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Abstract

In this paper, we first give a separation theorem for a closed star-shaped set at the origin and a
point outside it in terms of separation by an upper semi-continuous and super-linear function, and
also, we introduce a v-star-shaped-conjugation. By using this facts, we present characterizations of
the set containment with infinite star-shaped constraints defined by weak inequalities. Next, we give
characterizations of the set containment with infinite evenly radiant constraints defined by strict or
weak inequalities. Finally, we give a characterization of the set containment with an upper semi-
continuous and radiant constraint, in a reverse star-shaped set, defined by a co-star-shaped constraint.
These results have many applications in Mathematical Economics, in particular, in Utility Theory.
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1. Introduction

The study of separation properties of closed star-shaped sets received increasing attention in recent
years, starting with [10] [T, [16] in Euclidean spaces, and [19, 20] in infinite dimensional spaces. The
separation property plays a crucial role in the study of convex optimization problems. The separation
property for two convex sets easily follows from a simple fact. If a point does not belong to a closed
convex set, then this point can be separated from this set. Generalizations of this assertion were
studied in the framework of abstract convexity. Note that in contrast with the classical case, the
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nonlinear separation of a point from a set does not imply the separation property for two sets. A
very interesting notion of separability of star-shaped sets by a finite collection of linear functionals
in (R™)* has been introduced and studied in [16]. In particular, it was shown that every point = does
not belong to a closed star-shaped set U at the origin in a normed linear space X can be separated
from U by means of a continuous super-linear function p defined on X such that p(z) > 1 and
p(u) < 1 for all u € U. Recently, separability of two disjoint star-shaped sets in terms of separation
by a sequence of linear functionals {z};ey C X* defined on a Banach space X was given in [§].

Now, we use the later separability for two star-shaped sets and give various characterizations of the
set containment in a Banach space X. The set containment problem consists of characterizing the
inclusion F' C G, motivated by general non-polyhedral knowledge-based data classification, where

F={zxeX: filx)<0,Viel, fi(x)<0,VjeJ}

G={reX:gx)<0,VseS gxr) >0, VteT},
and I, J, S, T are index sets, INJ =0, TUJ # 0, SNT =0, SUT # 0, and f,, g, : X — [—00, +9]

are functions.

The set containment characterizations have been studied by many researchers, see [3|, 14, (5, [0, [14]. The
first characterizations were given by Mangasarian [6] for linear systems and for systems involving
differentiable convex functions, with finite index sets I and J. These dual characterizations are
provided in terms of Farkas’ Lemma and the duality theorems of convex programming problems.
Also, Goberna and Rodriguez [4] provided characterizations of the set containment for linear systems
containing strict inequalities and weak inequalities as well as equalities. Furthermore, Goberna,
Jeyakumar and Dinh [3] characterized set containments with convex inequalities which can be either
weak or strict. These dual characterizations are also provided by the Fenchel’s conjugate. Recently,
dual characterizations of the set containments with strict cone-convex inequalities in Banach spaces
were given in [2].

It is well known that the Fenchel’s conjugate plays very important roles to consider dual problems of
convex minimization problems. Similar researches of conjugates of quasi-convex functions have been
studied. But the epigraph of a star-shaped function is no longer convex. This causes a fundamental
difference between convex and star-shaped duality. For general star-shaped functions, we have to
use extra-parameters to obtain dual representations. Similar to the A-quasi-conjugate, we have to
use the A-star-shaped-conjugate (A € R). The A-quasi-conjugate has been used by Greenberg and
Pierskalla [3], which has an extra-parameter, and plays an important role in quasi-convex optimization
and in the theory of surrogate duality corresponding to that of the Fenchel’s conjugate in convex
optimization and Lagrangian duality. Singer [12] [13] introduced the A-semi-conjugate, which also has
an extra-parameter, and studied the level set of the A-semi-conjugate and quasi-convex optimization.
If we want to avoid the extra-parameter, then we often need to restrict the class of quasi-convex
functions. Thach [I7, 18] established two dualities without the extra-parameter for a general quasi-
convex minimization (maximization) problem by using concepts of H-quasi-conjugate and R-quasi-
conjugate.

More recently, Suzuki and Kuroiwa [I4] established the set containment characterizations with I a
finite set and J an arbitrary set, assuming the quasi-convexity of f; for each i € I, the linearity
(or the quasi-concavity) of h; for each j € J, and inequalities in F are strict and in G are strict
(or weak, respectively). These dual characterizations are provided in terms of level sets of H-quasi-
conjugate and R-quasi-conjugate functions. Moreover, they established [I5] the set containment
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characterizations, assuming that all f; are quasi-convex, all h; are linear, I and J are possibly
infinite, and the inequalities in ' and G can be either weak or strict. Furthermore, they considered
a reverse convex system (i.e., all f; are quasi-convex and all h; are quasi-concave), containing both
weak and strict inequalities. These dual characterizations are provided in terms of level sets of
A-quasi-conjugate and A-semi-conjugate functions.

In this paper, we establish the set containment characterizations, assuming that all f; are star-shaped
functions, all h; are upper semi-continuous and super-linear functions, / and J are arbitrary index
sets, and the inequalities in F' and G can be either weak or strict. Furthermore, we consider a
reverse star-shaped system (i.e., all f; are upper semi-continuous and radiant functions and all h; are
co-star-shaped functions), containing both weak or strict inequalities. These dual characterizations
are provided in terms of level sets of v-star-shaped-conjugation functions.

