then
([P (@, zn)|) < (|p* (201, Tno1)]) = Y([P" (Tn-1, Tn-1)]);

P (en, 2n)l) < (" (@n1, 2n1)|) implies |p"(n, 2n)| < [p" (€01, 20-1)|-

Thus, {|p*(«n,Zs)|} nen is @ non increasing sequence of positive real numbers and continuing as in

case of (3.3)) we get,
lim p*(z,,z,) = 0. (3.5)

n—oo
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Since dp (T, Tnt1) = D" (T, Tni1) — p* (0, ), so using (3.5) we get

lim dy (2, nt1) = 0.
n—oo

Now we show that {x,} is a Cauchy sequence in (X,d>.). For this we have to show that

. }rlgloo Ao (T, T) = 0.
That is
n}rlLIE)loo dp* (xT“ QZm) =0= n}rlLIEoo dp* (.Ylm, Zl,’n)

Suppose on contrary that
lim  dp(xp, z) # 0.

,M—00

185

Then there exists € > 0 for which we can find two sub sequences {z,, },{zm,} of {x,} such that ny

is smallest index for which
for all ng > my, dp«(2n,, Tm,) > €.

It follows directly that
dp (Tpy—1, Ty, ) < €.

By (3.7) and (3.8]) we have

€< dp* (‘an Imk) < dp* (‘rnw ‘T”k_l) + dp* (xnk_17 xmk)

< dp (T, Tny—1) + €
Taking limg_,, on both sides in above inequality and from (3.6)), we obtain

k:h—>r£lo dp* (xnka xmk) =€

The triangular inequality gives

(xnk—la xnk) + dp* (xnk ) $mk—1)

(xnk—17 x”k) + dp* (mnw Imk) + dp* (Imkv Imk—l)'

dp* (xnk—17xmk—1) S dp*
S dp*

Taking limy_, ., on both sides in above inequality and from (3.6)), (3.9)), we obtain

lim dpe (T, —1, Timy—1) = €.
k—o0

By for z,,, # xm,,
§0(|p*(znk7$mk)|) S 90<M(xnk—17xmk—l)) - ¢(M($nk—17$mk—1)),
where

p*<xmk*17 xmk)<1 + p* (‘rnk*17 ‘rnk))
1 + p* (xnkfla wnkfl)

M(xnk—la xmk—l) = max {‘p*(xnk—lv xmk—1>’a

By (3:3), (3:9) and (B.10) we have

lim M(zp,—1, Tmy—1) = €
k—o00

(3.7)

(3.8)

(3.9)

(3.10)

(3.11)

(3.12)
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Now applying limy_,, in (3.11)) along with properties of ¢, 1) and (3.12)) we get

p(€) < pl€) = lim inf (M (2,1, Tmy-1))-

That is ¢(€) < ¢(€), a contradiction. Therefore lim,, ;00 dp+ (Tp, ) = 0. Similarly we can prove
that 1imy, ;o0 dps (T, n) = 0. Hence limy, ;00 (T, T1) = 0 which ensures that {z,} is a Cauchy
sequence in (X, d.). Since (X, d?.) is a complete metric space, therefore, {z,,} converges to a point
(say) v with respect to 7(d;.) in X. By Lemma we have

lim d;*(xn,v) =0 < lim p*(v,z,) =p"(v,v) = lim p*(z,, Tm). (3.13)
n—o0 n—o00 n,m—o00
Since,

lim dy(zy,2y,) =0 implies  lim  p*(x,, x,) =0,
n,m—00 n,m—00

by (T3)

p*(v,v) =0 = lim p*(v,x,).

n—oo

Now we prove that v is fixed point of 7. On contrary suppose that v # T'(v), then using (3.1)) and
Lemma [2.12] we have

p([p*(@n, T(0)]) < p(M(zn-1,0)) = P(M(20-1,0)).