The structure of the paper is as follows. In Section 2, we provide definitions, notations and pre-
liminary results related to star-shaped functions and their v-conjugate functions. In Section 3, we
first give a separation theorem for a closed star-shaped set at the origin and a point outside it,
and by using this fact, we present characterizations of the set containment with infinite star-shaped
constraints. A separation theorem for a closed star-shaped set at the origin and a point outside it
in terms of separation by an upper semi-continuous and super-linear function is given in Section 4,
and moreover, by using this fact, the characterizations of the set containment with infinite evenly
radiant constraints (strict or weak inequalities) are presented in Section 4. In Section 5, we give a
characterization of the set containment with an upper semi-continuous and radiant constraint, in a
reverse star-shaped set, defined by a co-star-shaped constraint.

2. Preliminaries

We start this section by fixing notations and preliminaries that will be used later. Let X be a
real Banach space with a Schauder basis {z,},>1 C X, and let X* be its dual space with (-,-) :
X x X* — R is the duality pairing between X and X*. For any subset A of X, we denote by int A
the interior of A and by cl A the closure of A.

We recall that a function f: X — R is said to be super-linear if

(1) f(zx+y) > f(z)+ f(y) for all z,y € X.
(2) f(Ax) = Af(x) for all x € X and all A > 0.

Definition 2.1. Let L be the set of all upper semi-continuous (u.s.c) and super-linear functions
f: X —R

Remark 2.1. It should be noted that 0 € L and L is a convex cone that contains X*, where X* is
the dual space of the Banach space X.

Definition 2.2. [10] A subset U of X s called a radiant set if \U C U for all A € (0,1].
Definition 2.3. [10)] A function f: X — [—00,+0o0] is called radiant if
fAx) < Af(z), Vee X, Ve (0,1].

Remark 2.2. [t is easy to see that if the function f: X — [—00,400] is radiant, then every lower
level set of f,

f <ol ={reX: f(z)<a}
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1s a radiant set for each o > 0. Moreover, every strict lower level set of f,
f<a]l={reX: f(z)<a}
1$ a radiant set for each o > 0.

Definition 2.4. [10] Let S be a non-empty subset of X.
(1) The kernel of S is the set of all points s € S such that s + AN(x — s) € S for all x € S and all
A€ 0,1], ie.,

kernS :={se€ S:s+ ANz —s)e S, VaxeS VAel01]}
(2) A non-empty subset S of X is called star-shaped if kernS # (.

Definition 2.5. [10] A subset U of X is called a star-shaped set at the origin (at 0 € X), if 0 €
kernU, or equivalently, \U C U for all A € [0, 1].

Definition 2.6. A function f : X — [—o00,+0o0] is called star-shaped if every lower level set of f,
[f <a]:={z e X: f(x) <a},
is a star-shaped set at the origin for each o > f(0).

The proof of the following proposition is similar to that of Proposition 2.4 in [19], and therefore, we
omit its proof.

Proposition 2.1. A function f : X — [—00,400] is star-shaped if and only if every strict lower
level set of f,

f <a]={reX: f(z) <a},
is a star-shaped set at the origin for each o > f(0).
It is worth noting that if f : X — [—o00,+400] is a star-shaped function, then, f(0) = —oo or

f(0) = mingex f(z) or f = +o00. The usefulness of star-shaped functions in Mathematical Economics
(particularly in Utility Theory) has been shown in [21].

Definition 2.7. A subset U of X is called reverse star-shaped if its complement U¢ := X \ U is a
star-shaped set at the origin, i.e., if either U =X or 0 ¢ U and x € U, A > 1 imply that \x € U.

Remark 2.3. [t should be noted that the empty set O and the space X are both star-shaped and
reverse star-shaped. In the sequel, we will at times refer to star-shaped sets at the origin and to

reverse star-shaped sets to mean proper star-shaped and proper reverse star-shaped sets, i.e., sets
which are different from both O and X.

Definition 2.8. A function f : X — [—00, +00] is called co-star-shaped if every upper level set of

f,
[f za:={r e X: f(x) > a},

is a reverse star-shaped set for each o > f(0).
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Definition 2.9. Let A be a non-empty subset of X, and let v € R. We define the following different
v-polarities for the set A.

Al :={peL:pla) <v, Vae A},
A :={peL:pla)<v, Yae A},
Al :={peL:pla)>v, Vac A},
A% :={peL:pla)>v, Yae A}

Remark 2.4. [t is easy to check that AY and A} are star-shaped sets at the origin for each v €

(0,4+00) (also, see Remark |2.1). Moreover, A} is closed in L under the point-wise convergence of

functions for each v € R. Consequently, A is a closed star-shaped set at the origin in L for each
€ (0,400).

Remark 2.5. Let AC BC X, and let x € {V,\,V,A} and v € R. Then, B} C A?.

Proof: 'This is an immediate consequence of Definition [ ]
In the following, we define the v-star-shaped-conjugation (v-star-shaped-duality) of functions based

upon the v-polarities, which given in Definition (also, for similar definitions, see [9] 20]).

Definition 2.10. Let f : X — [—00,400] be a function, and let v € R. We define the v-star-
shaped-conjugates of the function f as follows.

JY L — oo, +oo], by fY(p) = v+ sup{—f(z) -z € X, pla) > v},
fh L — [—o0,4+00], by flMp):=v+sup{—f(z):z € X, p(z) > v},
1) L — [—o0,400], by fY(p):=v+sup{—f(z):z € X, p(x) < —v},
f2 0L — [~o0,+oo], by f2(p) = v+ sup{~F(z) :x € X, pla) < v},

Proposition 2.2. Let f : X — [—00,+00| be a function, and let x € {V,\,V,A} and v € R.
Then,

{reX:flx)<a})={pel:fip)<v-a}
for each a € R.

Proof: 'This is an immediate consequence of Definition [2.10] ]

The proof of the following result is similar to that one of [9], and therefore, we omit its proof.

Proposition 2.3. Let I be an arbitrary index set, and let v € R. Let {A;}icr be a collection of
subsets of X and x € {V,\,V,A}. Then,

(UAZ)*:(]A;V.
i€l v

il
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3. Characterizations of the Set Containment with Infinite Star-Shaped Constraints

In this section, we first define the closed star-shaped hull of a subset A of X. Next, we give a
separation theorem for a closed star-shaped set at the origin and a point outside it. Finally, by using
this fact, we present characterizations of the set containment with infinite star-shaped constraints
defined by weak inequalities. We start with the following definition.

Definition 3.1. Let v € R. The v-bipolar of a subset A of X, denoted by AV, and defined as follows:
AV ={zeX :plx)<v, Vpe A}

Remark 3.1. In view of Remark AYY is a closed star-shaped set at the origin in X for each
v € (0,400). Moreover, it is clear that A C AYY for each v € R. Note that 0 € AYY for each
v € (0,+00) (because p(0) = 0 for each p € L). Also, in view of Definition[2.4, it follows that Ay is
a closed radiant set for each v € (0,400).

Definition 3.2. The closed star-shaped hull of a subset A of X, denoted by cls A, and defined as
follows:

cls A= ﬂ{B C X : B is a closed star-shaped set at the origin and B O A},

i.e., cls A is the smallest closed star-shaped subset of X at the origin that contains A.

In the following, we give a separation theorem that separates strictly a closed star-shaped set at the
origin and a point outside it. The proof is similar to that of Theorem 3.1 in [20], and therefore, we
omit its proof.

Theorem 3.1. Let A be a closed star-shaped subset of X at the origin, and let x € X be a point such
that x ¢ A. Then there exists a continuous super-linear function py : X — R such that pi(z) > 1
and p1(a) <1 for all a € A. It should be noted that p; € L, where L defined in Definition .

Corollary 3.1. Let A be a closed star-shaped subset of X at the origin, and let x € X be a point
such that © ¢ A. Let v € (0,400). Then there exists p € L such that p(x) > v and p(a) < v for all
ac A

Proof: By Theorem there exists a continuous super-linear function p; : X — R such that
pi(z) > 1 and pi(a) < 1 for all @ € A. Now, put p := vp;. Then, by using Remark 2.1, p € L.
Moreover, p(z) > v and p(a) < v for all a € A. u
Theorem 3.2. Let A be a subset of X, and let v € (0,+00). Then, clsA = AYY, and hence, in
particular, A = AYY if and only if A is closed and star-shaped set at the origin. (It is worth noting
that cls A = A if and only if A is closed and star-shaped set at the origin.)

Proof: Since, in view of Remark 3.1 AY" is a closed and star-shaped set at the origin and A C AV,
it follows from Definition [3.2]that cls A C A)Y. Conversely, assume that = ¢ cls A. Then, by Corollary
B.1] there exists p € L such that p(z) > v and p(a) < v for all a € A. So, by using Definition [2.9]
there exists p € AY such that p(z) > v. Therefore, we conclude from Definition that = ¢ AYY.
Hence, AYY C cls A, which implies that cls A = AYY. [
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Proposition 3.1. Let I be an arbitrary index set, and let A; be a closed star-shaped subset of X at

the origin (i € I) and v € (0,400). Then,

(ﬂAi)v =cls UAZV.
i€l v

icl

Proof: Due to Proposition [2.3] we have

il

(UA.V )v :ﬂAW.

v el

(3.1)

Since A; is a closed and star-shaped set at the origin, it follows from Theorem that AZ v = A; for

each i € I. Therefore, by using ({3.1]), we obtain

(ZLEJIAZV)V:QAZ..

v il

Now, put B := (J,c; A7, So, it follows from (3.2)) that

BY =) A

el

el

On the other hand, in view of Theorem [3.2] one has
cls B= B)".
This together with (3.3)) implies that
\Y
cls B = (ﬂ Ai) ,
iel v

which completes the proof.

(3.2)

(3.3)

Proposition 3.2. Let A be a subset of X, and let 0 # p € L be arbitrary and v € R. Then the

following assertions are equivalent.
(i) AC {z € X : plz) < ).
(it) p € AY.