Letting n — oo and using properties of ¢, 1 we get ¢(p*(v,T'(v))) < ¢(p*(v,T(v))), a contradiction
as p*(v,T(v)) > 0. Hence v = T'(v) which shows v is a fixed point of T'. Finally, we shall prove the
uniqueness. Suppose that w is another fixed point of T" such that v # w then from ({3.1),

p(|p*(v,w)]) < pM(v,w)) = p(M(v,w))

implies that
e([p" (v, w)]) < p(|p*(v,w))),

a contradiction, hence v = w which completes the proof. [

To explain our result, in the following example, we show that if the given mapping has no fixed
point then contractive condition (3.1)) does not hold.

Example 3.2. Let X = R and define the mapping p! : X x X — X by pi(z,y) = max{x,y}. It
is easy to check that (X, p!) is a complete dualistic partial metric space. Define the self-mapping
To: R — R by

0 if x #0;

Tolz) = { —1 ifz=0.

The mapping Ty has no fixed point. It is easy to check that Ty does not satisfy the contractive
condition in the statement of Theorem [3.1] Indeed,

L= o(Ipi (=1, =1)]) = ¢(|p}(T6(0), To(0))]) > ¢(M(0,0)) — ¥ (M(0,0)),

where

M(0,0) = max {|pc<o,o>r, 0

PY (0, 75(0)) (1 + p3 (0, 75(0))) '}
1+ p:(0,0)

p(t) =t and (t) = 15 for all ¢ > 0.
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Corollary 3.3. Let (X, p*) be a complete dualistic partial metric space andT : X — X be a mapping
satisfying
p"(T'(%),T(y)| < hM(z,y) for all z,y € X.

Then T has a unique fixed point.

Proof . Proof follows if we set ¢(t) = ¢ and ¢(t) = (1 — h)t in theorem where h € [0,1] and
t>0. 01

Example 3.4. Let (R, p!) be a complete dualistic partial metric space, as defined in Example
and define the self-mapping 77 : R — R by

0 ifx=0;
Tl(‘”):{ —1 ifz>2.

The mapping 7 has a unique fixed point x = 0. It is easy to check that T} satisfies the contractive
condition in the statement of Corollary Indeed, V x > y > 2 and % <h<l1

Py, T (y)) (1 + pl (2, Th(2)) }
1+ p*(z,y)

I

9 (Tu(@), Ty(y))] < hmax{|pc<x,y>|,

1=[pl(-1,-1)] < hz,

holds. Also note that for x = 0 = y the contractive condition in the statement of Corollary
trivially holds.

Following example emphasis the use of absolute value function in contractive condition in the state-
ment of Corollary [3.3]

Example 3.5. Let X = (—1,0] and p}, : X x X — R be defined by p¥(z,y) = zVy, for all z,y € X.
Note that (X, p¥) is a complete dualistic partial metric space. Let T5 : X — X be given by

Ty(z) = g for all x € X.

y(z+2)

Since |z| < eEmy

holds for all x,y € X with z > y, thus

P (z,y)] <

Py, To(y) (1 + pi (x, To(x)) ‘
1+ p*(z,y) '

Consequently, for h = %, the contractive condition

19 (Ta(e), To(y))] < hmax {Ipt(x,y)l,

pu(y, Ta(y)) (1 + pl(z, To(x)) ‘}
1+ p*(z,y) ’

, h=

D[
[S)

is satisfied and x = 0 is a unique fixed point of T'. However, we note that for y = —%, r=—
the contractive condition

py(Ta(), Ta(y)) < hmax {p;(x, ), Py )0+ v, (@, To(w)) } |

1+ pG(x,y)
does not hold. Hence for ¢(t) =t and 9 (t) = (1 — h)t, Theorem is not applicable.
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Theorem [3.6] generalizes Theorem 2 in [12], results presented in [3] and Corollary 2.2 in [10].

Theorem 3.6. Let (X, p*) be a complete dualistic partial metric space and T : X — X be a mapping
satisfying
" (T'(2), T(y))| < IM(z,y)| = Mz, y)]) for all z,y € X, (3.14)

where

T R
Y :[0,00) = [0,00) is a lower semi—continuous function with (t) > 0 fort € (0,00) and ¥ (0) = 0.
Then T has a unique fixed point.

Proof . Let z( be an initial point of X and let us define Picard iterative sequence {z,} by
xy =T(x,_1) for all n € N.