Proof: [(i) <= (ii)]. We have, by Definition

AC{re X px)<v}<= (r€ A= p(z) <v)
— (p(x) <v, Vx e A
—peA.

Theorem 3.3. Let f : X — (—o00, +00| be a function, and let 0 # p € L and v, € R be arbitrary.

Then the following assertions are equivalent.
(i) {reX: flx)<a} C{re X :px) <v}.
(i) pe{re X: f(x) <a}.

(iii) —-pe{pe L: f](p) <v—a}.
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Proof: The implication [(i) <= (ii)] follows from Proposition [3.2]

[(i) = (¢i7)]. Suppose that (i) holds. Then the implication (f(z) < o = p(x) < v) holds, or
equivalently, the implication (p(z) > v = f(z) > «) holds. This together with Definition [2.10]
implies that

£/ (=p) = vHsup{—f(z):zeX, —px) <—v}
= v+sup{—f(z):z € X, px) >}
< v—aq,
and hence, (7i7) holds.
[(i7) = (i)]. Assume that (éi7) holds. Then, by Definition one has
v—a = f/(-p)
= v+4sup{—f(z):z € X, —p(z) < —v}
= v+sup{—f(x):z € X, p(x) > v}
This implies that the implication (p(x) > v = f(z) > «) holds, or equivalently, the implication
(f(x) < @« = p(x) < v) holds, which implies (i) holds. u

Lemma 3.1. Let f: X — (—00,400] be a function, and let v € R. Then,
U{xeX:f(x) SO&—FE}V = U{xGX:f(x) <oz+ﬁ},,, (a € R).
n=1 n=1

Proof: 1t is obvious. [ ]

Theorem 3.4. Let [ and J be arbitrary index sets. Let f; : X — (—00,400] be a lower semi-
continuous (l.s.c) and star-shaped function (i € I), and let 0 # p; € L (j € J) and v € (0, +00).
Then the following assertions are equivalent.

(i) We have,
ﬂ{x €X: filr) <a}C ﬂ{x € X :pj(x) <v}, (o> fi(0), for eachi e I).
iel jeJ

(1i) We have,

pjeds| JAY, Vel

iel
where
A;={pelL: Xy(p) <v-—a}, (i€l
Proof: First, note that since f; is a lower semi-continuous function, it follows that
B :={xe X : fi(x)<a}, (iel)

is a closed set for each ¢ € I. Moreover, since f; is a star-shaped function, it follows from Definition

2.6/ that
Bi={zeX:fi(x)<a} (il
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is a star-shaped set at the origin, and hence, B; is a closed star-shaped set at the origin for each
1 € I. Now, let

D, = ﬂ{x € X: fi(z) <a}.

Thus, due to Proposition [3.2, we have (i) is equivalent to [p; € D/, for each j € J].
On the other hand, since B; is a closed star-shaped set at the origin for each 7 € I, so one has

DV
=cls U{x € X : filx) <a}) (by Proposition
iel
o] 1 V
:clsU(ﬂ{xeX:fi(:p) §a+—})
iel Nn=1 sy
> 1
=cls U (cls U{x eX: fi(z) <a+ —}X) (by (3.4) and Proposition
n
icl n=1
= 1
=cls U (cls U{w €eX: filr)<a+ ﬁ}'\’/) (by Lemma [3.1])
iel n=1
= 1
=cls U (cls U{p eL:fl(p)<v—a- —}) (by Proposition
’ n
icl n=1
=cls U (cls {pel:f(p)<v- a})
i€l
=cls U cls A;
i€l
=cls U AlY. (by Theorem
iel

Hence, (7) is equivalent to (i).
Note that since f; is a lower semi-continuous and star-shaped function and a > f;(0) for each i € I
(and hence, a + + > f;(0) for each i € I), it follows from Definition [2.6| that

{reX: filr) <a+ %} (3.4)

is a closed star-shaped set at the origin for each ¢ € I. [ ]

4. Characterizations of the Set Containment with Infinite Evenly Radiant Constraints

In this section, we first give a separation theorem for a closed star-shaped set at the origin and
a point outside it in terms of separation by an upper semi-continuous and super-linear function.
Finally, by using this fact, we present characterizations of the set containment with infinite evenly
radiant constraints defined by strict or weak inequalities.

Throughout this section, we assume that X is a real Banach space with a Schauder basis {z;, }nen.
We recall (for more details, see [I}, [7]) that a sequence {z,},en in a Banach space X is called a
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Schauder basis for X if for each € X there exists a unique sequence {ay,}nen C R of scalars such
that

)
xr = E OnTy,.
n=1

It is convenient to present the separability in terms of a collection of linear functionals. Consider a
sequence of linear functionals F := {2} },,eny in X* (the dual space of X)), and let

Tr = ﬂ{x € X : (), x) <0}, (4.1)
and
77 = ({z € X : (z},2) > 0}. (4.2)

It should be noted that if the elements x* (n € N) are linearly independent, then both Tx and T
are non-empty sets.

Definition 4.1. [8] Let A C X and x ¢ A. We say that a sequence {x}}ien of linearly independent
elements in X* strictly separates A and x if there exists ¢ € (0,1) with the following property: for
each a € A, there ewists i, € N such that (¥} ,a) <1—¢ and (zj,v) =1 for all i € N.

Definition 4.2. [§/ Let U and V' be subsets of X and {x}}ien be a sequence of linearly independent
elements in X*. The sets U and V are said to be weakly separated by {x} }ien if for each pair (u,v) €
U x V there exists j € N such that (x},u) < (2}, v).

The following theorem shows that each point, which does not belong to a closed star-shaped set at
the origin, can be strictly separated from this set. The proof is similar to that of Theorem 4.1 in []],
and therefore, we omit its proof.

Theorem 4.1. Let U C X be a closed star-shaped set at the origin, and let © ¢ U. Then, U and x
are strictly separated by a sequence {x}}ien of linearly independent elements in X*.

Proposition 4.1. Let A C X be a closed star-shaped set at the origin, and let x € X be such that
x ¢ A. Then there exists py € L such that py(a) <1 for alla € A and p,(x) = 1.

Proof: Since A is a closed and star-shaped set at the origin and = ¢ A, it follows from Theorem
that there exists a sequence {z}};ey of linearly independent elements in X* such that strictly
separates A and x. Therefore, in view of Definition [4.1] there exists ¢ € (0,1) with the following
property: for each a € A, there exists i, € N such that (z; ,a) <1—¢and (zj,z) =1foralli € N.
Now, we define the function p; : X — R by
pi(2) = inf(ad, 2), V2 € X,

Since F := {z}}ien is a sequence of linearly independent elements in X*, we conclude from
and that T # () and 77 # (), and hence, p; is a real valued function. Clearly, p; is an upper
semi-continuous and super-linear function, and so, p; € L. It is easy to check that p;(a) < 1 for all
a € A, and moreover, p;(z) = 1, which completes the proof. [ |
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Corollary 4.1. Let v € (0,+00). Let A C X be a closed and star-shaped set at the origin, and let
x € X be such that x ¢ A. Then there exists p € L such that p € A} and p(z) = v.

Proof: By Proposition , there exists p; € L such that p;(a) < 1 for all a € A and py(x) = 1. Let
p :=vpr. Then, in view of Remark 2.1 p € L and p(a) < v for all @ € A and p(z) = v. Therefore, in
view of Definition [2.9] one has p € AJ}, and moreover, p(z) = v. [

Definition 4.3. Let A be a subset of X, and let v € R. We say that A is an v-evenly radiant set if,
for each v € A°:= X \ A, there exists p € L such that p € A) and p(z) > v.

Remark 4.1. In view of Corollary[{.1], every closed star-shaped set at the origin is v-evenly radiant
for each v € (0, +00).

By the following lemma, we present examples of v-evenly radiant sets.

Lemma 4.1. Let f: X — [—00,0] be a function, and let v € (0, +00). Let
B:={pelL:f)p) <v-a} (a<0).
Then, B is an v-evenly radiant set.

Proof: If we show that B is a closed star-shaped set at the origin, then the result follows from
Remark . First, we show that B is a closed set. To this end, let {p,},>1 C B and p € L be such
that p, — p point-wise, as n — 400, i.e., p,(t) — p(t) for each t € X, as n — +00. Since
pn € B for all n > 1, it follows that f/(p,) < v — a for all n > 1. This together with Definition [2.10]
implies that

v—a > fi(p.) =v+sup{[—f(z)] 12 € X, pu(z) 2 v}, V2> 1.
This implies that
v—a>v— f(x), Vee X with p,(x) >v, n=1,2,---.
Since p,(t) — p(t) for each t € X, as n — +00, we conclude that
v—a>v— f(x), VeeX with p(x) > .
So, by using Definition [2.10, we have
v—a>v+sup{[-f(z)] 12 € X, p(x) > v} = f}(p).

This implies that p € B, and so, B is closed.

Now, we show that B is a radiant set. Let p € B and A € (0, 1] be arbitrary. In view of Definition
and the fact that 0 < A <1, one has

f2w) = vHsup{[—f(z)]:x € X, Ap(x) > v}

= vrsup{[~f()] sz € X, pla) > )
< vswp{[~f(@) 17 € X, plx) > v}
= f,(p)
< v—oa.
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This implies that f2(Ap) < v — a, and hence, \p € B, i.e., B is a radiant set. Also, 0 € B because
0e L,v>0and a<0, and so, by Definition [2.10, we have

f20) = v+sup{—f(z):z€ X, 0(x) >v}

= v+0
= v
< v—a.

That is, 0 € B. Therefore, in view of Definition [2.5] B is a closed star-shaped set at the origin, which
completes the proof. m

Definition 4.4. Let A be a subset of X, and let v € R. We define the wedge v-bipolar of A by
AN i={re X :plx)<v, Vpe Al

Theorem 4.2. Let A be a subset of X, and let v € R. Then, A is v-evenly radiant if and only if
A=A

Proof: Assume that A is an v-evenly radiant set. Let z € A¢ be arbitrary. Then, by Definition [4.3]
there exists p € L such that p € A} and p(z) > v. So, in view of Definition .4} = ¢ A", and hence,
AN C A, Clearly, A C A)". Thus, A = A)".