If there exists a positive integer i such that x; = x;41, then z; = x;41 = T'(x;), so x; is a fixed point
of T. 1In this case proof is complete. On the other hand if z, # x,.1 for all n € N, then from
contractive condition (3.14!), we have for z,, x,1 € X

P (s Tn1)] < IM(@po1, 20)| = P(IM(T0-1, 24)|)

p* (-rn—b xn)a p* (ZEn, xn-i—l)v p*(xn—la xn)a
< max§ p(Tp-1, Tny1) + (T, 1)
2

= |maX {p*(xnfla xn)7p*(xn7 $n+1)}| = |p*(.flfn,1, l’n)‘ .

This shows that {|p*(,, Tn11)|}nen i @ non increasing sequence of positive real numbers. There
exists a number V > 0 such that lim, o [p*(2n, Tne1)| = V. We claim that V = 0. On contrary
suppose that V > 0 and taking upper limit of

15" (s )| < 10" (@1 20)] = 010" (@1, 20)]),
we get
V<Vl nf (| (),
V<V -4(V) <V,
which is a contradiction, so V = 0 and hence
lim [p*(zy, Zpe1)| = 0 implies lim p*(z,, x,101) = 0.
n—oo n—ro0

Similarly, lim,, o p*(2n, z,) = 0. Continuing as in proof of Theorem , we get the required result.
O

Following corollary appeared in [10].
Corollary 3.7. Let (X,d) be a complete metric space and T : X — X be a mapping satisfying
d(T'(x), T(y)) < M(z,y) — p(M(z,y)) for all z,y € X,

where

M(w,y) = max {d@;, ), d(y, T(v)), d(z (), L) -; d(y, T(x)) } |

Y 1 [0,00) — [0,00) is a lower semi-continuous function with 1(t) > 0 fort € (0,00) and ¥(0) = 0.
Then T has a unique fized point.
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Proof . As the restriction of p* to Ry, is a partial metric p and partial metric with p(z,z) =0 is a
metric on X. Hence result follows from Theorem , if we set p*(z,y) = p(z,y) forall 2,y € Rf = X
along with p(z,z) =0 for all x € X. O

The Corollary generalizes [8, Theorem 2.3].

Corollary 3.8. Let (X, p*) be a complete dualistic partial metric space and T : X — X be a mapping
satisfying
" (T'(2), T'(y))| < k[M(z,y)| for all z,y € X.

Then T has a unique fixed point.

Proof . Set ¢(t) = (1 — k)t in Theorem [3.6 O

The Corollary shows that the i-weak contraction with a function 1 is of Boyd and Wong
type [4].

Corollary 3.9. Let (X, p*) be a complete dualistic partial metric space andT : X — X be a mapping
satisfying
(T (), T(y)| < e(IM(z,y)]) for all z,y € X.

Then T has a unique fixed point.

Proof . Set p(t) =t —¢(t) in Theorem [3.6] ¢(¢) ) is an upper semi-continuous function from the
right. [

The Corollary generalizes the main Theorem of Reich [I1].

Corollary 3.10. Let (X,p*) be a complete dualistic partial metric space and T : X — X be a
mapping satisfying

" (T'(x),T(y)| < O(|M(z,y))|M(z,y)| for all z,y € X.
Then T has a unique fixed point.

t
Proof . Set 0(t) =1 — @ in Theorem , where t > 0 and 6(0) = 0. O

4. Conclusion

In this paper, we describe some topological properties of dualistic partial metric spaces and establish
some fixed point theorems for weak contraction mappings of rational type defined on dual partial
metric spaces. We show, with the help of examples, that the new results allow us to find fixed
points of mappings in some cases in which the results in partial metric spaces cannot be applied.
Our investigations shows that various existing fixed point results can be extended to dualistic partial
metric (for example results in [I, 2, B, 13]). Moreover, many familiar topological properties and
principles can be proved in certain dualistic partial metric spaces, although some results might need
some advanced assumptions. We are very sure that various properties, including separation axioms,
countability, connectedness and compactness can be established for dualistic partial metric topology.
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