Conversely, suppose that A = A2, But, it follows from Definition that

AN = ﬂ{xeX:p(x)<y}.

pEA)D

So, this together with the fact that A = A/ implies that, for each z € A° (and so, z ¢ A)"), there
exists p € A’ such that p(x) > v. Therefore, by using Definition , A is an v-evenly radiant set. m

Definition 4.5. Let v € R. The v-evenly radiant hull of a subset A of X is defined by

erad A := m {r e X :p(z) <v}.

pEA)

In view of Definition we have erad A = AN, Clearly, A C erad A.
It is worth noting that, in view of Theorem [£.2] A is v-evenly radiant if and only if A = erad A.

Proposition 4.2. Let I be an arbitrary index set, and let v € R. Let A; be an v-evenly radiant
subset of X (i € I). Then,

N
(ﬂ Ai) = erad U AL,
iel v iel

Proof: Due to Proposition 2.3 we have

(UAQ,,)A — M)A, (4.3)

icl v i€l
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Since A; is an v-evenly radiant set, it follows from Theorem that A} = A; for each i € I.

Therefore, by using (4.3]), we obtain

i€l

Now, put C' :=

i€l

A7, So, it follows from (4.4]) that
c) =4
i€l
On the other hand, in view of Definition [£.5], one has
erad C' = C)\".
This together with (4.5)) implies that
A
erad C' = (ﬂAZ> ,
ier /v

which completes the proof.

(Ua) =Na.

v el

(4.4)

Proposition 4.3. Let A be a subset of X, and let 0 # p € L be arbitrary and v € R. Then the

following assertions are equivalent.
(1) AC{z e X :p(z) <v}.
(2) p€ AD.

Proof: 'The proof is similar to that of Proposition [3.2]

Theorem 4.3. Let g: X — (—o00,+00| be a function, and let 0 # p € L and v, 5 € R be arbitrary.

Then the following assertions are equivalent.
() {z € X : g(z) < B} C {z € X : plx) > v},
(i) pe {ze X : g(x) < BT,

(i) pe{pe L:gl(p) <v—p}

Proof: [(1) <= (ii)]. We have, by Definition
{reX gl@)<ptS{reX pa)=v}

— <x€{x€X:g(m)<ﬁ}:>p(x)2u)

— <p(ac)2v,‘v’x€{x€X:g(x)<ﬁ}>
— pe{reX gx) <p}.

[(¢) = (i17)]. Suppose that (i) holds. Then the implication (g(z) < 8 = p(z) > v) holds, or
equivalently, the implication (p(z) < v = g(x) > ) holds. This together with Definition [2.10]

implies that

gf(p) = v+sup{—yg(z):z € X, p(z) <v}
V_ﬁa

IN
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and hence, (7i7) holds.
[(4i7) = (7)]. Assume that (7i7) holds. Then, by Definition one has

v=08 > g,
= v+sup{—yg(z) :z € X, p(z) <v}.

This implies that the implication (p(z) < v = g(z) > () holds, or equivalently, the implication
(9(x) < = p(x) > v) holds. Hence, (i) follows. n

Definition 4.6. Let v € R. A function f : X — [—00,400] is called v-evenly radiant if every
lower level set of f,

[f<al:={recX: f(x) <a},

is an v-evenly radiant set for each o € R. Also, a function f : X — [—00,400] is called strictly
v-evenly radiant if every strict lower level set of f,

f <al={reX: f(z) <a},
18 an v-evenly radiant set for each a € R.

Theorem 4.4. Let I and J be arbitrary index sets, and let v € R. Let f; : X — (—o00,+00] be a
strictly v-evenly radiant function (i € I), and let 0 # p; € L (j € J). Then the following assertions
are equivalent.

(1) We have,
ﬂ{x € X: filz) <a}C ﬂ{x € X :p;(x) <v}, (@ €R).

(i) We have,

ijeradU{pEL: Lp)<v—a}, Vel

i€l
Proof: Since f; is a strictly v-evenly radiant function, it follows from Definition that
Ci={reX: fi(r)<a}

is an v-evenly radiant set for each ¢ € I. Now, let
Go = m{x € X : fi(x) < al.
iel

Thus, due to Proposition , we have (i) is equivalent to [p; € G, , for each j € J].
On the other hand, since C; is an v-evenly radiant set for each 7 € I, we obtain

G, = erad U{SC e X: fi(x) <a}) (by Proposition
iel

= erad U{p eL:fl(p) <v—a} (by Proposition
i€l

Hence, (i) is equivalent to (ii). n
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Lemma 4.2. Let f: X — (—00,400] be a function, and let v € R. Then,
> 1 A = 1 AN
Ufz e X f(a) <a+-}) = Uz eX: fo) <a+-}), (a€R)
n=1 n=1

Proof: 1t is obvious. [ ]

Theorem 4.5. Let I and J be arbitrary index sets, and let v € R. Let f; + X — (—o0,+00] be
an v-evenly radiant function (i € I), and let 0 # p; € L (j € J). Then the following assertions are
equivalent.

(1) We have,
m{x €X: filz)<a}C ﬁ{x € X :p;j(z) <v}, (@ €R).

(1i) We have,

p; € erad UB-M Vjed

[N
el

where
Bi:={pelL:f,(p)<v—a}, (icl, aeR).

Proof: Since f; is an v-evenly radiant function, it follows from Definition that
D;:={zr e X: fi(z) <a}

is an v-evenly radiant set for each ¢ € I. Now, let

H, = ﬂ{x € X: filx) <al.

il

Thus, due to Proposition [4.3] we have (7) is equivalent to [p; € H”  for each j € J].
J o,V
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On the other hand, since D; is an v-evenly radiant set for each ¢ € I, it follows that

H/\
= erad U{x € X: fi(x) <a}) (by Proposition
i€l
1 A
—eradU(ﬂ{xeX fi( )<a+—})
n
icl v

1
= erad U (erad U{x €X: filr) <a+ ;}ﬁ) (by (4.6) and Proposition [4.2)

el

= erad U (erad U{x €eX: filr) <a+ %}ﬁ) (by Lemma [4.2)

el

= erad U (erad U {peL:f,p)<v—a- —}) (by Proposition

el

—eradU(erad{pEL " (p )<y—a})

el

= erad U erad B;

i€l
= erad U B\ (by Definition
icl

Hence, (i) is equivalent to (ii).
Note that since f; is an v-evenly radiant function for each ¢ € I, then by Definition [4.0] the set

(reX:fix)<a+ %} (4.6)

is an v-evenly radiant set for each ¢ € I. [ ]

5. Characterization of the Set Containment in a Reverse Star-Shaped Set

In this section, we give a characterization of the set containment with an upper semi-continuous and
radiant constraint, in a reverse star-shaped set, defined by a co-star-shaped constraint. Throughout
this section, we assume that X is a real Banach space with a Schauder basis {z, },en. We start with
the following crucial result, which has been proved in [8, Theorem 4.3|, and therefore, we omit its
proof.

Theorem 5.1. Let U and V' be star-shaped sets in X such that int kernU # () and intU NV = ().
Then, U and V' are weakly separated by a sequence {x}}ien of linearly independent elements in X*.

Lemma 5.1. Let f: X — (—o00,+00] be a radiant function, and let
Up:={x e X: f(x) <a}, (a>0).
Assume that 0 ¢ Uy, and kernUy # 0. Let U := Uy U {0}. Then, U is a star-shaped set.
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Proof: Since kernUy # 0, so there exists ug € kernUy. Therefore, it follows from Definition [2.4] that
Uy is a star-shaped set at ug. Now, we show that U is also a star-shaped set at ug. To this end, it is
enough to show that

up+ ANu—wug) €U, YueU, V¥V Ae|[0,1].
Since uy € kernlUy, it follows from definition (1) that
UO+)\<U—U0) elUy, Yuely, Ve [0,1],

and hence,
UO+/\<U—Uo)€U, YV u e U, V)\E[O,l] (51)

On the other hand, since f is a radiant function, we conclude from Remark [2.2] that Uj is a radiant
set. Thus, in view of Definition , one has yx € Uy for all x € Uy and all v € (0, 1]. This together
with the fact that ug € Uy implies that (1 — \)ug € Uy for all A € [0, 1), and so,

(1—=NuyeU, YAe0,1).
Since 0 € U, it follows that
up + A0 —up) =(1—=Nug €U, ¥ X e[0,1]. (5.2)
Hence, we conclude from and that
up+ Au—wug) €U, YueU, ¥V Ae|[0,1].

This together with Definition [2.4] (1) implies that uy € kernU, and so, by using Definition [2.4] (2), U
is a star-shaped set at ug. [ ]

Theorem 5.2. Let f : X — (—o0,400] be an upper semi-continuous and radiant function with
f(0) >0, and let g : X — (—00, +00] be a co-star-shaped function. Let 5 € R be such that 8 > ¢(0),
and let

Up:={zeX: f(x) <0}
Suppose that
int kernUy # 0.

Consider the following assertions.

(i) We have,

{reX: flx) <0} C{reX:g(x)>p}.
(ii) We have,

{reX: flx)y<0}n{zeX:g(x)<p}=0.
(iii) There exist v € R and

—pe{pel:f/(p) <v}

and

ge{peL:g>(p) <v-p}
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such that q(x) < p(z) for all x € X.
Then, (i) <= (ii) and (ii) = (iii). Hence, in the later implication, we have

g-pef{pel:gi(p)<v—-Bt+{pel:f(p)<v}

Moreover, if (i1i) holds with ¢ < p on Uy, then, (i) holds.

Note that since g is a co-star-shaped function, it follows from Definition that the set {x € X :
g(x) > B} is a reverse star-shaped set.

Proof: Clearly, the assertions (i) and (i¢) are equivalent. Now, suppose that the assertion (i7) holds.
We show that the assertion (i77) holds. To this end, let

Vi={rxe X :g(x) <p}
and
U .= U()U{O}

Since 0 ¢ Uy (because f(0) > 0), and also, by the hypothesis, kernUs # () and f is a radiant
function, it follows from Lemma (with @ = 0) that U is a star-shaped set. Since f is an upper
semi-continuous function, it follows that U, is an open subset of X, and so, int Uy = Uy. Moreover,
since by the hypothesis, g is a co-star-shaped function, it follows from Definition and Definition
that V' is a star-shaped set at the origin because 5 > ¢(0). Furthermore, by the hypothesis (i),
we have, Uy NV = (), and hence,

intUNV=intUy NV =U,NV =0,

and also, by the hypothesis, int kernU = int kernUy # (). Therefore, we conclude from Theorem
that U and V' are weakly separated by a sequence {z };cy of linearly independent elements in X*.
Thus, in view of Definition , for each pair (u,v) € U x V, there exists j € N such that

(xf,u) < (2F,v). (5.3)

Now, let
Ay = {j € N: (2}, u) < (z},v)}, for each (u,v) €U xV,
A = ﬂ A(u,v)7

(u,0)eUXV
B .= ﬂ A(%O),
uelU
C .= m A(O,’U)'
veV

Then, in view of (5.3), A, # 0 for each (u,v) € U x V. It is easy to see that A C Band ACC
because 0 e UNV.

Assumption (IN): Assume that A # ().
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It is clear that under the Assumption (N), B and C are non-empty sets. It should be noted that by

using ((5.3)), we obtain
(zj,v) >0, VveV, Vjec, (5.4)

and
(x5,u) <0, VueU VjeB. (5.5)

Since A C C and A C B, it follows from and that
(x7,v) 20, Vo eV, VjeUA, (5.6)
and
(x5,u) <0, VuelU VjeA
The later inequality implies that
(x5,u) <0, Vuely, VjeA (5.7)
Now, we define the function p: X — R by

p(x) :=sup(z},z), Vr € X,
jeA

and the function ¢ : X — R by

q(z) = ;23(17].,@, VoelX.

Since F := {z}}ien is a sequence of linearly independent elements in X*, we conclude from (4.1
and (4.2) that Tr # 0 and T7 # (). Thus, p and ¢ are real valued functions, and also, there exist
X0, Yo € X such that
(z7,m0) <0, and (z},10) >0, Vj€EN. (5.8)
This implies that ¢(zo) < 0 < p(vo), i.e., p and ¢ are not identically zero, and p # q. Also, it is easy
to check that —p,q € L and q(z) < p(z) for all x € X. Furthermore, it follows from (5.6) and (5.7)
that
q(v) >0, VoeV, and p(u) <0, Vu e U,. (5.9)

So, it follows from (5.9) that there exists v € R such that
p(u) <v<q), Yuecly, VveV. (5.10)

Therefore, we conclude from ((5.10) that

U={zeX: flz)<0}C{reX:p) v} (5.11)
and
V={reX:gx)<pB}{reX: :qx)>r} (5.12)
Thus, by using (5.11)) and Theorem [3.3| (the implication (i) == (ii7)), we obtain
—pe{pel:f(p) <v} (5.13)

Moreover, by using (5.12)) and Theorem (the implication (1) = (ii7)), we get

ge{peL:g>@p) <v-p} (5.14)
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Therefore, we conclude from (5.13]) and ((5.14)) that
g—pe{pel:gip)<v-pY+{pel: fl(p)<v}
This implies (7iz) holds.

[(i7) = (i)]. Assume that there exist ¥ € R and

—pe{pel:f)p)<v} (5.15)
and

ge{pelig (p) <v-p} (5.16)
such that ¢ < p on Uy. So, in view of Definition and (5.15)), we deduce that

v > f)(-p)
= v+sup{—f(z):z € X, —p(x) < —v}
= v+4sup{—f(z):z € X, p(z) > v}
This implies that the implication (p(x) > v = f(z) > 0) holds, or equivalently, the following

Also, we obtain from (5.16|) and Definition that
v—08 > g;(q)
= v+sup{—yg(z) :z € X, q(x) <v}.

This implies that the following implication holds.
q(z) <v=g(z) > . (5.18)

Now, let © € Uy = {x € X : f(z) < 0} be arbitrary. Then, f(z) < 0. Thus, it follows from
that p(z) < v. This together with the fact that ¢ < p on Uy (note that x € Up) implies that ¢(z) < v.
Therefore, in view of (5.18)), we have g(z) > 3, i.e., x € {x € X : g(x) > B}. Hence, (i) holds. This
completes the proof. m

The following example shows that the set A in the proof of Theorem may be non-empty, and
moreover, ¢ < p on U.

Example 5.1. We consider the following two radiant subsets U and V of R?. Let

U:= CO{(O’0)7 (%7 1)7 (O’ 1)} U CO{(()’O)’ (;17 g)v (i? 1)}7
and
V= co{(0,0), (1,00, (3, )} Ueof(0,0). (5. 3). (5 5

Also, we define the linear functionals z§, x4 : R* — R by (z}, (z,y)) ==z —y and (z}, (z,y)) ==
for all (z,y) € R% Since U and V are radiant sets and 0 € U NV, it follows from Definition
that U and V' are star-shaped sets at the origin. It is not difficult to show that x7 and x5 are
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linearly independent, and moreover, U and V are weakly separated by {zi, x5}, i.e., for each pair
(u,v) € U XV, there exists j € {1,2} such that

(7, u) < (x},v).

Also, int kernU # 0 and int U NV = (). Finally, it is easy to check that A = {1,2}. Furthermore, we
have

p(z,y) = max{z —y,z}, ¥ (z,y) € R,
and
¢(z,y) = min{z —y,a}, V (v,y) € R%
But, we have Uy = U \ {(0,0)}. It is easy to see that ¢ < p on Uy.
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